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PREFACE 


The aim of this work is threefold: 

First it should be a monographical work on natural bundles and natural op- 
erators in differential geometry. This is a field which every differential geometer 
has met several times, but which is not treated in detail in one place. Let us 
explain a little, what we mean by naturality. 

Exterior derivative commutes with the pullback of differential forms. In the 
background of this statement are the following general concepts. The vector 
bundle A¥T* M is in fact the value of a functor, which associates a bundle over 
M to each manifold M and a vector bundle homomorphism over f to each local 
diffeomorphism f between manifolds of the same dimension. This is a simple 
example of the concept of a natural bundle. The fact that the exterior derivative 
d transforms sections of A"T* M into sections of A*’+!7* M for every manifold M 
can be expressed by saying that d is an operator from A*T*M into A®+17*M. 
That the exterior derivative d commutes with local diffeomorphisms now means, 
that dis a natural operator from the functor A*T* into functor A*+!7*. If k > 0, 
one can show that d is the unique natural operator between these two natural 
bundles up to a constant. So even linearity is a consequence of naturality. This 
result is archetypical for the field we are discussing here. A systematic treatment 
of naturality in differential geometry requires to describe all natural bundles, and 
this is also one of the undertakings of this book. 

Second this book tries to be a rather comprehensive textbook on all basic 
structures from the theory of jets which appear in different branches of dif- 
ferential geometry. Even though Ehresmann in his original papers from 1951 
underlined the conceptual meaning of the notion of an r-jet for differential ge- 
ometry, jets have been mostly used as a purely technical tool in certain problems 
in the theory of systems of partial differential equations, in singularity theory, 
in variational calculus and in higher order mechanics. But the theory of nat- 
ural bundles and natural operators clarifies once again that jets are one of the 
fundamental concepts in differential geometry, so that a thorough treatment of 
their basic properties plays an important role in this book. We also demonstrate 
that the central concepts from the theory of connections can very conveniently 
be formulated in terms of jets, and that this formulation gives a very clear and 
geometric picture of their properties. 

This book also intends to serve as a self-contained introduction to the theory 
of Weil bundles. These were introduced under the name ‘les espaces des points 
proches’ by A. Weil in 1953 and the interest in them has been renewed by the 
recent description of all product preserving functors on manifolds in terms of 
products of Weil bundles. And it seems that this technique can lead to further 
interesting results as well. 

Third in the beginning of this book we try to give an introduction to the 
fundamentals of differential geometry (manifolds, flows, Lie groups, differential 
forms, bundles and connections) which stresses naturality and functoriality from 
the beginning and is as coordinate free as possible. Here we present the Frolicher- 
Nijenhuis bracket (a natural extension of the Lie bracket from vector fields to 
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vector valued differential forms) as one of the basic structures of differential 
geometry, and we base nearly all treatment of curvature and Bianchi identities 
on it. This allows us to present the concept of a connection first on general 
fiber bundles (without structure group), with curvature, parallel transport and 
Bianchi identity, and only then add G-equivariance as a further property for 
principal fiber bundles. We think, that in this way the underlying geometric 
ideas are more easily understood by the novice than in the traditional approach, 
where too much structure at the same time is rather confusing. This approach 
was tested in lecture courses in Brno and Vienna with success. 

A specific feature of the book is that the authors are interested in general 
points of view towards different structures in differential geometry. The modern 
development of global differential geometry clarified that differential geomet- 
ric objects form fiber bundles over manifolds as a rule. Nijenhuis revisited the 
classical theory of geometric objects from this point of view. Each type of geo- 
metric objects can be interpreted as a rule F’ transforming every m-dimensional 
manifold M into a fibered manifold FM — M over M and every local diffeo- 
morphism f : WM — N into a fibered manifold morphism Ff : FM — F'N over 
f. The geometric character of F' is then expressed by the functoriality condition 
F(gof) = FgoFff. Hence the classical bundles of geometric objects are now 
studied in the form of the so called lifting functors or (which is the same) natu- 
ral bundles on the category M f,, of all m-dimensional manifolds and their local 
diffeomorphisms. An important result by Palais and Terng, completed by Ep- 
stein and Thurston, reads that every lifting functor has finite order. This gives 
a full description of all natural bundles as the fiber bundles associated with the 
r-th order frame bundles, which is useful in many problems. However in several 
cases it is not sufficient to study the bundle functors defined on the category 
Mfm. For example, if we have a Lie group G, its multiplication is a smooth 
map pp: Gx G — G. To construct an induced map Fy: F(G x G) > FG, 
we need a functor F’ defined on the whole category Mf of all manifolds and 
all smooth maps. In particular, if F preserves products, then it is easy to see 
that Fu endows FG with the structure of a Lie group. A fundamental result 
in the theory of the bundle functors on Mf is the complete description of all 
product preserving functors in terms of the Weil bundles. This was deduced by 
Kainz and Michor, and independently by Eck and Luciano, and it is presented in 
chapter VIII of this book. At several other places we then compare and contrast 
the properties of the product preserving bundle functors and the non-product- 
preserving ones, which leads us to interesting geometric results. Further, some 
functors of modern differential geometry are defined on the category of fibered 
manifolds and their local isomorphisms, the bundle of general connections be- 
ing the simplest example. Last but not least we remark that Eck has recently 
introduced the general concepts of gauge natural bundles and gauge natural op- 
erators. Taking into account the present role of gauge theories in theoretical 
physics and mathematics, we devote the last chapter of the book to this subject. 

If we interpret geometric objects as bundle functors defined on a suitable cat- 
egory over manifolds, then some geometric constructions have the role of natural 
transformations. Several others represent natural operators, i.e. they map sec- 
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tions of certain fiber bundles to sections of other ones and commute with the 
action of local isomorphisms. So geometric means natural in such situations. 
That is why we develop a rather general theory of bundle functors and natural 
operators in this book. The principal advantage of interpreting geometric as nat- 
ural is that we obtain a well-defined concept. Then we can pose, and sometimes 
even solve, the problem of determining all natural operators of a prescribed type. 
This gives us the complete list of all possible geometric constructions of the type 
in question. In some cases we even discover new geometric operators in this way. 

Our practical experience taught us that the most effective way how to treat 
natural operators is to reduce the question to a finite order problem, in which 
the corresponding jet spaces are finite dimensional. Since the finite order natural 
operators are in a simple bijection with the equivariant maps between the corre- 
sponding standard fibers, we can apply then several powerful tools from classical 
algebra and analysis, which can lead rather quickly to a complete solution of the 
problem. Such a passing to a finite order situation has been of great profit in 
other branches of mathematics as well. Historically, the starting point for the 
reduction to the jet spaces is the famous Peetre theorem saying that every linear 
support non-increasing operator has locally finite order. We develop an essential 
generalization of this technique and we present a unified approach to the finite 
order results for both natural bundles and natural operators in chapter V. 

The primary purpose of chapter VI is to explain some general procedures, 
which can help us in finding all the equivariant maps, i.e. all natural operators of 
a given type. Nevertheless, the greater part of the geometric results is original. 
Chapter VII is devoted to some further examples and applications, including 
Gilkey’s theorem that all differential forms depending naturally on Riemannian 
metrics and satisfying certain homogeneity conditions are in fact Pontryagin 
forms. This is essential in the recent heat kernel proofs of the Atiyah Singer 
Index theorem. We also characterize the Chern forms as the only natural forms 
on linear symmetric connections. In a special section we comment on the results 
of Kirillov and his colleagues who investigated multilinear natural operators with 
the help of representation theory of infinite dimensional Lie algebras of vector 
fields. In chapter X we study systematically the natural operators on vector fields 
and connections. Chapter XI is devoted to a general theory of Lie derivatives, 
in which the geometric approach clarifies, among other things, the relations to 
natural operators. 

The material for chapters VI, X and sections 12, 30-32, 47, 49, 50, 52-54 was 
prepared by the first author (I.K.), for chapters I, I, III, VIII by the second au- 
thor (P.M.) and for chapters V, IX and sections 13-17, 33, 34, 48, 51 by the third 
author (J.S.). The authors acknowledge A. Cap, M. Doupovec, and J. Janyska, 
for reading the manuscript and for several critical remarks and comments and 
A. A. Kirillov for commenting section 34. 

The joint work of the authors on the book has originated in the seminar of 
the first two authors and has been based on the common cultural heritage of 
Middle Europe. The authors will be pleased if the reader realizes a reflection of 
those traditions in the book. 


CHAPTER I. 
MANIFOLDS AND LIE GROUPS 


In this chapter we present an introduction to the basic structures of differential 
geometry which stresses global structures and categorical thinking. The material 
presented is standard - but some parts are not so easily found in text books: 
we treat initial submanifolds and the Frobenius theorem for distributions of non 
constant rank, and we give a very quick proof of the Campbell - Baker - Hausdorff 
formula for Lie groups. We also prove that closed subgroups of Lie groups are 
Lie subgroups. 


1. Differentiable manifolds 


1.1. A topological manifold is a separable Hausdorff space M which is locally 
homeomorphic to R”. So for any x € M there is some homeomorphism u : U > 
u(U) C R”, where U is an open neighborhood of x in M and u(U) is an open 
subset in R”. The pair (U, u) is called a chart on M. 

From topology it follows that the number n is locally constant on MW; if n is 
constant, M is sometimes called a pure manifold. We will only consider pure 
manifolds and consequently we will omit the prefix pure. 

A family (Ua, Ua)aea of charts on M such that the U, form a cover of M is 
called an atlas. The mappings Uag := Ua ° tig : ug(Uag) > Ue(Uag) are called 
the chart changings for the atlas (U.), where Ugg := Ua N Us. 

An atlas (Ug, Ua)aea for a manifold M is said to be a C*-atlas, if all chart 
changings ag : ug(Uag) > Ua(Uag) are differentiable of class C*. Two O*- 
atlases are called C*-equivalent, if their union is again a C*-atlas for M. An 
equivalence class of C*-atlases is called a C*-structure on M. From differential 
topology we know that if M has a C!-structure, then it also has a C!-equivalent 
C®-structure and even a C!-equivalent C’-structure, where C” is shorthand 
for real analytic. By a C*-manifold M we mean a topological manifold together 
with a C*-structure and a chart on M will be a chart belonging to some atlas 
of the C’*-structure. 

But there are topological manifolds which do not admit differentiable struc- 
tures. For example, every 4-dimensional manifold is smooth off some point, but 
there are such which are not smooth, see [Quinn, 82], [Freedman, 82]. There 
are also topological manifolds which admit several inequivalent smooth struc- 
tures. The spheres from dimension 7 on have finitely many, see [Milnor, 56]. 
But the most surprising result is that on R* there are uncountably many pair- 
wise inequivalent (exotic) differentiable structures. This follows from the results 
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of [Donaldson, 83] and [Freedman, 82], see [Gompf, 83] or [Freedman-Feng Luo, 
89] for an overview. 

Note that for a Hausdorff C'°-manifold in a more general sense the following 
properties are equivalent: 


1) It is paracompact. 

2) It is metrizable. 

3) It admits a Riemannian metric. 

4) Each connected component is separable. 


In this book a manifold will usually mean a C'°-manifold, and smooth is 
used synonymously for C°, it will be Hausdorff, separable, finite dimensional, 
to state it precisely. 

Note finally that any manifold M admits a finite atlas consisting of dim M+1 
(not connected) charts. This is a consequence of topological dimension theory 
[Nagata, 65], a proof for manifolds may be found in [Greub-Halperin- Vanstone, 
Vol. I, 72]. 


1.2. A mapping f : M — N between manifolds is said to be C* if for each 
x € M and each chart (V,v) on N with f(x) € V there is a chart (U,u) on M 
with « € U, f(U) CV, and vo f ou! is C*. We will denote by C*(M, N) the 
space of all C*-mappings from M to N. 

A C*-mapping f : M — N is called a C*-diffeomorphism if f-! : N — M 
exists and is also C*. Two manifolds are called diffeomorphic if there exists a dif- 
feomorphism between them. From differential topology we know that if there is a 
C!-diffeomorphism between M and N, then there is also a C'°-diffeomorphism. 
All smooth manifolds together with the C°°-mappings form a category, which 
will be denoted by Mf. One can admit non pure manifolds even in Mf, but 
we will not stress this point of view. 

A mapping f : M — N between manifolds of the same dimension is called 
a local diffeomorphism, if each x € M has an open neighborhood U such that 
f\U :U = f(U) CN is a diffeomorphism. Note that a local diffeomorphism 
need not be surjective or injective. 


1.3. The set of smooth real valued functions on a manifold M will be denoted 
by C°°(M,R), in order to distinguish it clearly from spaces of sections which 
will appear later. C°°(M,R) is a real commutative algebra. 

The support of a smooth function f is the closure of the set, where it does 
not vanish, supp(f) = {x © M: f(#) £0}. The zero set of f is the set where f 
vanishes, Z(f) ={x € M: f(x) =O}. 

Any manifold admits smooth partitions of unity: Let (Ua)aea be an open 
cover of M. Then there is a family (Ya)aeca of smooth functions on M, such 
that supp(~a) C Ua, (supp(Ya)) is a locally finite family, and 7, ya = 1 
(locally this is a finite sum). 


1.4. Germs. Let M and N be manifolds and x € M. We consider all smooth 
mappings f : Us — N, where Uy is some open neighborhood of « in M, and we 
put f ~ g if there is some open neighborhood V of x with f|V = g|V. This is an 


equivalence relation on the set of mappings considered. The equivalence class of 
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a mapping f is called the germ of f at x, sometimes denoted by germ, f. The 
space of all germs at x of mappings M — N will be denoted by C3°(M, N). 
This construction works also for other types of mappings like real analytic or 
holomorphic ones, if M and N have real analytic or complex structures. 

If N = R we may add and multiply germs, so we get the real commutative 
algebra C'S°(M,R) of germs of smooth functions at x. 

Using smooth partitions of unity (see 1.3) it is easily seen that each germ of 
a smooth function has a representative which is defined on the whole of M. For 
germs of real analytic or holomorphic functions this is not true. So Co°(M,R) 
is the quotient of the algebra C°(M,R) by the ideal of all smooth functions 
f : M => R which vanish on some neighborhood (depending on /) of x. 


1.5. The tangent space of R”. Let a € R”. A tangent vector with foot 
point a is simply a pair (a, X) with X € R”, also denoted by X,. It induces 
a derivation X, : C°(IR",R) — R by X.(f) = df(a)(X,). The value depends 
only on the germ of f at a and we have X,(f-g) = Xa(f)- g(a) + f(a): Xa(g) 
(the derivation property). 

If conversely D : C™°(R",R) — R is linear and satisfies D(f +g) = D(f) - 
g(a) + f(a) -D(g) (a derivation at a), then D is given by the action of a tangent 
vector with foot point a. This can be seen as follows. For f € C™(R”,R) we 
have 


Thus D is induced by the tangent vector (a, 57, D(x')e;), where (e;) is the 
standard basis of R”. 
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1.6. The tangent space of a manifold. Let M be a manifold and let x € 
M and dimM =n. Let T,M be the vector space of all derivations at x of 
C>°(M,R), the algebra of germs of smooth functions on M at x. (Using 1.3 it 
may easily be seen that a derivation of C°(M,R) at x factors to a derivation of 
CS°(M,R).) 

So TM consists of all linear mappings X, : C°(M,R) — R satisfying X,(f- 
g) = X.(f)- g(x) + f(x) X,(g). The space T,.M is called the tangent space of 
M atx. 

If (U,u) is a chart on M with x € U, then u* : f + fou induces an iso- 
morphism of algebras C7Y,)(R”,R) = C?°(M,R), and thus also an isomorphism 
T,u:T,M — Tyy)R", given by (Tru.Xz)(f) = X2(fou). So TM is an n- 
dimensional vector space. The dot in T;,u.X, means that we apply the linear 
mapping T,,u to the vector X, — a dot will frequently denote an application of 
a linear or fiber linear mapping. 

We will use the following notation: wu = (u!,...,u™), so u’ denotes the i-th 
coordinate function on U, and 


Sele = (Tout) '(g2ehue)) = (Tors) *(u(a), e1). 


So sore € T,M is the derivation given by 


Pela(f) =O Dua), 


From 1.5 we have now 


= SU X2(a! ou) gBeluay = D> Xe(u") ger luca): 
i=l a 


1.7. The tangent bundle. For a manifold M of dimension n we put TM := 
Lear PrM, the disjoint union of all tangent spaces. This is a family of vec- 
tor spaces parameterized by M, with projection my : TM — M given by 
wu (TM) =i. 

For any chart (Ua,ua) of M consider the chart (7; (Ua),Tua) on TM, 
where Tug : Ty Ua) — ua(U.) x R” is given by the formula Tug.X = 
(Ua(t™m(X)), Try(x)Ua-X). Then the chart changings look as follows: 


Tug o (Tua) * : Tua(tyy (Uas)) = ta(Uas) x R" > 
— ug(Uag) x R" = Tug(tyyp (Ua )), 
(f) = (Lue) "(y, Y))(f © ug) 
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So the chart changings are smooth. We choose the topology on TM in such 
a way that all Tug become homeomorphisms. This is a Hausdorff topology, 
since X, Y € TM may be separated in M if 7(X) 4 7(Y), and in one chart if 
m(X) =7(Y). So TM is again a smooth manifold in a canonical way; the triple 
(1M,7m,M) is called the tangent bundle of M. 


1.8. Kinematic definition of the tangent space. Consider C>°(R,M), the 
space of germs at 0 of smooth curves R > M. We put the following equivalence 
relation on C5°(R, M): the germ of c is equivalent to the germ of e if and only 
if c(0) = e(0) and in one (equivalently each) chart (U,u) with c(0) = e(0) € U 
we have #|9(uoc)(t) = 4|o(woe)(t). The equivalence classes are called velocity 
vectors of curves in M. We have the following mappings 


Co (R, M)/ ~~ ———— ©°(R, M) 


=r 


where a(c)(germ,o) f) = # lof (c(t)) and 8 : TM — C§°(R,M) is given by: 
B((Tu)*(y, Y)) is the germ at 0 of t+ u-t(y+tY). So TM is canonically 
identified with the set of all possible velocity vectors of curves in M. 


1.9. Let f : M — N beasmooth mapping between manifolds. Then f induces a 
linear mapping T, f : T;M — Ty(q)N for each x € M by (T, f.Xz)(h) = Xz(hof) 
for h € Clay (N, R). This mapping is linear since f* : C7, (NV, R) > C3°(M,R), 
given by h+ ho f, is linear, and T,,f is its adjoint, restricted to the subspace 
of derivations. 

If (U,u) is a chart around x and (V,v) is one around f(a), then 


(Tx f- 32a |x) (v") = a le(v of) = ger(v! ° fou), 
ane are => (Tef- lev) rl sce) by 1.7 


O(v! ofoua* c 
=>; ( ose 1 (u(x)) P51 r(2)- 


So the matrix of T, f : T,M — Ty )N in the bases (5272) and (solr) is just 
the Jacobi matrix d(vo fo u~')(u(az)) of the mapping vo fou} at u(x), so 
Teo Tf o(T eo) "= de fou" )(ul@)). 

Let us denote by Tf : TM — TN the total mapping, given by Tf|T,M := 
T, f. Then the composition Tvo Tf o(Tu)~+ : u(U) x R™ > v(V) x R” is given 
by (y,Y)  ((vo fout)(y),d(vo fou")(y)Y), and thus Tf : TM > TN is 
again smooth. 

If f: M— N and g: N — P are smooth mappings, then we have T(go f) = 
TgoTf. This is a direct consequence of (go f)* = f* 0 g*, and it is the global 
version of the chain rule. Furthermore we have T(Idj,) = Idry. 

If f € C°(M,R), then Tf : TM — TR =RxR. We then define the 
differential of f by df := pro2oTf :TM —R. Let t denote the identity function 
on R, then (7'f.X,)(t) = X,(to f) = Xz(f), so we have df (Xz) = X,(f). 
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1.10. Submanifolds. A subset N of a manifold M is called a submanifold, if for 
each x € N there is a chart (U,u) of M such that u(U NN) = u(U) n (R* x 0), 
where R® x 0 G R* x R"™-* = R”. Then clearly N is itself a manifold with 
(UNN,ul|U NN) as charts, where (U, wu) runs through all submanifold charts as 
above and the injection i: N — M is an embedding in the following sense: 

An embedding f : N — M from a manifold N into another one is an injective 
smooth mapping such that f(V) is a submanifold of M and the (co)restricted 
mapping N — f(N) is a diffeomorphism. 

If f : R” — R?¢ is smooth and the rank of f (more exactly: the rank of its 
derivative) is q at each point of f~1(0), say, then f—'(0) is a submanifold of R” 
of dimension n — q or empty. This is an immediate consequence of the implicit 
function theorem. 

The following theorem needs three applications of the implicit function theo- 
rem for its proof, which can be found in [Dieudonné, I, 60, 10.3.1]. 


Theorem. Let f : W — R¢% be a smooth mapping, where W is an open subset 
of R". If the derivative df (x) has constant rank k for each x € W, then for each 
a € W there are charts (U,u) of W centered at a and (V,v) of R® centered at 
f(a) such that vo fou7t:u(U) > v(V) has the following form: 


(@1,... En) (@1,...,2%,0,... 0). 


So f—+(b) is a submanifold of W of dimension n —k for each b € f(W). 


1.11. Example: Spheres. We consider the space R"*+!, equipped with the 
standard inner product (#,y) = Doaty’. The n-sphere S$” is then the subset 
{x ER"! : (x,x7) = 1}. Since f(x) = (2,2), f : Rt! = R, satisfies df(x)y = 
2(x,y), it is of rank 1 off 0 and by 1.10 the sphere $” is a submanifold of R"*1. 

In order to get some feeling for the sphere we will describe an explicit atlas 
for S”, the stereographic atlas. Choose a € S” (‘south pole’). Let 


Uy :=S"\ {a}, up: Up > fa}, uy (x) = ee 
U_:=S"\{-a}, wi: {a}',  u(a) = ea. 


From an obvious drawing in the 2-plane through 0, x, and a it is easily seen that 
uz is the usual stereographic projection. We also get 


-1 a 
uy (y) = eae + wea for y € {a}~ 


a The latter equation can directly be seen from a 


and (u_o u;')(y) = 
drawing. 

1.12. Products. Let M and N be smooth manifolds described by smooth at- 
lases (Ug, Ua)aea and (Vg, vg)seR, respectively. Then the family (U, x Vg, Ua x 
ug : Ua x Vg > R™ x R”)(a,6)€Ax B is a smooth atlas for the cartesian product 
M x N. Clearly the projections 


M@_MxN2N 
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are also smooth. The product (M x N,pri,pr2) has the following universal 
property: 

For any smooth manifold P and smooth mappings f: P- M andg: P— N 
the mapping (f,g) : P > Mx N, (f,g)(x) = (f(#), g(a)), is the unique smooth 
mapping with pri o (f,g) = f, pr2o(f,9) =9. 

From the construction of the tangent bundle in 1.7 it is immediately clear 
that 


T(pri) 


TM —™) Tim x N) 2, 


TN 
is again a product, so that T(M x N) =7TM x TN in a canonical way. 
Clearly we can form products of finitely many manifolds. 


1.13. Theorem. Let M be aconnected manifold and suppose that f : M — M 
is smooth with fo f = f. Then the image f(M) of f is a submanifold of M. 


This result can also be expressed as: ‘smooth retracts’ of manifolds are man- 
ifolds. If we do not suppose that M is connected, then f(M/) will not be a 
pure manifold in general, it will have different dimension in different connected 
components. 


Proof. We claim that there is an open neighborhood U of f(M) in M such that 
the rank of 7, f is constant for y ¢ U. Then by theorem 1.10 the result follows. 

For « € f(M) we have T, fo T,f = T,f, thus imT, f = ker(Id—T,, f) and 
rank T,, f + rank(Id—T, f) = dim M. Since rankT, f and rank(Id—T,f) can- 
not fall locally, rankT,f is locally constant for « € f(M), and since f(M) is 
connected, rank T,,f =r for all x € f(M). 

But then for each x € f(M) there is an open neighborhood U, in M with 
rankT,f > r for all y € Uz. On the other hand rankT,f = rankT,(f of) = 
rank Ty(,) fo Ty f < rank T(,) f =r. So the neighborhood we need is given by 


U= Ure s(m) Uz. 


1.14. Corollary. 1. The (separable) connected smooth manifolds are exactly 
the smooth retracts of connected open subsets of R”’s. 

2. f : M — N is an embedding of a submanifold if and only if there is an 
open neighborhood U of f(M) in N and a smooth mapping r : U — M with 
ro f = Idjz. 


Proof. Any manifold M may be embedded into some R”, see 1.15 below. Then 
there exists a tubular neighborhood of M in R” (see [Hirsch, 76, pp. 109-118}), 
and M is clearly a retract of such a tubular neighborhood. The converse follows 
from 1.13. 

For the second assertion repeat the argument for N instead of R”. 


1.15. Embeddings into R”’s. Let MW be a smooth manifold of dimension m. 
Then M can be embedded into R”, if 
(1) n = 2m +1 (see [Hirsch, 76, p 55] or [Brécker-Janich, 73, p 73}), 
(2) mn = 2m (see [Whitney, 44]). 
(3) Conjecture (still unproved): The minimal n is n = 2m—a(m)+1, where 
a(m) is the number of 1’s in the dyadic expansion of m. 
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There exists an immersion (see section 2) M — R”, if 
(1) n = 2m (see [Hirsch, 76]), 
(2) n = 2m — a(m) ([Cohen, 82] claims to have proven this, but there are 
doubts). 


2. Submersions and immersions 


2.1. Definition. A mapping f : WM — N between manifolds is called a sub- 
mersion at « € M, if the rank of T,, f : T,M — Ty(2)N equals dim N. Since the 
rank cannot fall locally (the determinant of a submatrix of the Jacobi matrix is 
not 0), f is then a submersion in a whole neighborhood of «. The mapping f is 
said to be a submersion, if it is a submersion at each x € M. 


2.2. Lemma. If f : M — N is a submersion at x € M, then for any chart 
(V,v) centered at f(x) on N there is chart (U,u) centered at x on M such that 
vo fou! looks as follows: 


Proof. Use the inverse function theorem. 


2.3. Corollary. Any submersion f : M — N is open: for each open U Cc M 
the set f(U) is open in N. 


2.4. Definition. A triple (/,p, N), where p: M — N is a surjective submer- 
sion, is called a fibered manifold. M is called the total space, N is called the 
base. 

A fibered manifold admits local sections: For each x € M there is an open 
neighborhood U of p(x) in N and a smooth mapping s : U — M with pos = Idy 
and s(p(x)) =a. 

The existence of local sections in turn implies the following universal property: 


M 


Ls 


i 


N —-— P 


If (M,p, N) is a fibered manifold and f : N — P is a mapping into some further 
manifold, such that f op: M — P is smooth, then f is smooth. 


2.5. Definition. A smooth mapping f : M — N is called an immersion at 
x € M if the rank of T, f : T,M — Tyz)N equals dim M. Since the rank is 
maximal at x and cannot fall locally, f is an immersion on a whole neighborhood 
of x. f is called an immersion if it is so at every x € M. 
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2.6. Lemma. If f : M — N is an immersion, then for any chart (U, u) centered 
at x € M there is a chart (V,v) centered at f(x) on N such that vo fou7' has 


the form: 


(oye ym) (yl... sy sO, se ,0) 


Proof. Use the inverse function theorem. 


2.7 Corollary. If f : M — N is an immersion, then for any x € M there is 
an open neighborhood U of x € M such that f(U) is a submanifold of N and 
f|U :U = f(U) is a diffeomorphism. 


2.8. Definition. If i: M — N is an injective immersion, then (M,i) is called 
an immersed submanifold of N. 

A submanifold is an immersed submanifold, but the converse is wrong in gen- 
eral. The structure of an immersed submanifold (4,7) is in general not deter- 
mined by the subset 7(M/) Cc N. All this is illustrated by the following example. 
Consider the curve y(t) = (sin? t,sint. cost) in R?. Then ((—7,7),7|(—7,7)) 
and ((0,27),|(0,27)) are two different immersed submanifolds, but the image 
of the embedding is in both cases just the figure eight. 


2.9. Let M be a submanifold of N. Then the embedding i: M — N is an 
injective immersion with the following property: 


(1) For any manifold Z a mapping f : Z — M is smooth if and only if 
io f:Z—N is smooth. 
The example in 2.8 shows that there are injective immersions without property 


(1). 


2.10. We want to determine all injective immersions 7: M — N with property 
2.9.1. To require that 7 is a homeomorphism onto its image is too strong as 2.11 
and 2.12 below show. To look for all smooth mappings 7 : IZ — N with property 
2.9.1 (initial mappings in categorical terms) is too difficult as remark 2.13 below 
shows. 


2.11. Lemma. If an injective immersion i: M — N is a homeomorphism onto 
its image, then i(M) is a submanifold of N. 


Proof. Use 2.7. 


2.12. Example. We consider the 2-dimensional torus T? = R?/Z?. Then the 
quotient mapping 7 : R? — T? is a covering map, so locally a diffeomorphism. 
Let us also consider the mapping f : R — R?, f(t) = (t,a.t), where a is 
irrational. Then mo f : R > T? is an injective immersion with dense image, and 
it is obviously not a homeomorphism onto its image. But ao f has property 
2.9.1, which follows from the fact that 7 is a covering map. 


2.13. Remark. If f :R— R is a function such that f? and f? are smooth for 
some p, g which are relatively prime in N, then f itself turns out to be smooth, 
see [Joris, 82]. So the mapping 7: t > Cy R — R?, has property 2.9.1, but i is 
not an immersion at 0. 
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2.14. Definition. For an arbitrary subset A of a manifold N and zo € A let 
Cz, (A) denote the set of all z € A which can be joined to zo by a smooth curve 
in N lying in A. 
A subset M in a manifold N is called initial submanifold of dimension m, if 
the following property is true: 
(1) For each x € M there exists a chart (U,u) centered at x on N such that 
u(C,(U 9 M)) = u(U) 9 (R™ x 0). 


The following three lemmas explain the name initial submanifold. 


2.15. Lemma. Let f : M — N be an injective immersion between manifolds 
with property 2.9.1. Then f(M) is an initial submanifold of N. 


Proof. Let « € M. By 2.6 we may choose a chart (V,v) centered at f(a) on N 
and another chart (W, w) centered at x on M such that (vofow7!)(yt,...,y™) = 
(yt,...,y™,0,... ,0). Let r > 0 be so small that {y € R™ : |y| < r} Cc w(W) 
and {z € R": |z| < 2r} C uo(V). Put 


U:=u i({zeER": |z|<r}) CN, 
W:=w "({yeR™: |yl <r}) CM. 


We claim that (U,u = v|U) satisfies the condition of 2.14.1. 


u*(u(U) N (R™ x 0)) =u f({(y',... ,y, 0... 0): |y| <r}) = 
=fow o(uefow )“*C(y',....97 0...,0)2|y <r p= 
= fow {ye R™ : [yl <r}) = F(Wi) S Creay(U 0 f(M)), 


since f(W,) CUN f(M) and f(W1) is C®-contractible. 

Now let conversely z € Cf(z)(UN f(M)). Then by definition there is a smooth 
curve c: [0,1] — N with c(0) = f(x), c(1) = z, and c([0,1]) CUN f(M). By 
property 2.9.1 the unique curve ¢: [0,1] — M with f o@=c, is smooth. 

We claim that ¢((0,1)) C Wi. If not then there is some t € [0,1] with c(t) € 
w t({y € R™ :r < |y| < 2r}) since @ is smooth and thus continuous. But then 
we have 


(vo f)(Et)) € (vo fow™')({yeR™: 1 < |y| < 2r}) = 
={(y,0) eR” x O:r<|y| < 2r} C {z ER”: r < |2| < 2r}. 


This means (vo f 0 ¢)(t) = (voc)(t) € {2 € R°: r< |z| < 2r}, so c(t) € U, a 
contradiction. 

So é([0, 1]) C Wi, thus 41) = f~'(z) € Wi and z € f(W1). Consequently we 
have C(2)(UN f(M)) = f(W1) and finally f(W,) = u~'(u(U) 9 (R™ x 0)) by 
the first part of the proof. 
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2.16. Lemma. Let M be an initial submanifold of a manifold N. Then there 
is a unique C'®-manifold structure on M such that the injectioni : M — N 
is an injective immersion. The connected components of M are separable (but 
there may be uncountably many of them). 


Proof. We use the sets C;(U; MM) as charts for M, where x € M and (Uz, uz) 
is a chart for N centered at x with the property required in 2.14.1. Then the 
chart changings are smooth since they are just restrictions of the chart changings 
on N. But the sets C,(U, MM) are not open in the induced topology on M 
in general. So the identification topology with respect to the charts (C,(Uz M 
M),ux)cem yields a topology on M which is finer than the induced topology, so 
it is Hausdorff. Clearly i: M — N is then an injective immersion. Uniqueness of 
the smooth structure follows from the universal property of lemma 2.17 below. 
Finally note that N admits a Riemannian metric since it is separable, which can 
be induced on M, so each connected component of MW is separable. 


2.17. Lemma. Any initial submanifold M of a manifold N with injective 
immersion i: M — N has the universal property 2.9.1: 

For any manifold Z a mapping f : Z — M is smooth if and only ifiof:Z— 
N is smooth. 


Proof. We have to prove only one direction and we will suppress the embedding 7. 
For z € Z we choose a chart (U, u) on N, centered at f(z), such that u(C(2)(UN 
M)) =u(U)N(R™ x 0). Then f~!(U) is open in Z and contains a chart (V,v) 
centered at z on Z with v(V) a ball. Then f(V) is C%-contractible in UMM, so 
f(V) © Cy) (UNM), and (ulCf(2z)(UN.M)) 0 fou! = uo fou! is smooth. 


2.18. Transversal mappings. Let M,, M2, and N be manifolds and let 
f; : M; — N be smooth mappings for i = 1,2. We say that f,; and fo are 
transversal at y € N, if 


imT,, fi t+imT),, fo=TyN whenever fi (x1) = fo(v2) = y. 


Note that they are transversal at any y which is not in f,(M1) or not in fo(M2). 
The mappings f; and f2 are simply said to be transversal, if they are transversal 
at every ye N. 

If P is an initial submanifold of N with injective immersion i: P — N, then 
f : M — N is said to be transversal to P, if i and f are transversal. 


Lemma. In this case f~!(P) is an initial submanifold of M with the same 
codimension in M as P has in N, or the empty set. If P is a submanifold, then 
also f—+(P) is a submanifold. 


Proof. Let « € f~1(P) and let (U,u) be an initial submanifold chart for P 
centered at f(x) on N, i.e. u(C,(UN P)) = u(U) N(R? x 0). Then the mapping 
M2 fo(U) SU SuU) CR? x R™? 2, Rr? 


is a submersion at x since f is transversal to P. So by lemma 2.2 there is a chart 
(V,v) on M centered at x such that we have 


I 
_ 
a 

a 
< 
3 
] 
3 
Ss 


(pr20uo fo v"')(y', ey ar es 
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But then z € C,(f~1(P) NV) if and only if v(z) € v(V)N (0 x R™"*?), so 
v(Cx(f-1(P) NV)) = v(V)N(O x R™-"*P), 
2.19. Corollary. If f,; :M, — N and fz: M2 — N are smooth and transver- 
sal, then the topological pullback 
M, x Mz = M, XN My — {(@1, 2) eM, x Mo : fi(a1) = fo(x2)} 
(fi,.N,f2) 
is a submanifold of M, x Mo, and it has the following universal property. 

For any smooth mappings g, : P — M, and gz: P — My, with fiog: = foog2 
there is a unique smooth mapping (91, 92) : P — Mi xn M2 with prio(gi, g2) = 
gi and pr2 o (91,92) = ga. 

P 92 


ce 


gu M, xn Mo pra? Me 


pn ih 


M, fh N 

This is also called the pullback property in the category Mf of smooth man- 
ifolds and smooth mappings. So one may say, that transversal pullbacks exist 
in the category Mf. 
Proof. M, XN Mo = (fi x fo) *(A), where fi x fe 2 M, x Mo — NxWN and 
where A is the diagonal of N x N, and f; x fg is transversal to A if and only if 
fi and f2 are transversal. 


2.20. The category of fibered manifolds. Consider a fibered manifold 
(M,p, N) from 2.4 and a point « € N. Since p is a surjective submersion, the 
injection 7,: « — N of x into N and p: M — N are transversal. By 2.19, p~!(z) 
is a submanifold of M, which is called the fiber over x € N. 

Given another fibered manifold (MM, p, N), a morphism (M,p, N) = (M,p, N) 
means a smooth map f: M — N transforming each fiber of M into a fiber of 
M. The relation f(M,) C Mz defines a map f: N — N, which is characterized 
by the property po f = f op. Since po f is a smooth map, f is also smooth by 
2.4. Clearly, all fibered manifolds and their morphisms form a category, which 
will be denoted by FM. Transforming every fibered manifold (M, p, N) into its 
base N and every fibered manifold morphism f: (M,p,N) — (M,p,.N) into the 
induced map f: N — N defines the base functor B: FM — Mf. 

If (M,p,N) and (M,p, N) are two fibered manifolds over the same base N, 
then the pullback M x (p n,p) M = M xn M is called the fibered product of M 
and M. If p, p and N are clear from the context, then M x y M is also denoted 


by M @®M. Moreover, if fy: (M1,p1,N) — (M1, p1,.N) and fo: (Mo, p2,N) > 
(M2, po, N) are two FM-morphisms over the same base map fg: N — N, then 
the values of the restriction f; x f2|Mi xn Mg lie in M, xy Mo. The restricted 
map will be denoted by fi x f, fo: Mi xn M2 —- My, x vy Me or fi@fo: Mi®M2 > 


My, ® Mp and will be called the fibered product of f; and fo. 
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3. Vector fields and flows 


3.1. Definition. A vector field X on a manifold M is a smooth section of 
the tangent bundle; so X : M — TM is smooth and my 0 X = Idyyg. A local 
vector field is a smooth section, which is defined on an open subset only. We 
denote the set of all vector fields by X(M/). With point wise addition and scalar 
multiplication ¥(/) becomes a vector space. 


Example. Let (U,w) be a chart on M. Then the Pi :U—TM|U, tH sola, 
described in 1.6, are local vector fields defined on U. 


Lemma. If X is a vector field on M and (U,u) is a chart on M and x € U, then 
we have X(x) = 0", X(z)(u*)=%|2. We write X|U =v", X(u') 2. 


But 


3.2. The vector fields Cae on U, where (U,u) is a chart on M, form a 
holonomic frame field. By a frame field on some open set V C M we mean 
m = dim M vector fields s; € X(V) such that s1(x),...,%m(x) is a linear basis 
of T,,M for each x € V. In general, a frame field on V is said to be holonomic, if 


V can be covered by an atlas (Ua, Ua)aea such that s;|Uq = aly for allae€ A. 


In the opposite case, the frame field is called anholonomic. 

With the help of partitions of unity and holonomic frame fields one may 
construct ‘many’ vector fields on M. In particular the values of a vector field 
can be arbitrarily preassigned on a discrete set {a;} C M. 


3.3. Lemma. The space X(M) of vector fields on M coincides canonically with 
the space of all derivations of the algebra C°(M,R) of smooth functions, i.e. 
those R-linear operators D : C®(M,R) — C™(M,R) with D(fg) = D(f)g + 
fD(9). 


Proof. Clearly each vector field X € X(M) defines a derivation (again called 
X, later sometimes called Lx) of the algebra C°°(M,R) by the prescription 
X(f)(a) = X(a)(f) = df(X(@)). 

If conversely a derivation D of C°°(M,R) is given, for any « € M we consider 
D, : C~(M,R) — R, D.(f) = D(f)(«). Then D, is a derivation at x of 
C™(M,R) in the sense of 1.5, so D, = X, for some X, € T,M. In this 
way we get a section X : M — TM. If (U,u) is a chart on M, we have 
Dz = 3, X(x)(u®) |e by 1.6. Choose V open in M, V C V Cc U, and 
y € C™(M,R) such that supp(y) C U and g|V = 1. Then y-u' € C™(M,R) 
and (yu')|V = u'|V. So D(put)(z) = X(x)(pu’) = X(a)(u") and X|V = 
yo, D(gu')|V - 325|V is smooth. 


3.4. The Lie bracket. By lemma 3.3 we can identify #(W) with the vector 
space of all derivations of the algebra C™(M,IR), which we will do without any 
notational change in the following. 

If X, Y are two vector fields on M, then the mapping f +> X(Y(f))-Y(X(f)) 
is again a derivation of C°°(M, IR), as a simple computation shows. Thus there is 
a unique vector field [X,Y] € X(M) such that [X,Y](f) = X(Y(f)) — Y(X(f)) 
holds for all f € C°°(M,R). 
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In a local chart (U,u) on M one immediately verifies that for X|U = > X* ai 
and Y|U = ScY' a we have 


DEX ie LY tr | =So(x(4Y") Yee X")) gor 


aj 


since second partial derivatives commute. The R-bilinear mapping 
[ , ]:%(M) x X(M) > X(M) 


is called the Lie bracket. Note also that X%(M/) is a module over the algebra 
C™(M,R) by point wise multiplication (f,X)- fx. 


Theorem. The Lie bracket | , |: X(M) x X(M) — X(M) has the following 
propetties: 


[X,Y] = -IY, X], 
[X, [Y, Z]] = [[X, Y], Z] + [Y, |X, Z]], the Jacobi identity, 
[FxX,¥] = f|X,¥] — WV P)X 
[X, FY] = fIX,Y] + (Xf). 


The form of the Jacobi identity we have chosen says that ad(X) = [X, | is 
a derivation for the Lie algebra (X(M),[ , J). 

The pair (X(M),[ , J) is the prototype of a Lie algebra. The concept of a 
Lie algebra is one of the most important notions of modern mathematics. 


Proof. All these properties can be checked easily for the commutator [X,Y] = 
XoY-—YoX in the space of derivations of the algebra C(I, R). 


3.5. Integral curves. Let c: J — M be a smooth curve in a manifold M 
defined on an interval J. We will use the following notations: c/(t) = é(t) = 
c(t) := T,c.1. Clearly c! : J + TM is smooth. We call c’ a vector field along 
c since we have ty oc’ =. 

A smooth curve c: J — M will be called an integral curve or flow line of a 


vector field X € X(M) if c(t) = X(c(t)) holds for all t € J. 


3.6. Lemma. Let X be a vector field on M. Then for any x € M there is 
an open interval J, containing 0 and an integral curve cy, : J; — M for X (i.e. 
c, = X oc,) with c,(0) = a. If J, is maximal, then c, is unique. 


Proof. In a chart (U,u) on M with x € U the equation c'(t) = X(c(t)) is an 
ordinary differential equation with initial condition c(0) = x. Since X is smooth 
there is a unique local solution by the theorem of Picard-Lindelof, which even 
depends smoothly on the initial values, [Dieudonné I, 69, 10.7.4]. So on M there 
are always local integral curves. If J; = (a,b) and limp ¢,(t) =: c,(b) exists 
in M, there is a unique local solution c, defined in an open interval containing 
b with c,(b) = c,(b). By uniqueness of the solution on the intersection of the 
two intervals, c; prolongs c, to a larger interval. This may be repeated (also on 
the left hand side of J,) as long as the limit exists. So if we suppose J, to be 
maximal, J, either equals R or the integral curve leaves the manifold in finite 
(parameter-) time in the past or future or both. 
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3.7. The flow of a vector field. Let X € X(M) be a vector field. Let us 
write Fl; (a) = FI* (t,x) := cx(t), where cy : Jy > M is the maximally defined 
integral curve of X with c,(0) = x, constructed in lemma 3.6. The mapping F1* 
is called the flow of the vector field X. 


Theorem. For each vector field X on M, the mapping FIX : D(X) > M is 
smooth, where D(X) = Uzeny Jx X {x} is an open neighborhood of 0 x M in 
Rx M. We have 

FI* (t+ s, 2) = FI* (t, FI*(s, 2)) 


in the following sense. If the right hand side exists, then the left hand side exists 
and we have equality. If both t, s > 0 or both are < 0, and if the left hand side 
exists, then also the right hand side exists and we have equality. 


Proof. As mentioned in the proof of 3.6, FIX (t, x) is smooth in (t,x) for small 
t, and if it is defined for (¢, 2), then it is also defined for (s, y) nearby. These are 
local properties which follow from the theory of ordinary differential equations. 

Now let us treat the equation Fl* (t + s,x) = FI*(t, FI*(s,2)). If the right 
hand side exists, then we consider the equation 


4FI*(¢+s,2) = £FI* (u,2)|uat+s = X(FI* (t+ ,2)), 
FI* (t +s, 2) |:-0 = FI* (s, 2). 
But the unique solution of this is FI* (t, Fl* (s,)). So the left hand side exists 


and equals the right hand side. 
If the left hand side exists, let us suppose that t,s > 0. We put 


FI (u, 2) ifu<s 
i a x x : 
FI“ (u—s,FI*(s,2)) ifu>s. 
oe 4 FI*(u,2) = X(FI*(u,2)) foru<s 
* cn(u) = _ 
° # FX (u— 3, FI (s,2)) = XP (u— 8, FI*(s,2))) 


=X(cz(u)) forO<u<t+s. 


Also c,(0) = x and on the overlap both definitions coincide by the first part of 
the proof, thus we conclude that c,(u) = FI*(u,2) for 0 < u < t+ and we 
have Fl* (t, FI* (s, x)) = cx(t +s) = FI* (t+, 2). 

Now we show that D(X) is open and FI* is smooth on D(X). We know 
already that D(X) is a neighborhood of 0 x M in Rx M and that FI* is smooth 
near 0 x M. 

For « € M let Ji be the set of all ¢ € R such that FI* is defined and smooth 
on an open neighborhood of [0,t] x {x} (respectively on [t,0] x {x} for t < 0) 
in R x M. We claim that Ji, = J,, which finishes the proof. It suffices to show 
that J! is not empty, open and closed in J,. It is open by construction, and 
not empty, since 0 € Ji. If J/, is not closed in Jy, let to € Je (Ji \ Ji) and 
suppose that to > 0, say. By the local existence and smoothness F 1* exists and is 
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smooth near [—e, €] x {y := FI* (to, x)} for some ¢ > 0, and by construction FI* 
exists and is smooth near [0, to — €] x {x}. Since FI“ (—e, y) = FI* (to — ¢, 7) we 
conclude for ¢ near [0,to —¢], x’ near x, and t’ near [—e,¢], that FI (t +0, 2/)= 
FI* (t', Fl* (t, 2’)) exists and is smooth. So to € J/,, a contradiction. 


3.8. Let X € ¥(M) be a vector field. Its flow FI* is called global or complete, 
if its domain of definition D(X) equals R x M. Then the vector field X itself 
will be called a complete vector field. In this case F ig is also sometimes called 
exptX; it is a diffeomorphism of M. 

The support supp(X) of a vector field X is the closure of the set {v1 € M : 
X (x) £ Of. 


Lemma. Every vector field with compact support on M is complete. 


Proof. Let K = supp(X) be compact. Then the compact set 0 x K has positive 
distance to the disjoint closed set (Rx M)\D(X) (if it is not empty), so [—e, €] x 
K Cc D(X) for some ¢ > 0. If x ¢ K then X(x) = 0, so FI* (t,x) = @ for all t 
and R x {x} C D(X). So we have [—e,<] x M C D(X). Since FI* (t + ¢,2) = 
FI* (t, FI* (e, x) exists for |t| < ¢ by theorem 3.7, we have [—2¢, 2e]x M c D(X) 
and by repeating this argument we get R x M = D(X). 


So on a compact manifold M each vector field is complete. If M is not 
compact and of dimension > 2, then in general the set of complete vector fields 
on M is neither a vector space nor is it closed under the Lie bracket, as the 
following example on R? shows: X = ye and Y =  e. are complete, but 
neither X + Y nor [X,Y] is complete. 


3.9. f-related vector fields. If f : M — M isa diffeomorphism, then for any 
vector field X € X(M) the mapping Tf~!o X o f is also a vector field, which 
we will denote f*X. Analogously we put f,X :=TfoXo f7t=(f7!)*X. 

But if f : 4 — N is a smooth mapping and Y € X(N) is a vector field there 
may or may not exist a vector field X € X(M) such that the following diagram 
commutes: 


TM a TN 


() x| lv 


f 


M ——— NN. 


Definition. Let f : M@ — N be a smooth mapping. Two vector fields X € 
X(M) and Y € X(N) are called f-related, if TfoX = Yo f holds, ie. if diagram 
(1) commutes. 


Example. If X ¢ X(M) and Y € X(N) and X x Y € X(M x N) is given by 
(X x Y)(a,y) = (X(x), Y(y)), then we have: 
(2) X x Y and X are prj-related. 
(3) X x Y and Y are pro-related. 
(4) X and X x Y are ins(y)-related if and only if Y(y) = 0, where 
ins(y)(x) = (x,y), ins(y): M+ Mx N. 
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3.10. Lemma. Consider vector fields X; € X(M) and Y; € X(N) fori = 1,2, 
and a smooth mapping f : M — N. If X; and Y; are f-related for i = 1,2, then 
also \1.X1 + Ap Xeq and A,Y; + A2Yo are f-related, and also [X1, Xo] and [Y1, Yo] 
are f-related. 


Proof. The first assertion is immediate. To show the second let h € C™(N,R). 
Then by assumption we have Tf o X; = Y; 0 f, thus: 
(Xi(ho f))(a) = Xi(a)(ho f) = (Te f Xi(x))(h) = 
= (The Xi)(x)(h) = %e A@)(h) = KF (@))(h) = VCR) F(2)), 
so X;(ho f) = (Y;(h)) o f, and we may continue: 


[X1, X2](ho f) = X1(X2(ho f)) — Xo(Xi(ho f)) = 
= X1(Yo(h) o f) — X2(Vi(h) of) = 
= Yi (Ya(h)) o f — Yo(Vi(h)) o f = [M1, Yal(A) of. 


But this means Tf o [X1, X2] = [Y1, Yo] of. 
3.11. Corollary. If f : M — N is a local diffeomorphism (so (T, f)~' makes 
sense for each x € M), then for Y € X(N) a vector field f*Y € X(M) is defined 
by (f*Y)(a) = (Tf, f)~1.Y(f(x)). The linear mapping f* : X(N) > X(M) is 
then a Lie algebra homomorphism, i.e. f*[Y1, Y2] = [f*¥1, f* Ya]. 
3.12. The Lie derivative of functions. For a vector field X € ¥(M) and 
f € C™@(M,R) we define Lx f € C~@(M,R) by 

Lx f(z) = lof (t,2)) or 

Lxf = S\o(Fi)*f = Zlo(f o Fis). 

Since FIX (t, x) is defined for small t, for any x € M, the expressions above make 
sense. 
Lemma. 4 (FIS)*f = (FI*)*X(f), in particular for t = 0 we have Lyf = 
X(f) = df(X). 
3.13. The Lie derivative for vector fields. For X,Y € X(M) we define 
LxY € X(M) by 


LxY = 4\o(FIX)*¥ = £lo(TFM,) 0 Y o FMS), 


and call it the Lie derivative of Y along X. 

Lemma. £LxY = [X,Y] and £(FI)*Y = (FIX)*LxY = (FIS)* LX, Y]. 

Proof. Let f € C%°(M,R) be a function and consider the mapping a(t, s) := 
Y (FI* (t,x))(f 0 FIX), which is locally defined near 0. It satisfies 


a(t,0) = Y(FI* (t,2))(f), 

a(0,s) =¥(«)(f oF), 

50,0) = S| YM 2))(f) = Flo VAIEM G2) = X(@)(VF), 
§50(0,0) = Slo¥ (x)(f o FIN) = ¥(x) Flo(f 0 FIN) = ¥(a)(Xf). 
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But on the other hand we have 
Fi loo(u,—u) = Plo (FIX (u,2))(f 0 FIX,) = 
= lo (THA) oY oFMT) (A) = (Ex¥)elf), 


so the first assertion follows. For the second claim we compute as follows: 
2mi*y*y = Zo (TR) o T(FIX,) 0 Y o FX o Fix) 


=T(FI*,) o Zo (TREY) oYo FIZ) o FIX 


= T(FI*,) 0 [X,Y] 0 FIX = (FIX)*[X,Y]. 


3.14. Lemma. Let X € X(M) and Y € X(N) be f-related vector fields for 
a smooth mapping f : M — N. Then we have f o FIX = FE of, whenever 
both sides are defined. In particular, if f is a diffeomorphism we have Fif "Yn 
fri oFl of. 
Proof. We have £(f o FIX) = Tfo 4FIiX = TfoX oF =Yofo Fix 
and f(FI* (0,2)) = f(x). Sot H f(FI*(t,x)) is an integral curve of the vector 
field Y on N with initial value f(a), so we have f(FI* (t,«)) = FI’ (¢, f(a)) or 
foFl* =FI of. 
3.15. Corollary. Let X,Y € X(M). Then the following assertions are equiva- 
lent 

(1) LxY = [X,Y] =0. 

(2) (FIX)*Y =Y, wherever defined. 

(3) FIX oFIY = FIY o FIX, wherever defined. 


Proof. (1) = (2) is immediate from lemma 3.13. To see (2) = (3) we note 
that FIX o FIY = FIY o FIX if and only if FIY = FI*, oF o FIX = FI” py 
lemma 3.14; and this in turn is equivalent to Y = (FI*)*Y. 
3.16. Theorem. Let M be a manifold, let y': Rx MD Uy: — M be smooth 
mappings for i = 1,...,k where each U,: is an open neighborhood of {0} x M 
in R x M, such that each ¢! is a diffeomorphism on its domain, yh = Idjr, and 

ilo Pi: = Xi € X(M). We put [p', y']e = [2, ¢1] = (Yt)7* © (yi) © & © HF. 
Then for each formal bracket expression P of lenght k we have 

ae 
0= ZrloP(¢ pong Qt) for 1 <l<k, 


1 
toe 
ak q 
P(X1,..-, Xk) = fraeeloP(¥i,---, Ff) € X(M) 


in the sense explained in step 2 of the proof. In particular we have for vector 
fields X,Y € X(M) 


O= 2|, (FIX, oF, oF lf oF lf), 
[X,Y] = 4S |o(F, oF, oFIY o FIX). 
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Proof. Step 1. Let c: R— M be a smooth curve. If c(0) = « € M, c(0) = 
0,...,e%")(0) = 0, then ec) (0) is a well defined tangent vector in T,,M which 
is given by the derivation f + (f 0 c))(0) at a. 

For we have 


k 
((F.9) ©.6)™ (0) = ((F22).(92.€))O) = (Fe OV(ge0)*P(0) 


since all other summands vanish: (f 0 c)%)(0) = 0 for 1 <j <k. 


Step 2. Let gp: Rx M > U, — M be a smooth mapping where Uy is an open 
neighborhood of {0} x M in R x M, such that each vy, is a diffeomorphism on 
its domain and yp = Idjy. We say that y; is a curve of local diffeomorphisms 
though Idyy,. 

From step 1 we see that if Flovr =0 foralll <j <k, then X := 4 Feloy: 
is a well defined vector field on M. We say that X is the first non-vanishing 
derivative at 0 of the curve y; of local diffeomorphisms. We may paraphrase this 
as (Of opp) f = kILx f. 

Claim 3. Let yt, vz be curves of local diffeomorphisms through Idjy and let 
f € C™~(M,R). Then we have 


k 
OF lo(eo ve)" f = Plo(bi o vi)F = °F) (love) (OF “lowe )F- 
j=0 


Also the multinomial version of this formula holds: 


Alo(vto...09 t= dy elle")... Clete. 


! 
eae = Ji-++-Je 


We only show the binomial version. For a function A(t, s) of two variables we 


have 
k 


=> Galera 8) late 

j=0 
since for h(t,s) = f(t)g(s) this is just a consequence of the Leibnitz rule, and 
linear combinations of such decomposable tensors are dense in the space of all 
functions of two variables in the compact C'°-topology, so that by continuity 
the formula holds for all functions. In the following form it implies the claim: 


k 


AF lof (elt, W(t, 2))) = D> (Mazak Ff (y(t, Vs, 2)))lems—o. 


j=0 


Claim 4. Let y; be a curve of local diffeomorphisms through Id, with first 
non-vanishing derivative k!X = OF|oy;. Then the inverse curve of local diffeo- 
morphisms y; * has first non-vanishing derivative —k!X = OF |oy;'. 
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For we have y;' 0 y; = Id, so by claim 3 we get for 1 <j <k 
0 = a lo(ye* ovi)*f = m0) (Bilowt )(l*(wr)F = 


= Of opi (vo ')*f + PsA lo(ee')*f, 
ie. Blov* f = —Alo(yy!)*f as required. 
Claim 5. Let y; be a curve of local diffeomorphisms through Id, with first 
non-vanishing derivative m!X = Of"|oyz, and let ~, be a curve of local diffeo- 
morphisms through Idj, with first non-vanishing derivative n!Y = OP |owz. 
Then the curve of local diffeomorphisms [y;, 1] = v; > oy,’ ov1.° v¢ has first 
non-vanishing derivative 


(m+ n)![X, Y] = 077" olye, ve]. 
From this claim the theorem follows. 
By the multinomial version of claim 3 we have 


Anf = lov o gy! odeo vr)" f 
N! 
= ye ilplklel (Slot) (OF lov?) (OF love *)*)(Oflo(we ')*)f. 
i+jtktl=N 


Let us suppose that 1 <n < m, the case m < n is similar. If N < n all 
summands are 0. If N = n we have by claim 4 


Anf = (lov) f + (Of love) f + (A lo(ye*)*)F + (Of ole *)*)F = 0. 
Ifn<N<mwe es using again claim 4: 
A= 5; aa 7 (@low7)(Alo (We *)*)F + ON (COM oer) F + (OMlo(ve*)*)F) 
jteen 7° 
= (Of lo(vr* 0 W)")f +0 = 0. 
Now we come to the difficult case m,n < N< m+n. 
An f =O, lor! ope! ody f+ (nowt (Or ™lo(br oer! ove) )E 
(1) + (Of lov) f, 
by claim 3, since all other terms vanish, see (3) below. By claim 3 again we get: 
_ _ * N! —1)* —1)x* 
low ov ow) f= dO Fea Af lob? (Flos *)*)(Oflo(be*)")F 
jtkae=n J 


(2) = So ()(Plovf) (flor *)*)F + (MON ov? (OM lo(e')*)F 


j+l=N 
+ (%) (OP o(ve')*)(ON lobe) *)F + OF love) *f 

=0+ (X)(ON-™ lof miL_x f + (N)miL_x (ON lowe ')*)F 
+ ON |o(y;* * f 

= Sri nl(m+n)(Lxly — Ly Lx) f + ON lolgr')*f 

= 5% (mt n)iLixyf + OM lo(yet)*f 
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From the second expression in (2) one can also read off that 


(3) ON ody ope! ode) *f = ON ™ oe )*F- 


If we put (2) and (3) into (1) we get, using claims 3 and 4 again, the final result 
which proves claim 5 and the theorem: 


Anf =6n4n(m+n)'Lixy Ff + OM lo(ye')*f 
+ (Y) (OP oy (ON love ')*)F + (ON lowi) f 
= bmnin(mtn)'\Lix yf + ON oye’ ove)" f 
= ON yn (m + nyILix yf +0. 


3.17. Theorem. Let X,,...,Xm be vector fields on M defined in a neighbor- 
hood of a point x € M such that X)(x),...,Xm(x) are a basis for T,M and 
[X;, X5] = 0 for all 9s 

Then there is a chart (U,u) of M centered at x such that X;|U = a. 


Proof. For small t = (t!,... ,t™) € R™ we put 
PO cg) SFL os FL), 
By 3.15 we may interchange the order of the flows arbitrarily. Therefore 


2 f(H,... ,t™) = 2 (FI oFIi1 o---)(z) = Xi((FIM o---)(z)). 


aut 


So Tof is invertible, f is a local diffeomorphism, and its inverse gives a chart 
with the desired properties. 


3.18. Distributions. Let M be a manifold. Suppose that for each r € M 
we are given a sub vector space EF, of T,M. The disjoint union E = Leen Ex 
is called a distribution on M. We do not suppose, that the dimension of FE; is 
locally constant in x. 

Let Xio-(M) denote the set of all locally defined smooth vector fields on M, 
ie. Xioe(M) = X(U), where U runs through all open sets in M. Furthermore 
let X~ denote the set of all local vector fields X € Xio-(M) with X(x) € E, 
whenever defined. We say that a subset V C Xzg spans E, if for each x € M the 
vector space E,, is the linear span of the set {X (x): X € V}. We say that E isa 
smooth distribution if Xm spans E. Note that every subset W C Xioc(M) spans 
a distribution denoted by E(W), which is obviously smooth (the linear span of 
the empty set is the vector space 0). From now on we will consider only smooth 
distributions. 

An integral manifold of a smooth distribution E is a connected immersed 
submanifold (V,i) (see 2.8) such that T,i(T,N) = Ejyz) for all « € N. We 
will see in theorem 3.22 below that any integral manifold is in fact an initial 
submanifold of MW (see 2.14), so that we need not specify the injective immersion 
i. An integral manifold of F is called maximal if it is not contained in any strictly 
larger integral manifold of EF. 


3. Vector fields and flows 25 


3.19. Lemma. Let E be a smooth distribution on M. Then we have: 

1. If (N,i) is an integral manifold of E and X € Xp, then i*X makes sense 
and is an element of Xioc(N), which is iji~!(Ux)-related to X, where Ux C M 
is the open domain of X. 

2. If (Nj,i;) are integral manifolds of E for j = 1,2, then i;'(ii(M1) 
i2(N2)) and iz'(i1(N1) MN i2(Ne)) are open subsets in N; and No, respectively; 
furthermore iz' © i, is a diffeomorphism between them. 

3. Ifa € M is contained in some integral submanifold of E, then it is contained 
in a unique maximal one. 


Proof. 1. Let Ux be the open domain of X € Xz. If i(x) € Ux forz € N, 
we have X(i(x)) € Eyjz) = T,i(T,N), so i*X(a) := ((Tpi)~* o X 0 4)(a) makes 
sense. It is clearly defined on an open subset of N and is smooth in z. 

2. Let X € Xg. Then 7X € Xtoc(N;) and is i;-related to X. So by lemma 
3.14 for 7 = 1,2 we have 


i; oFW’* = FIX oy. 
Now choose 2; € Nj such that i1(%1) = ig(%2) = a € M and choose vector 
fields X1,...,X, € Xp such that (X1(xo),...,Xn(%o)) is a basis of E,,. Then 


oe is Xn 
CO AVE OI oe 


)(x3) 
is a smooth mapping defined near zero R" — N;. Since obviously elo; = 
1;X},(x;) for 7 = 1,2, we see that f; is a diffeomorphism near 0. Finally we have 
(iz) 0 iy 0 fi)(th,... ,t”) = (ig) 0 fy 0 FIA™! 0--- 0 FIA*")(a) 
= (i537 fo) abe O-++0 Fix ot) (21) 


= (FI2*? 0... 0 FI2* of! 0 41) (a1) 


SF csc), 


So iz ' 0 i, is a diffeomorphism, as required. 

3. Let N be the union of all integral manifolds containing x. Choose the union 
of all the atlases of these integral manifolds as atlas for N, which is a smooth 
atlas for N by 2. Note that a connected immersed submanifold of a separable 
manifold is automatically separable (since it carries a Riemannian metric). 


3.20. Integrable distributions and foliations. 

A smooth distribution E on a manifold M is called integrable, if each point 
of M is contained in some integral manifold of E. By 3.19.3 each point is 
then contained in a unique maximal integral manifold, so the maximal integral 
manifolds form a partition of M. This partition is called the foliation of M 
induced by the integrable distribution F, and each maximal integral manifold 
is called a leaf of this foliation. If X € Xg then by 3.19.1 the integral curve 
t+ FI*(t,a) of X through x € M stays in the leaf through z. 

Note, however, that usually a foliation is supposed to have constant dimen- 
sions of the leafs, so our notion here is sometimes called a singular foliation. 
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Let us now consider an arbitrary subset V C Xig-(M). We say that V is 
stable if for all X,Y € V and for all ¢ for which it is defined the local vector field 
(FI*)*Y is again an element of V. 

If W C Xioe(M) is an arbitrary subset, we call S(W) the set of all local vector 
fields of the form (FI? O+++0 a i for X;,Y € W. By lemma 3.14 the flow 
of this vector field is 

Fl((FIf! o- ++ 0 FIX*)*Y,t) = FIX} o---0 FIX} oFIf o FIX o--- 0 FIA* 


tr? 


so S(W) is the minimal stable set of local vector fields which contains W. 

Now let F’ be an arbitrary distribution. A local vector field X € Xjoc(M) is 
called an infinitesimal automorphism of F, if T,(Flf )(Fr) C Fx (¢,2) Whenever 
defined. We denote by aut(F’) the set of all infinitesimal automorphisms of F’. 
By arguments given just above, aut(F’) is stable. 


3.21. Lemma. Let E be a smooth distribution on a manifold M. Then the 
following conditions are equivalent: 

(1) E is integrable. 

(2) Xp is stable. 

(3) There exists a subset WC Xtoe(M) such that S(W) spans E. 

(4) aut(L)N Xp spans LE. 


Proof. (1) = > (2). Let X € Xp and let L be the leaf through x € M, with 
i: L > M the inclusion. Then FI*, oi = io FI" * by lemma 3.14, so we have 


T,(FI*,)(Ex) = T(FI%,).T,i-TpL = T(E, 07).T,L 
= Ti.T, (FI *).T,L 
= Ti.T pyr x (4,2) L = Erix(-t,2): 


This implies that (FI*)*Y € Xg for any Y € Xz. 
(2) ==> (4). In fact (2) says that Xm C aut(£). 
(4) = > (3). We can choose W = aut(E) Xp: for X,Y € W we have 
(FI )*Y € Xn; so W C S(W) C Xp and E is spanned by W. 

(3) ==> (1). We have to show that each point x € M is contained in some 
integral submanifold for the distribution E. Since S(W) spans E and is stable 
we have 


(5) T(FI)-Ex = Epix (2) 


for each X € S(W). Let dim FE, =n. There are X1,...,Xn € S(W) such that 
X1(x),...,Xn(x) is a basis of E,, since F is smooth. As in the proof of 3.19.2 
we consider the mapping 


fit’ eeothe) a (FIM? beexo FIX")(2), 


defined and smooth near 0 in R”. Since the rank of f at 0 is n, the image 
under f of a small open neighborhood of 0 is a submanifold N of M. We claim 
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that N is an integral manifold of FE. The tangent space T'p(,1,... 4) N is linearly 
generated by 


or (FS 0-0 FIX") (2) = T(FIX! 0- +. 0 FIG") Xu ((FIM* 0-0 FIX")(z)) 
= (Fh) EBAY AGE, --- 52"). 
Since S(W) is stable, these vectors lie in E'y(¢). From the form of f and from (5) 


we see that dim F(;) = dim E,, so these vectors even span E(;) and we have 
Trt) N = Ev) as required. 


3.22. Theorem (local structure of foliations). Let E be an integrable 
distribution of a manifold M. Then for each x € M there exists a chart (U, wu) 
with u(V) = {y € R™ : |y'| < e for alli} for some e > 0, and an at most 
countable subset A C R™—", such that for the leaf L through x we have 


WU OL) = {ye u(V): (y"t,... ,y™) € A}. 


Each leaf is an initial submanifold. 
If furthermore the distribution E has locally constant rank, this property 
holds for each leaf meeting U with the same n. 


This chart (U,u) is called a distinguished chart for the distribution or the 
foliation. A connected component of UN L is called a plaque. 


Proof. Let L be the leaf through xz, dim ZL =n. Let X1,...,Xn € Xz be local 
vector fields such that X;(a),...,Xp(x) is a basis of E,. We choose a chart 
(V,v) centered at x on M such that the vectors 


X,(x), aire ,Xn(x), soot le, Ease sare 
form a basis of T,,M. Then 
fC a298) = PE oe oh. ce gt) 


is a diffeomorphism from a neighborhood of 0 in R™ onto a neighborhood of « 
in M. Let (U,u) be the chart given by f~', suitably restricted. We have 
y © L => (Fit! 0--- 0 FIS")(y) € L 


ti 
for all y and all t!,... ,¢” for which both expressions make sense. So we have 
Fe Eh es HO Ot) EL, 


and consequently £9 U is the disjoint union of connected sets of the form 
{yeU: (u®*(y),...,u™(y)) = constant}. Since L is a connected immersed 
submanifold of MM, it is second countable and only a countable set of constants 
can appear in the description of u(LNU) given above. From this description it is 
clear that L is an initial submanifold (2.14) since u(C,(LNU)) = u(U) N(R” x 0). 

The argument given above is valid for any leaf of dimension n meeting U, so 
also the assertion for an integrable distribution of constant rank follows. 
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3.23. Involutive distributions. A subset V C Xj,-(M) is called involutive if 
[X,Y] € V for all X,Y € V. Here [X,Y] is defined on the intersection of the 
domains of X and Y. 

A smooth distribution E on M is called involutive if there exists an involutive 
subset V C Xioc(M) spanning EF. 

For an arbitrary subset W C Xio-(M) let LW) be the set consisting of 
all local vector fields on M which can be written as finite expressions using 
Lie brackets and starting from elements of W. Clearly £(W) is the smallest 
involutive subset of Xj-(M/) which contains W. 


3.24. Lemma. For each subset W C Xjo-(M) we have 
E(W) c E(LW)) c E(S(W)). 


In particular we have E(S(W)) = E(L(S(W))). 


Proof. We will show that for X,Y ¢ W we have [X,Y] € Xgs;w)), for then by 
induction we get L(W) Cc Xn(s(w)) and E(LOW)) c E(S(W)). 

Let « € M; since by 3.21 E(S(W)) is integrable, we can choose the leaf L 
through x, with the inclusion 7. Then 2*X is i-related to X, i*Y is 7-related to 
Y, thus by 3.10 the local vector field [i*.X,i*Y] € Xioc(L) is i-related to [X,Y], 
and [X,Y](a) € E(S(W))za, as required. 


3.25. Theorem. Let V C Xjo-(M) be an involutive subset. Then the distribu- 
tion E(V) spanned by V is integrable under each of the following conditions. 


(1) M is real analytic and V consists of real analytic vector fields. 
(2) The dimension of E(V) is constant along all flow lines of vector fields in 


y. 


Ppoer (1) For X,Y € V we have £(FI*)*Y = (FIS)*LxY, consequently 


“te SFr Y = (FI*)*(Lx)*Y, and since everything is real analytic we get for 
x € M and small t 


x) t* dk x) tk 
(FIX) = ei Ta qelo(Fle )*Y (2) = > alex)‘¥ (a). 


k>0 


Since V is involutive, all (Lx)*Y € V. Therefore we get (Fl*)*Y(x) € E(V)s 
for small t. By the flow property of Fl* the set of all t satisfying (FI*)*Y (x) € 
E(V), is open and closed, so it follows that 3.21.2 is satisfied and thus E(V) is 
integrable. 

(2) We choose X1,...,Xn € V such that X1(a),...,X,(x) is a basis of 
E(V)«. For X € VY, by hypothesis, E(V)p1x(¢,2) has also dimension n and ad- 
mits X,(FI* (t,a)),...,Xn(FI* (t,)) as basis for small t. So there are smooth 
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functions f;,;(t) such that 


[X, Xj] (FIX (t, x) > fig (t)X;(FI* (t, 2)). 


47 (Fe je G2))= te XjJ(FI* (t,x) = 


= fOT G2 248 Ga). 
j=l 


So the T,M-valued functions g;(t) = T(FI*,).X;(FI* (t,x)) satisfy the linear 
ordinary differential equation 49;(t) = yt fij(t)gj;(#) and have initial values 
in the linear subspace E(V),, so they have values in it for all small t. There- 
fore TIA) EV) px (¢,2) C E(V), for small t. Using compact time intervals 
and the flow property one sees that condition 3.21.2 is satisfied and E(V) is 
integrable. 


Example. The distribution spanned by W C Xj-(R?) is involutive, but not 
integrable, where W consists of all global vector fields with support in R? \ {0} 
and the field gers the leaf through 0 should have dimension 1 at 0 and dimension 
2 elsewhere. 


3.26. By a time dependent vector field on a manifold M we mean a smooth 
mapping X : J x M — TM with ty 0 X = pre, where J is an open interval. 
An integral curve of X is a smooth curve c: 1 > M with ¢(t) = X(t,c(t)) for 
all t € I, where J is a subinterval of J. 

There is an associated vector field X € X(J x M), given by X(t,2) = 
(1, X(t, x)) € TR x TM. 

By the evolution operator of X we mean the mapping ®* : J x Jx M— M, 
defined in a maximal open neighborhood of the diagonal in M x M and satisfying 
the differential equation 


Lex (t, s,r) = X(t, ®* (t,s,2)) 


&* (s,s,) =a. 


It is easily seen that (t, ®* (t, s,7)) = FI* (¢- 8, (s,2)), so the maximally defined 
evolution operator exists and is unique, and it satisfies 


xX _ g~x xX 
®; — 0; 2 Os 


whenever one side makes sense (with the restrictions of 3.7), where OX, (x) = 
O(t,s,x). 
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4, Lie groups 


4.1. Definition. A Lie group G is a smooth manifold and a group such that 
the multiplication  : G x G — G is smooth. We shall see in a moment, that 
then also the inversion v : G — G turns out to be smooth. 

We shall use the following notation: 
pu: Gx G— G, multiplication, u(x, y) = xy. 
Aa: G > G, left translation, Aq(x) = a.x. 
Pa: G—> G, right translation, p,(x) = z.a. 
v:G— G, inversion, v(x) = «7!. 
e € G, the unit element. 
Then we have Aq o Ap = Aa.by Pa 2 Pb = Pb.as Ag” = Aa-1) Pa = Pa-1) Pa? Ab = 
py ° Pa. If p: G > H is a smooth homomorphism between Lie groups, then we 
also have po Ag = Ag(a) 9 YP; © Pa = Py(a) oY, thus also T'y.Tra = Try (ay -TY, 
etc. So T.y is injective (surjective) if and only if Ty is injective (surjective) for 
alla eG. 


4.2. Lemma. T(q.»):TaG x T,G — TapG is given by 


Tap) (Xa, Yb) = Ta(pv).Xa + Tr(Aa)-Yo- 


Proof. Let rig : G — Gx G, rig(a) = (a,x) be the right insertion and let 
lip : G— G x G, lty(x) = (a,b) be the left insertion. Then we have 
Tia,b) b-(Xa, Yp) = T(a,p)M-(Ta(lty)-Xa + Tp(ria)-Yp) = 
= Tal ° lip).Xa + To(ee ° rha).Yp = Ta(pv)-Xa + Tr(Aa)-Yo- 


4.3. Corollary. The inversion v : G — G is smooth and 


PPP TO) See oes: 


Proof. The equation p(#,v(x)) = e determines v implicitly. Since we have 
Te(p(e, )) = Te(Ace) = Id, the mapping v is smooth in a neighborhood of e by 
the implicit function theorem. From (vo \q)(x) = x71.a7! = (pg-1 0 v)(x) we 
may conclude that v is everywhere smooth. Now we differentiate the equation 
pu(a, v(a)) = e; this gives in turn 


Oe = Tiga Nas Ta Xa) = Te Pat) Xo FE Og Tae 
Tel Xp Fey le Gi) Xa — TOG) Tae 


4.4, Example. The general linear group GL(n, R) is the group of all invertible 
real n x n-matrices. It is an open subset of L(R”", IR”), given by det 4 0 anda 
Lie group. 

Similarly GL(n,C), the group of invertible complex n x n-matrices, is a Lie 
group; also GL(n,H), the group of all invertible quaternionic n x n-matrices, is 
a Lie group, but the quaternionic determinant is a more subtle instrument here. 
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4.5. Example. The orthogonal group O(n,R) is the group of all linear isome- 
tries of (R”,( , )), where( , ) is the standard positive definite inner prod- 
uct on R”. The special orthogonal group SO(n, R) := {A € O(n, R) : det A = 1} 
is open in O(n, R), since 


CL 


O(n,R) = SO(n, R) & 1°, ) $0(a.R), 


where I, is short for the identity matrix Idgs. We claim that O(n,R) and 
SO(n,R) are submanifolds of L(R",IR”). For that we consider the mapping 
f : L(R",R”) = L(R",R"), given by f(A) = A.A’. Then O(n,R) = f~*(1,); 
so O(n,R) is closed. Since it is also bounded, O(n,R) is compact. We have 
df(A).X = X.A'+ A.X', so ker df(I,) = {X : X + X' = 0} is the space o(n,R) 
of all skew symmetric n x n-matrices. Note that dimo(n,R) = $(n—1)n. If 
A is invertible, we get kerdf(A) = {Y : YA'+ AY’ =O} ={Y : YA © 
o(n,R)} = o(n,R).(A~!)’. The mapping f takes values in Leym(R",R”), the 
space of all symmetric n x n-matrices, and dim ker df(A) + dim Lgym(R”, R") = 
$(n—1)n+ 4n(n +1) =n? = dim L(R",R"), so f : GL(n, R) > Lsym(R", R”) 
is a submersion. Since obviously f~!(I,) C GL(n,R), we conclude from 1.10 
that O(n, R) is a submanifold of GL(n, R). It is also a Lie group, since the group 
operations are obviously smooth. 


4.6. Example. The special linear group SL(n,R) is the group of all n x n- 
matrices of determinant 1. The function det : L(R",R") — R is smooth and 
ddet(A)X = trace(C(A).X), where C(A)i, the cofactor of A, is the determinant 


of the matrix, which results from putting 1 instead of A into A and 0 in the rest 
of the j-th row and the i-th column of A. We recall Cramer’s rule C(A).A = 
A.C(A) = det(A).I,. So if C(A) 4 0 (ie. rank(A) > n — 1) then the linear 
functional df(A) is non zero. So det : GL(n,R) — R is a submersion and 
SL(n,R) = (det)~+(1) is a manifold and a Lie group of dimension n? — 1. Note 
finally that Ty, SL(n,R) = kerddet(I,) = {X : trace(X) = 0}. This space of 
traceless matrices is usually called sl(n, R). 


4.7. Example. The symplectic group Sp(n,R) is the group of all 2n x 2n- 
matrices A such that w(Az, Ay) = w(x,y) for all z,y € R?", where w is the 
standard non degenerate skew symmetric bilinear form on R?”. 

Such a form exists on a vector space if and only if the dimension is even, and 
on R” x (R”)* the standard form is given by w((x, x*), (y, y*)) = (x, y*) —(y, x*), 
i.e. in coordinates w((a")?",, (y? 51) = (atyrtt —anttyt), Any symplectic 
form on R?” looks like that after choosing a suitable basis. Let (e;)?”, be the 
standard basis in R?”. Then we have 


teen ( 4, 6) 


and the matrix J satisfies Jt = —J, J? = —Ibn, J(j) = (4,) in R" x R”, and 


w(z,y) = (x, Jy) in terms of the standard inner product on R?”. 


32 Chapter I. Manifolds and Lie groups 


For A € L(R?",R?") we have w(Az, Ay) = (Az, JAy) = (a, A'JAy). Thus 
A € Sp(n,R) if and only if A'JA = J. 

We consider now the mapping f : L(R?",R?”) > L(R?",R?”") given by 
f(A) = ANJA. Then f(A)! = (A‘IA)E = —A‘TA = —f(A), 80 f takes val- 
ues in the space o(2n,R) of skew symmetric matrices. We have df(A)X = 
X*JA+ A'JX, and therefore 


ker df (Inn) = {X € L(R?",R?”) : X'J + JX =0} 
= {X : JX is symmetric} =: sp(n, R). 


We see that dim sp(n, R) = 2al2ntt) = Cee Furthermore we have ker df(A) = 
{X : X'JA+ A'IX = 0} and X & A‘JX is an isomorphism ker df(A) 
Lsym(R2", R?”), if A is invertible. Thus dimkerdf(A) = (?"') for all A € 
GL(2n,R). If f(A) = J, then A' JA = J, so A has rank 2n and is invertible, and 
dim ker df(A) + dim 0(2n,R) = (7711) + 22@2—) = dn? = dim L(R2”,R2”). So 
f : GL(2n,R) — 0(2n,R) is a submersion and f~!(J) = Sp(n,R) is a manifold 
and a Lie group. It is the symmetry group of ‘classical mechanics’. 


4.8. Example. The complex general linear group GL(n,C) of all invertible 
complex n x n-matrices is open in Lc(C”,C”), so it is a real Lie group of real 
dimension 2n?; it is also a complex Lie group of complex dimension n?. The 
complex special linear group SL(n,C) of all matrices of determinant 1 is a sub- 
manifold of GL(n,C) of complex codimension 1 (or real codimension 2). 

The complex orthogonal group O(n, C) is the set 

{A € L(C",C”) : g(Az, Aw) = g(z, w) for all z, w}, 

where g(z,w) = )>;_, z’w’. This is a complex Lie group of complex dimension 
Gn and it is not compact. Since O(n,C) = {A : A‘A = I}, we have 
1 = detc(I,) = detc(A’A) = detc(A)?, so detc(A) = +1. Thus SO(n,C) := 
{A € O(n, C) : detc(A) = 1} is an open subgroup of index 2 in O(n, C). 

The group Sp(n,C) = {A € Lc(C?",C?") : AtJA = J} is also a complex Lie 
group of complex dimension n(2n + 1). 

These groups here are the classical complex Lie groups. The groups SL(n, C) 
for n > 2, SO(n,C) for n > 3, Sp(n,C) for n > 4, and five more exceptional 
groups exhaust all simple complex Lie groups up to coverings. 


4.9. Example. Let C” be equipped with the standard hermitian inner product 
(z,w) = SL, zw’. The unitary group U(n) consists of all complex n x n- 
matrices A such that (Az, Aw) = (z, w) for all z, w holds, or equivalently U(n) = 
{A: A*A =I}, where A* =A. 

We consider the mapping f : Lc(C",C”) — Le(C",C”), given by f(A) = 
A*A. Then f is smooth but not holomorphic. Its derivative is df(A)X = 
X*A-+ A*X, so kerdf(I,) = {X : X* +X = 0} =: u(n), the space of all skew 
hermitian matrices. We have dimgu(n) = n?. As above we may check that 
f : GL(n,C) > Lnerm(C", C”) is a submersion, so U(n) = f~1(I,) is a compact 
real Lie group of dimension n°. 

The special unitary group is SU(n) = U(n)N SL(n,C). For A € U(n) we 
have | detc(A)| = 1, thus dimg SU(n) = n? — 1. 


bo 
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4.10. Example. The group Sp(n). Let H be the division algebra of quater- 
nions. Then Sp(1) := S° C H & R? is the group of unit quaternions, obviously 
a Lie group. 

Now let V be a right vector space over H. Since H is not commutative, we 
have to distinguish between left and right vector spaces and we choose right ones 
as basic, so that matrices can multiply from the left. By choosing a basis we get 
V =R" @gH=H”. For u = (v’), v = (v') € H” we put (u,v) = yw. 
Then ( ,_ ) is R-bilinear and (ua, vb) = Gu, v)b for a,b € H. 

An R linear mapping A: V — V is called H-linear or quaternionically linear 
if A(ua) = A(w)a holds. The space of all such mappings shall be denoted by 
Im(V,V). It is real isomorphic to the space of all quaternionic n x n-matrices 
with the usual multiplication, since for the standard basis (e;)"_, in V = H” we 
have A(u) = A(>, eu’) = 5, A(e;u! = Yo, e; Alu’. Note that Lu(V,V) is 
only a real vector space, if V is a right quaternionic vector space - any further 
structure must come from a second (left) quaternionic vector space structure on 
V. 

GL(n,H), the group of invertible H-linear mappings of H”, is a Lie group, 
because it is GL(4n,R) 9 D(H”, H”), open in Ly(H", HI”). 

A quaternionically linear mapping A is called isometric or quaternionically 
unitary, if (A(u), A(v)) = (u,v) for all u,v € H”. We denote by Sp(n) the 
group of all quaternionic isometries of H", the quaternionic unitary group. The 
reason for its name is that Sp(n) = Sp(2n,C) MN U(2n), since we can decompose 
the quaternionic hermitian form ( , ) into a complex hermitian one and a 
complex symplectic one. Also we have Sp(n) C O(4n,R), since the real part of 
(,  ) is a positive definite real inner product. For A € Dg(H",H") we put 
A* := A’. Then we have (u, A(v)) = (A*(u),v), so (A(u), A(v)) = (A*A(u), v). 
Thus A € S'p(n) if and only if A* A = Id. 

Again f : Dg (H",H”) > Lirerm(H",H”) = {A: A* = A}, given by f(A) = 
A* A, is a smooth mapping with df(A)X = X*A+A*X. So we have ker df (Id) = 
{X : X* = —X} =: sp(n), the space of quaternionic skew hermitian matrices. 
The usual proof shows that f has maximal rank on GL(n,H), so Sp(n) = f~*(Id) 
is a compact real Lie group of dimension 2n(n — 1) + 3n. 

The groups SO(n,R) for n > 3, SU(n) for n > 2, Sp(n) for n > 2 and 
real forms of the exceptional complex Lie groups exhaust all simple compact Lie 
groups up to coverings. 


4.11. Invariant vector fields and Lie algebras. Let G be a (real) Lie group. 
A vector field € on G is called left invariant, if AX€ = € for all a € G, where 
AZE = T(Ag-1)0€0Xq as in section 3. Since by 3.11 we have A*[€, 7] = [ASE, Az], 
the space ¥;,(G) of all left invariant vector fields on G is closed under the Lie 
bracket, so it is a sub Lie algebra of X(G). Any left invariant vector field € 
is uniquely determined by €(e) € T.G, since €(a) = T.(Aa).€(e). Thus the Lie 
algebra ¥,(G) of left invariant vector fields is linearly isomorphic to T.G, and 
on T.G the Lie bracket on ¥;(G) induces a Lie algebra structure, whose bracket 
is again denoted by [| , ]. This Lie algebra will be denoted as usual by g, 
sometimes by Lie(G). 
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We will also give a name to the isomorphism with the space of left invariant 
vector fields: LD: g > ¥,(G), X + Lx, where Lx(a) = TeAg-X. Thus [X,Y] = 
[Lx, Ly|(e). 

A vector field 7 on G is called right invariant, if p*n = n for alla € G. If 
€ is left invariant, then v*€ is right invariant, since vy o pg = Ag-1 oY implies 
that ptv*€ = (vo pa)*& = (Ag-1 OV)*E = * (Ag-1)*€ = V*E. The right invariant 
vector fields form a sub Lie algebra Xp(G) of X(G), which is again linearly 
isomorphic to T.G and induces also a Lie algebra structure on T.G. Since 
v* : ¥,(G) — Xp(G) is an isomorphism of Lie algebras by 3.11, Tv = —Id: 
T.G — T-G is an isomorphism between the two Lie algebra structures. We will 
denote by R: g = 7T.G — XpR(G) the isomorphism discussed, which is given by 
Rx (a) = Te(pa).X. 


4.12. Lemma. If Ly is a left invariant vector field and Ry is a right invariant 
one, then [Lx, Ry] = 0. Thus the flows of Lx and Ry commute. 

Proof. We consider 0 x Lx € X(G x G), given by (0 x Lx)(a,b) = (0a, Lx (d)). 
Then Tia,b) H-(Oa, Lx (b)) = aPb-Oa + TpyrXa-L x (0) = Lx (ab), so 0 x Lx is L- 
related to Lx. Likewise Ry x0 is yi-related to Ry. But then 0 = [0x Lx, Ry x0 
is p-related to [Lx, Ry] by 3.10. Since p is surjective, [Lx, Ry] = 0 follows. 


4.13. Let y: G — H be a homomorphism of Lie groups, so for the time being 
we require y to be smooth. 


Lemma. Then y’ := Tey: g = T-G — § = T-H is a Lie algebra homomor- 
phism. 


Proof. For X € g and x € G we have 
Try.Lx (x2) = Trp.TerAg-X = Te(yo Ag). X = 
Te(Ag(a) ° p).X = Te(Ag(a))-Tep-X — Lex) (y(2)). 


So Lx is y-related to Lyx). By 3.10 the field [Lx, Ly] = Lx,yy is y-related 
to [Ly(x); Levy)] => Lig'(X).e'(Y)]- So we have Ty ° LIix,y] = Liet(X),¢'(Y)] oY. 
If we evaluate this at e the result follows. 


Now we will determine the Lie algebras of all the examples given above. 


4.14. For the Lie group GL(n, R) we have T.GL(n, R) = L(R", R") =: gl(n, R) 
and TGL(n,R) = GL(n,R) x L(R",R”) by the affine structure of the sur- 
rounding vector space. For A € GL(n,R) we have \4(B) = A.B, so Xa 
extends to a linear isomorphism of L(R”",R”), and for (B,X) € TGL(n,R) 
we get Tp(\a).(B, X) = (A.B, A.X). So the left invariant vector field Lx € 
X1(GL(n,R)) is given by Lx (A) = T.(A4).X = (A, AX). 

Let f : GL(n,R) — R be the restriction of a linear functional on L(R”,R”). 
Then we have Lx(f)(A) = df(A)(Lx(A)) = df(A)(A.X) = f(A.X), which we 
may write as Lx(f)=f( .X). Therefore 


Lix.y\(f) = [Ex, Ly|(f) = £x(Ly(f)) — Ly (L£x(f)) = 
=Lx(f( .Y))-Ly(f( -X))= 
=f( X.Y)—f( YX) =Lxy-yx(f). 
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So the Lie bracket on gl(n,R) = L(R”,R”) is given by [X,Y] = XY — YX, the 
usual commutator. 


4.15. Example. Let V be a vector space. Then (V,+) is a Lie group, ToV = V 
is its Lie algebra, TV = V x V, left translation is \,(w) = v+w, Ty (Ay).(w, X) = 
(v+w,X). So Lx(v) = (v, X), a constant vector field. Thus the Lie bracket is 
0. 


4.16. Example. The special linear group is SL(n,R) = det~'(1) and its Lie 
algebra is given by T.SL(n,R) = kerddet(I) = {X € L(R",R”) : traceX = 
0} = sl(n,R) by 4.6. The injection i : SL(n,R) — GL(n,R) is a smooth 
homomorphism of Lie groups, so T,2 = 7’ : sl(n,R) — gl(n,R) is an injective 
homomorphism of Lie algebras. Thus the Lie bracket is given by [X,Y] = 
XY -YX. 

The same argument gives the commutator as the Lie bracket in all other 
examples we have treated. We have already determined the Lie algebras as T.G. 


4.17. One parameter subgroups. Let G be a Lie group with Lie algebra g. 
A one parameter subgroup of G is a Lie group homomorphism a : (R,+) > G, 
i.e. a smooth curve a in G with a(0) =e and a(s +t) = a(s).a(t). 
Lemma. Let a: R-— G be a smooth curve with a(0) =e. Let X = a(0) € g. 
Then the following assertions are equivalent. 

) @ is a one parameter subgroup. 

) a(t) = FI’* (t,e) for all t. 
3) a(t) = Fl** (t,e) for all t. 

) x.a(t) = Fi x), or ing * = pat), for all t. 

) a(t). = FI** (¢,2), or FI* = Aqq), for all t. 

) 


u-a(t) = 4 lox.a(t + s)= A low. a(t).a(s) = # loAx.a(t)@(8) 


= T.(Xz. a(t): # |oa(s) = Lx(#.a(t)). 


By uniqueness of solutions we get x.a(t) = Fl”* (t, 2). 


(4) = > (2). This is clear. 

(2) => (1). We have Fa(t)a(s) = g(Aaya(s)) = Tat) gals) = 

Eaten ex tena) = bx (ok) O\2)) ane ate Ja(0) = a(t). So we get a(t)a(s) = 
FI’* (s, a(t)) = FIY* FIP* (e ) = FI’* (t +.s,e) = a(t +s). 

(4) <= (5). We have FI} = v~!oFIf ov by 3.14. Therefore we have by 4.11 


(FIP* (a-1))-1 = (vo FYE ov)(a) = FY ** (a) 
= FI¥ («) = z.0(—#). 


So FIF* (2-1) = a(t).27!, and FI?* (y) = a(t).y. 
(5) ==> (8) (1) can be shown in a similar way. 
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An immediate consequence of the foregoing lemma is that left invariant and 
the right invariant vector fields on a Lie group are always complete, so they 
have global flows, because a locally defined one parameter group can always be 
extended to a globally defined one by multiplying it up. 


4.18. Definition. The exponential mapping exp : g — G of a Lie group is 
defined by 
exp X = Fl’*(1,e) = Fl®* (1, e) = ax(1), 


where ax is the one parameter subgroup of G with ax (0) = X. 


Theorem. 
(1) exp: g > G is smooth. 
(2) exp(tX) = FI’* (t,e). 

(3) FI’* (t,x) =a. ae 

(4) FI®* (¢, 2) = exp(tX).x 

(5) exp(0) = e and Typexp = Id : Tog = g — T-G = g, thus exp is a 
diffeomorphism from a neighborhood of 0 in g onto a neighborhood of e 
inG. 


Proof. (1) Let 0x L € X(g x G) be given by (0 x L)(X,x) = (Ox, Lx(zx)). Then 
pro FI°*" (t, (X,e)) = ax(t) is smooth in (t, X). 

(2) exp(tX) = FI'"* (1,e) = Fl”* (t,e) = ax(t). 

(3) and (4) follow from lemma 4.17. 

(5) Toexp.X = 4 |p exp(0+t.X) = £|p FI’* (t,e) = X. 


4.19. Remark. If G is connected and U C g is open with 0 € U, then the 
group generated by exp(U) equals G. 

For this group is a subgroup of G containing some open neighborhood of e, 
so it is open. The complement in G is also open (as union of the other cosets), 
so this subgroup is open and closed. Since G is connected, it coincides with G. 

If G is not connected, then the subgroup generated by exp(U) is the connected 
component of e in G. 


4.20. Remark. Let y : G — H be a smooth homomorphism of Lie groups. 
Then the diagram 


g——— h 


exp lex" 


<a 


commutes, since t + y(exp%(tX)) is a one parameter subgroup of H and 
Glop(exp? tX) = y'(X), so yp(exp? tX) = exp” (ty'(X)). 

If G is connected and y,~w:G— H are homomorphisms of Lie groups with 
gy! = :g— b, then y = w. For y = y on the subgroup generated by exp g 
which equals G' by 4.19. 
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4.21. Theorem. A continuous homomorphism y : G — H between Lie groups 
is smooth. In particular a topological group can carry at most one compatible 
Lie group structure. 


Proof. Let first py = a: (R,+) — G be a continuous one parameter subgroup. 
Then a(—e,e) C exp(U), where U is an absolutely convex open neighbor- 
hood of 0 in g such that exp|2U is a diffeomorphism, for some « > 0. Put 
@ := (exp|2U)"t oa: (—e,e) > g. Then for |t| < + we have exp(2((t)) = 
exp(((t))? = a(t)? = a(2t) = exp(3(2t)), so 23(t) = (24); thus B($) = 3,3(s) 
for |s| < ¢. So we have a($) = exp(@(4)) = exp(4((s)) for all |s| < € and by 
recursion we get a(-) = exp(34(s)) for n € N and in turn a( 4s) = a()* = 
exp(53(s))* = exp(G(s)) for k € Z. Since the # for k € Z and n € N are 
dense in R and since a is continuous we get a(ts) = exp(tG(s)) for all t € R. So 
a is smooth. 

Now let y : G — H be acontinuous homomorphism. Let X1,..., X, be a lin- 
ear basis of g. We define w : R” — Gas v(t',... ,t”) = exp(t'X1)--- exp(t"X,,). 
Then 7 is invertible, so ~ is a diffeomorphism near 0. Sometimes ~~ is called 
a coordinate system of the second kind. t + y(exp® tX;) is a continuous one 
parameter subgroup of H, so it is smooth by the first part of the proof. We have 
(pow)(t!,... ,t”) = (pexp(t?X1))--- (pexp(t”X,,)), so po w is smooth. Thus 
y is smooth near e € G and consequently everywhere on G. 


4.22. Theorem. Let G and H be Lie groups (G separable is essential here), 
and let py : G — H be a continuous bijective homomorphism. Then y is a 
diffeomorphism. 


Proof. Our first aim is to show that y is a homeomorphism. Let V be an 
open e-neighborhood in G, and let K be a compact e-neighborhood in G such 
that K.K-! Cc V. Since G is separable there is a sequence (a;);cn in G such 
that G = U2, ai-K. Since H is locally compact, it is a Baire space (V; open 
and dense implies ()V; dense). The set y(a;)y(i) is compact, thus closed. 
Since H = LU; p(a;).y(K), there is some i such that y(a;)y(A) has non empty 
interior, so y(/.) has non empty interior. Choose b € G such that y(b) is an 
interior point of y(K) in H. Then ey = ¢(b)y(b~+) is an interior point of 
p(K)p(K-") c y(V). So if U is open in G and a € U, then ey is an interior 
point of y(a~!U), so y(a) is in the interior of (VU). Thus y(U) is open in H, 
and y is a homeomorphism. 


Now by 4.21 y and y7! are smooth. 


4.23. Examples. The exponential mapping on GL(n,R). Let X € gl(n,R) = 
L(R", IR"), then the left invariant vector field is given by Lx(A) = (A, A.X) € 
GL(n,R) x gl(n,R) and the one parameter group ax(t) = Fl’*(t,1) is given 
by the differential equation £ax(t) = Lx(ax(t)) = ax(t).X, with initial con- 
tX 


dition ax(0) = I. But the unique solution of this equation is ax(t) = e 
coo tk yk 
k=0 raped : So 


exp?l(mR)(X) = eX = Ro Re 
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If n = 1 we get the usual exponential mapping of one real variable. For all Lie 
subgroups of GL(n,R), the exponential mapping is given by the same formula 
exp(X) = e*; this follows from 4.20. 


4,24. The adjoint representation. A representation of a Lie group G on a 
finite dimensional vector space V (real or complex) is a homomorphism p : G > 
GL(V) of Lie groups. Then by 4.13 p’ : g > gl(V) = L(V,V) is a Lie algebra 
homomorphism. 

For a € G we define conj, : G — G by conj,(z) = azaq!. It is called 
the conjugation or the inner automorphism by a € G. We have conj,(ry) = 
conj, (2) conj,(y), conj,, = conj, ©conj,, and conj is smooth in all variables. 

Next we define for a € G the mapping Ad(a) = (conj,)! = Te(conj,) : g > g. 
By 4.13 Ad(a) is a Lie algebra homomorphism, so we have Ad(a)[X,Y] = 
[Ad(a)X, Ad(a)Y]. Furthermore Ad : G — GL(g) is a representation, called 
the adjoint representation of G, since Ad(ab) = T.(conj,,) = T-(conj, ° conj,) = 
T.(conj,,) o Te(conj,) = Ad(a) o Ad(b). We will use the relations Ad(a) = 
Te(conj,) = Ta(Pa-1)-Te(Aa) = Ta-1(Aa)-Te(Pa-1)- 

Finally we define the (lower case) adjoint representation of the Lie algebra g, 
ad: g — gl(g) = L(g,g), by ad := Ad’ = T, Ad. 

Lemma. (1) Lx(a) = Raa(a)x (a) for X €g andacG. 
(2) ad(X)Y = [X,Y] for X,Y €g. 


Proof. (1) Lx (a) = Te(Aa).X = Te(pa)-Te(Pa-1 ° Aa) X = Raa(a)x (a). 
(2) Let Xy,...,X, be a linear basis of g and fix X € g. Then Ad(x)X = 
er, fi(z).X; for f; € C%°(G,R) and we have in turn 
Ad'(Y)X =T.(Ad( )X)¥ =d(Ad(_ )X)|e¥ =d(O fiXi)leY = 
= VdfileY) Xi = Vi Ly (fi)(©)-X. 

Dx (2) = Raae)x(#) = ROD fi(@) Xi )(@) = Ue fix) Rx, (@) by (1). 

[Ly, Lx] = [Ly , >> fi-Rx,| =O0+ So Ly (fi). Rx, by 3.4 and 4.12. 

IY, X] = [Ly, Exl(e) = Do Ly (f)(©)-Rx,(e) = Ad'(V)X = ad(¥)X. 


4.25. Corollary. From 4.20 and 4.23 we have 
Adoexp? = exp?) oad 
Ad(eap?X)Y = S> 4 (ad X)'Y = et XY 


k=0 
=Y+([X,Y] + H[X, X,Y] + FLX, [XX YJ] +--- 


4.26. The right logarithmic derivative. Let M be a manifold and let f : 
M — G be a smooth mapping into a Lie group G with Lie algebra g. We define 
the mapping df : TM — g by the formula df(€) := Ty(a)(Pf(c)-1)-Tef Se. 
Then df is a g-valued 1-form on M, df € Q'(M,g), as we will write later. We 
call df the right logarithmic derivative of f, since for f : R — (R*,-) we have 


df (a) 1 = $2 = (logof)'(2). 
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Lemma. Let f,g:M— G be smooth. Then we have 
6(f.g)(@) = 6 f(x) + Ad(f(x)).dg(x). 
Proof. We just compute: 
d(f.9)(@) = T(Pg(x)-1. f(w)-1) Te (f-g) = 
= T(py()-1)-T (Pg(x)-1)-T¢@),9(@)) He (Te fF Teg) = 
= T(p5(2)-1)-T(Pg(e)-1): (T(P9(e)) Le f + TAs(e))-Teg) = 
= bf (0) + Ad(f(2)).59(22. 


Remark. The left logarithmic derivative 6 f € Q!(M, g) of asmooth mapping 
f :M = Gis given by 6 f.é, = T(x) (Af(a)-1)-Te f-€2. The corresponding 
Leibnitz rule for it is uglier than that for the right logarithmic derivative: 


FN (fg)(x) = FM g(x) + Ad(g(x)~*)5'™ f(x). 


The form 6'*(Idg) € Q1(G;g) is also called the Maurer-Cartan form of the Lie 
group G. 


z 


4.27. Lemma. For exp: g > G and for g(z) := we have 


5(exp)(X) = T (Pexp(—x))-Tx exp = > pip (ad X)? = g(ad X). 


p=0 
Proof. We put M(X) = d(exp)(X):g— g. Then 


(s+t)M((s+t)X) = (s+t)d(exp)((s + t)X) 
= d(exp((s+t) ))X _ by the chain rule, 
s ). 
) 


exp(t )).X 


Ss 


II 
os 
p< 
@ 
tal 
uo) 
Pacinos 


).X + Ad(exp(sX)).d(exp(t )).X by 4.26, 
= s.d(exp)(sX) + Ad(exp(sxX )).t.6(exp) (£X ) 
= s.M(sX) + Ad(exp(sX)).t-M(tX). 

Now we put N(t) := t.M(tX) € L(g,g), then the above equation gives N(s+t) = 
N(s) + Ad(exp(sX)).N(t). We fix t, apply #|o, and get N’(t) = N’(0) + 
ad(X).N(t), where N’(0) = M(0) +0 = d(exp)(0) = Idg. So we have the 
differential equation N’(t) = Idg +ad(X).N(t) in L(g,g) with initial condition 
N(0) = 0. The unique solution is 


= S> wu ad(X)?.s?t!, and so 
=0 


5(exp)(X) = M(X) = N(1) = }0 Gb ad(X)? 
p=0 
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4.28. Corollary. Tx exp is bijective if and only if no eigenvalue of ad(X) : 
g — g is of the form /—1 2kz for k € Z \ {0}. 


Proof. The zeros of g(z) = “= are exactly z = /—12km for k € Z\ {0}. The 
linear mapping T’x exp is bijective if and only if no eigenvalue of g(ad(X)) = 
T (Pexp(—Xx))-T'x exp is 0. But the eigenvalues of g(ad(X)) are the images under 
g of the eigenvalues of ad(X). 


4.29. Theorem. The Baker-Campbell-Hausdorff formula. 
Let G be a Lie group with Lie algebra g. For complex z near 1 we consider the 


function f(z) := toate) = St a (z—1)". 


Then for X, Y near 0 in g we have exp X.expY = expC(X,Y), where 


1 
OL Yj=¥ +f fee ea 
0 


= Gir y if k e\" 
ee a Se, ; pg dX)" ad)’ ) X at 
n>1 kl>0 
k+é>1 
=1)" X)" (ad VY)" ... (ad _X)*» (ad Y)& 
=X+Y yo! - s - eee a ant z aC : : 
n>1 kien ken >0 1 nm 1: +e An ty... tn: 
£1,...Ln >0 
ky+€;>1 
=X+Y+3X,Y]+ 5G YI+% YX) + 


Proof. Let C(X,Y) := exp~!(exp X.expY) for X, Y near 0 in g, and let C(t) := 
C(tx,Y). Then 
T (Pexp(—c(t))) 4 (exp C(t)) = 6 exp(C(t)).C(t) 
= Deco HH (ad C(t))*C(t) = g(ad C(t)).C(), 


where g(z) := ¢=! = e>o an We have exp C(t) = exp(tX)expY and 


z 


exp(—C(t)) = exp(C(t))~! = exp(—Y) exp(—tX), therefore 


T (Pexp(—ci(t))) 4 (exp C(t) _ T (Pexp(—Y) exp(—tX)) (exp(tX) exp Y) 
= T (Pexp(—tx)) I (Pexp(—v))T (Pexp Y) exp(tX) 
= T(Pexp(—tx))- Rx (exp(tX)) = X, by 4.18.4 and 4.11. 
X = g(adC(t)).C(t). 
et Cl) — Ad(exp C(t)) by 4.25 
= Ad(exp(tX ) exp Y) = Ad(exp(tX)). Ad(exp Y) 
= erd(tX) pad Y = et ad X pad Y 


If X, Y, and t are small enough we get adC(t) = log(e!:2¢* 24%) 


= (prt n 
log(z) = ons1 a (% — 1)”, thus we have 


, where 


X = g(adC(t)).C(t) = g(log(et24* 24 )).C(e). 
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For z near 1 we put f(z) := togte) = aii CP (z — 1)", which satisfies 
g(log(z)).f(z) = 1. So we have 


X= gf{log(eh™!* 9 ")).0G) = Ph 9 10g), 


C(t) = f(et ial cig, 
C(0) =Y. 


Passing to the definite integral we get the desired formula 


C(X,Y)=C(1) = C(0) + i C(t) dt 
0 


1 
=¥+f fet er”) X dt 
0 


(-1)" a tk ‘ ; n 
=X+Y —— xX Y X dt. 
+ +5 naa), y ia (ad X)"(ad Y) d 
n>1 kl>0 


k+0>1 


Remark. If G is a Lie group of differentiability class C?, then we may define 
TG and the Lie bracket of vector fields. The proof above then makes sense 
and the theorem shows, that in the chart given by exp~! the multiplication 
pe: Gx G = G is C” near e, hence everywhere. So in this case G is a real 
analytic Lie group. See also remark 5.6 below. 


4.30. Convention. We will use the following convention for the rest of the 
book. If we write a symbol of a classical group from this section without indi- 
cating the ground field, then we always mean the field R — except Sp(n). In 
particular GL(n) = GL(n, R), and O(n) = O(n, R) from now on. 


5. Lie subgroups and homogeneous spaces 


5.1. Definition. Let G be a Lie group. A subgroup H of G is called a Lie 
subgroup, if H is itself a Lie group (so it is separable) and the inclusion i: H + G 
is smooth. 

In this case the inclusion is even an immersion. For that it suffices to check 
that T.i is injective: If X € h is in the kernel of T.i, then io exp” (tX) = 
exp? (t.T,i.X) =e. Since i is injective, X = 0. 

From the next result it follows that H C G is then an initial submanifold in 
the sense of 2.14: If Ho is the connected component of H, then i(Ho) is the Lie 
subgroup of G generated by 7’(h) C g, which is an initial submanifold, and this 
is true for all components of H. 


5.2. Theorem. Let G be a Lie group with Lie algebra g. If h C g is a Lie 
subalgebra, then there is a unique connected Lie subgroup H of G with Lie 
algebra h. H is an initial submanifold. 

Proof. Put Ey := {Te(Ax).X : X € bh} C T,G. Then FE := [|.¢g Ex isa 
distribution of constant rank on G, in the sense of 3.18. The set {Ly : X € 5} 
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is an involutive set in the sense of 3.23 which spans E. So by theorem 3.25 the 
distribution F is integrable and by theorem 3.22 the leaf H through e is an initial 
submanifold. It is even a subgroup, since for x € H the initial submanifold \,,H 
is again a leaf (since F is left invariant) and intersects H (in x), so \,(H) = H. 
Thus H.H = H and consequently H~* = H. The multiplication wy: Hx HG 
is smooth by restriction, and smooth as a mapping H x H — H, since H is an 
initial submanifold, by lemma 2.17. 


5.3. Theorem. Let g be a finite dimensional real Lie algebra. Then there 
exists a connected Lie group G whose Lie algebra is g. 


Sketch of Proof. By the theorem of Ado (see [Jacobson, 62] or [Varadarajan, 74, 
p. 237]) g has a faithful (i.e. injective) representation on a finite dimensional 
vector space V, i.e. g can be viewed as a Lie subalgebra of gl(V) = L(V,V). 
By theorem 5.2 above there is a Lie subgroup G of GL(V) with g as its Lie 
algebra. 


This is a rather involved proof, since the theorem of Ado needs the struc- 
ture theory of Lie algebras for its proof. There are simpler proofs available, 
starting from a neighborhood of e in G (a neighborhood of 0 in g with the 
Baker-Campbell-Hausdorff formula 4.29 as multiplication) and extending it. 


5.4. Theorem. Let G and H be Lie groups with Lie algebras g and h, re- 
spectively. Let f : g — h be a homomorphism of Lie algebras. Then there 
is a Lie group homomorphism y, locally defined near e, from G to H, such 
that yp’ = T.p = f. If G is simply connected, then there is a globally defined 
homomorphism of Lie groups y : G > H with this property. 


Proof. Let € := graph(f) C gx. Then € is a Lie subalgebra of g x h, since f isa 
homomorphism of Lie algebras. g x is the Lie algebra of G x H, so by theorem 
5.2 there is a connected Lie subgroup K C G x H with algebra € We consider 
the homomorphism g := pr; o incl: K — G x H — G, whose tangent mapping 
satisfies Teg(X, f(X)) = Tie,)pri.Teinel.(X, f(X)) = X, so is invertible. Thus 
g is a local diffeomorphism, so g : K — Go is a covering of the connected 
component Go of e in G. If G is simply connected, g is an isomorphism. Now we 
consider the homomorphism w := pr2 0 incl : K — G x H — H, whose tangent 
mapping satisfies T.w.(X, f(X)) = f(X). We see that y := wo(glU)-1: GD 
U — H solves the problem, where U is an e-neighborhood in K such that g|U is a 
diffeomorphism. If G is simply connected, y = yog7! is the global solution. 


5.5. Theorem. Let H be a closed subgroup of a Lie group G. Then H is a Lie 
subgroup and a submanifold of G. 


Proof. Let g be the Lie algebra of G. We consider the subset h := {c/(0) :c€ 
C™(R,G),c(R) C H,c(0) = e}. 

Claim 1. 6 is a linear subspace. 

If c(0) € h and t; € R, we define c(t) := cy(t1.t).co(te.t). Then c’(0) = 
Tie,e) M-(t1.c} (0), t2.c5(0)) = ty.€(0) + t2.c5(0) € b. 

Claim 2. h = {X € g: exp(tX) € A for all t € R}. 

Clearly we have ‘>’. To check the other inclusion, let X = c'(0) € h and consider 
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v(t) := (exp®)~te(t) for small ¢. Then we get X = c'(0) = “|p exp(v(t)) = 
v'(0) = limp oo n.v(4). We put t, = 4 and X, = n.v(4), so that exp(tn.Xn) = 
exp(v(4)) = c(4) € H. By claim 3 below we then get exp(¢X) € H for all t. 
Claim 3. Let X, — X in g, 0 < t, — 0 in R with exp(t,X,) € H. Then 
exp(tX) € H for allt € R. 

Let ¢ € R and take my, € (4 —1, all NZ. Then ty.my, — t and my.tn.Xn — tX, 
and since H is closed we may conclude that exp(tX) = lim, exp(™n.tn.Xn) = 
lim, exp(tn.Xn)'"™ © HA. 

Claim 4. Let € be a complementary linear subspace for h in g. Then there is 
an open 0-neighborhood W in € such that exp(W)N H = {e}. 

If not there are 0 # Y;, € € with Y, — 0 such that exp(Y,) € H. Choose a 
norm| | ong and let X, = Y,,/|Y,|. Passing to a subsequence we may assume 
that X, — X in €, then |X| = 1. But exp(|Y,|.X,) = exp(Yn) € H and 
0 < |Y,,| — 0, so by claim 3 we have exp(tX) € H for all t € R. So by claim 2 
X € 6, a contradiction. 

Claim 5. Put y:h xt — G, y(X,Y) = expX.expY. Then there are 0- 
neighborhoods V in §, W in €, and an e-neighborhood U in G such that ¢ : 
V x W > U isa diffeomorphism and UM H = exp(V). 

Choose V, W, and U so small that y becomes a diffeomorphism. By claim 
4 W may be chosen so small that exp(W)M H = {e}. By claim 2 we have 
exp(V) C HNU. Let « € HNU. Since x € U we have x = exp X.expY for 
unique (X,Y) € V x W. Then x and exp X € H, so expY € HMexp(W), thus 
Y =0. So x = expX € exp(V). 

Claim 6. # is a submanifold and a Lie subgroup. 

(U,(y|V x W)~! =: u) is a submanifold chart for H centered at e by claim 5. 
For x € H the pair (A;(U),uo A,-1) is a submanifold chart for H centered at 
x. So H is a closed submanifold of G, and the multiplication is smooth since it 
is a restriction. 


5.6. Remark. The following stronger results on subgroups and the relation 
between topological groups and Lie groups in general are available. 

Any arc wise connected subgroup of a Lie group is a connected Lie subgroup, 
[Yamabe, 50]. 

Let G be a separable locally compact topological group. If it has an e- 
neighborhood which does not contain a proper subgroup, then Gis a Lie group. 
This is the solution of the 5-th problem of Hilbert, see the book [Montgomery- 
Zippin, 55, p. 107]. 

Any subgroup H of a Lie group G has a coarsest Lie group structure, but 
it might be non separable. To indicate a proof of this statement, consider all 
continuous curves c: R > G with c(R) C H, and equip H with the final topology 
with respect to them. Then the component of the identity satisfies the conditions 
of the Gleason-Yamabe theorem cited above. 


5.7. Let g be a Lie algebra. An ideal € in g is a linear subspace € such that 
[é,g] Cc &. Then the quotient space g/t carries a unique Lie algebra structure 
such that g > g/t is a Lie algebra homomorphism. 
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Lemma. A connected Lie subgroup H of a connected Lie group G is a normal 
subgroup if and only if its Lie algebra h is an ideal in g. 


Proof. H normal in G means «Hax~+ = conj,,(H) C H for all z € G. By remark 
4.20 this is equivalent to T.(conj,)(h) C 6, ie. Ad(x)b C §, for all zx € G. But 
this in turn is equivalent to ad(X)h C h for all X € g, so to the fact that § is an 
ideal in g. 


5.8. Let G be a connected Lie group. If A C G is an arbitrary subset, the 
centralizer of A in G is the closed subgroup Z,4 := {x € G: xa = az for alla € 
A}. 

The Lie algebra 3.4 of Z,4 then consists of all X € g such that a. exp(tX).a7! = 
exp(tX) for alla € A, ie. 34 ={X €g: Ad(a)X =X for all ae A}. 

If A is itself a connected Lie subgroup of G, then 34 = {X € g: ad(Y)X = 
0 for all Y € a}. This set is also called the centralizer of a in g. If A= G then 
Za is called the center of G and 3g = {X € g: [X,Y] =0 for all Y € g} is then 
the center of the Lie algebra g. 


5.9. The normalizer of a subset A of a connected Lie group G is the subgroup 
Na = {x €G: i, (A) = pz(A)} = {2 € G: conj,(A) = A}. If A is closed then 
N,4 is also closed. 

If A is a connected Lie subgroup of G then N4 = {x € G: Ad(x)a C a} and 
its Lie algebra is ng = {X € g: ad(X)a C a} is then the idealizer of a in g. 


5.10. Group actions. A left action of a Lie group G on a manifold M is a 
smooth mapping £: G x M — M such that ¢; 0 ¢y = lzy and &. = Idi, where 
£,(z) = &(x, z). 

A right action of a Lie group G on a manifold M is a smooth mapping 
r:MxG-—M such that r? or’ = r¥ and r® = Idy, where r*(z) = r(z, 2). 

A G-space is a manifold M together with a right or left action of G on M. 

We will describe the following notions only for a left action of G on M. They 
make sense also for right actions. 

The orbit through z € M is the set G.z = €(G,z) C M. The action is called 
transitive, if M is one orbit, ie. for all z,w € M there is some g € G with 
g.z =w. The action is called free, if g1.z = g2.z for some z € M implies already 
g1 = g2. The action is called effective, if 0, = €, implies x = y, ie. if £: G— 
Diff(1Z) is injective, where Diff(Z7) denotes the group of all diffeomorphisms of 
M. 

More generally, a continuous transformation group of a topological space 
is a pair (G, M) where G is a topological group and where to each element 7 € G 
there is given a homeomorphism ¢,, of M such that €: Gx M — M is continuous, 
and ¢, 0 fy = ly. The continuity is an obvious geometrical requirement, but 
in accordance with the general observation that group properties often force 
more regularity than explicitly postulated (cf. 5.6), differentiability follows in 
many situations. So, if G is locally compact, M is a smooth or real analytic 
manifold, all ¢,, are smooth or real analytic homeomorphisms and the action is 
effective, then G is a Lie group and @ is smooth or real analytic, respectively, 
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see [Montgomery, Zippin, 55, p. 212]. The latter result is deeply reflected in the 
theory of bundle functors and will be heavily used in chapter V. 


5.11. Homogeneous spaces. Let G be a Lie group and let H C G be a closed 
subgroup. By theorem 5.5 H is a Lie subgroup of G. We denote by G/H the 
space of all right cosets of G, ie. G/H = {tH : x € G}. Let p:G— G/H 
be the projection. We equip G/H with the quotient topology, i.e. U C G/H is 
open if and only if p~1(U) is open in G. Since H is closed, G/H is a Hausdorff 
space. 

G/H is called a homogeneous space of G. We have a left action of G on G/H, 
which is induced by the left translation and is given by \,(zH) = «2H. 


Theorem. If H is a closed subgroup of G, then there exists a unique structure 
of a smooth manifold on G/H such that p: G — G/H is a submersion. So 
dim G/H = dimG — dim H. 


Proof. Surjective submersions have the universal property 2.4, thus the manifold 
structure on G/H is unique, if it exists. Let h be the Lie algebra of the Lie 
subgroup H. We choose a complementary linear subspace € such that g = h@€. 


Claim 1. We consider the mapping f : § x H — G, given by f(X,h) := exp X.h. 
Then there is an open 0-neighborhood W in € and an open e-neighborhood U in 
G such that f: W x H — U is a diffeomorphism. 

By claim 5 in the proof of theorem 5.5 there are open 0-neighborhoods V in 
bh, W’ in €, and an open e-neighborhood U’ in G such that py: W’x V + U' isa 
diffeomorphism, where p(X, Y) = exp X.expY, and such that U'’N H = expV. 
Now we choose W in € so small that exp(W)~1.exp(W) Cc U’. We will check 
that this W satisfies claim 1. 


Claim 2. f|W x H is injective. 

f(X1,h1) = f(X2,h2) means exp X1.h1 = exp X2.h2g, consequently we have 
hah; = (exp X2)~! exp X1 € exp(W)-texp(W) NH c U'N H = expV. So 
there is a unique Y € V with hah;' = expY. But then y(X1,0) = expX1 = 
exp X9.hg.h,' = exp Xo.expY = y(X2,Y). Since y is injective, X; = X2 and 
y= 0, sO hy = ho. 


Claim 3. f|W x H is a local diffeomorphism. 
The diagram 


wey Ow xa any 


: l 
y(W x V) incl U' 


commutes, and Idyw x exp and y are diffeomorphisms. So f|W x (U'NM H) is 
a local diffeomorphism. Since f(X,h) = f(X,e).h we conclude that f|W x H 
is everywhere a local diffeomorphism. So finally claim 1 follows, where U = 


f(W x Hf). 
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Now we put g := po (exp|W):€D W > G/H. Then the following diagram 
commutes: f 
W x H ———>U 


m| | 


w —_2_.G/H. 
Claim 4. g is a homeomorphism onto p(U) =: U Cc G/H. 

Clearly g is continuous, and g is open, since p is open. If g(X1) = g(X2) then 
exp X; = exp X2.h for some h € H, so f(X1,e) = f(X2,h). By claim 1 we get 
X, = Xo, so g is injective. Finally (W) =U, so claim 4 follows. 

For a € G we consider U, = Ag(U) = a.U and the mapping ug := g7'oX,g-1 : 


Uz W cet. 
Claim 5. (Ug,Ua = g7to agai ‘Us — W)aec is a smooth atlas for G/H. 
Let a, b € G such that U, NU, #4 0. Then 
Ug © uu, = gt ° Det ° No og: ur(Ug NM Us) = Ua(Ua fa) Us) 
= 9° * 0 Xg-14 0 po (exp|W) 


=g !opoXg-1,0 (exp|W) 


=pr,o ft oAg-1, 0 (exp|W) is smooth. 


5.12. Let 2: Gx M — M bea left action. Then we have partial mappings 
la: M— M and &* :G— M, given by ,(2) = 0"(a) = &(a, x) = az. 

For any X € g we define the fundamental vector field (x = CM € X(M) by 
Cx (a) = Te(l").X = Tie,ayl.(X, Ox). 


Lemma. In this situation the following assertions hold: 


(1) ¢:g — X(M) is a linear mapping. 

(2) Tr (la).¢x (@) = Caa(ayx (4.2). 

(3) Rx x Om € X(G x M) is ¢-related to Cx € X(M). 
(4) [¢x,¢v] = —¢.x,y]- 


Proof. (1) is clear. 

(2) €,£7(b) = abr = aba~tax = 0% conj,(b), so we get T,(éa).¢x (2) = 
Ty (la)-Te(t”).X = Te(la 0 £7).X = Te(¢%"). Ad(a).X = Caa(a)x (a2). 

(3) €0 Id xla) = £0 (pq x Id) : Gx M — M, so we get ¢x(C(a,z)) = 
Te,ax)l-(X, 0ax) = Té.(Id xT (q)).(X, 02) = Te.(T (pa) xId).(X, 02) = Tl.(Rx x 
Onr)(a, 2). 

(4) [Rx x Ov, Ry x On] = [Rx, Ry] x Ou = -Rixy] xX Oy is related to 
[¢x,¢y] by (3) and by 3.10. On the other hand —R,x,y, x Oy is &related to 
—Cx,y] by (3) again. Since ¢ is surjective we get [¢x,¢y] = —C.x,y)- 
5.13. Let r: Mx G— M be a right action, so * : G — Diff(M) is a group 
anti homomorphism. We will use the following notation: r* : M — M and 
rz :G— M, given by rz(a) =r°(x) = r(a,a) = a.a. 

For ia X € g we define the fundamental vector field Cx = CX € X(M) by 
Cx (@) = Te(r2)X = Tix,e)r(Ox, X). 
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Lemma. In this situation the following assertions hold: 
(1) ¢:g — X(M) is a linear mapping. 
(2) Tr (r*).Cx(@) = Caa(a-2)x (#.a). 
(3) On x Lx € X(M x G) is r-related to Cx € X(M). 
(4) [¢x,¢y] = Cx,y}- 


5.14. Theorem. Let (: Gx M— M bea smooth left action. For x € M let 
G, = {a€ G: ax = x} be the isotropy subgroup of x in G, a closed subgroup 
of G. Then ¢* : G — M factors over p: G > G/G, to an injective immersion 
i” : G/G, — M, which is G-equivariant, i.e. (, 017 =i 0X, for alla € G. The 
image of i* is the orbit through «x. 

The fundamental vector fields span an integrable distribution on M in the 
sense of 3.20. Its leaves are the connected components of the orbits, and each 
orbit is an initial submanifold. 


Proof. Clearly ¢* factors over p to an injective mapping i* : G/G, — M; by 
the universal property of surjective submersions 77 is smooth, and obviously 
it is equivariant. Thus Th(a) @ Tiga) = Ltp(e) ( ° da) = Lp(e) (la ° a) = 
Ty (¢a)-Tpe) i”) for all a € G and it suffices to show that T,-)(%”) is injective. 

Let X € g and consider its fundamental vector field (x € X(M). By 3.14 and 
5.12.3 we have 


(1) é(exp(tX), x) = 0(FIP* *°™ (e, x)) = FIS* (E(e, x)) = FIS* (2). 


So exp(tX) € Gz, ie. X € gz, if and only if ¢x(#) = 0,. In other words, 
Or = Cx (x) = Te (¢").X = Tye) (i”).Tep.X if and only if Tep.X = 0 Thus i” 
is an immersion. 

Since the connected components of the orbits are integral manifolds, the fun- 
damental vector fields span an integrable distribution in the sense of 3.20; but 
also the condition 3.25.2 is satisfied. So by theorem 3.22 each orbit is an initial 
submanifold in the sense of 2.14. 


p(e)* 


5.15. A mapping f: M — M between two manifolds with left (or right) actions 
€ and £ of a Lie group G is called G-equivariant if fol, = (,0f (or for? = 7% f) 
for all a € G. Sometimes we say in short that f is a G-mapping. From formula 
5.14.(1) we get 


Lemma. If G is connected, then f is G-equivariant if and only if the funda- 
mental field mappings are f related, i.e. Tf o¢x =¢Cx of for all X €g. 


Proof. The image of the exponential mapping generates the connected compo- 
nent of the unit. 


5.16. Semidirect products of Lie groups. Let H and K be two Lie groups 
and let 0: H x K > K be a left action of H in K such that each ¢, : K — K 
is a group homomorphism. So the associated mapping /: H — Aut(K) is a 
homomorphism into the automorphism group of kK. Then we can introduce the 
following multiplication on K x H 


(1) (k, h)(k’,h’) = (ke), (k’), hh’). 
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It is easy to see that this defines a Lie group G = K x, H called the semidirect 
product of H and K with respect to @. If the action @ is clear from the context we 
write G = K x H only. The second projection prg : K x H — H is a surjective 
smooth homomorphism with kernel K x {e}, and the insertion ins. : H — KH, 
ins.(h) = (e, h) is a smooth group homomorphism with pr2 o ins, = Idy. 
Conversely we consider an exact sequence of Lie groups and homomorphisms 


(2) (vane GS ate. 


So j is injective, p is surjective, and the kernel of p equals the image of 7. 
We suppose furthermore that the sequence splits, so that there is a smooth 
homomorphism i: H > G with poi =Idy. Then the rule ¢;,(k) = i(h)ki(h~*) 
(where we suppress j) defines a left action of H on K by automorphisms. It 
is easily seen that the mapping K x, H — G given by (k,h) + ki(h) is an 
isomorphism of Lie groups. So we see that semidirect products of Lie groups 
correspond exactly to splitting short exact sequences. 

Semidirect products will appear naturally also in another form, starting from 
right actions: Let H and Kk be two Lie groups and let r: K x H — K be aright 
action of H in K such that each r” : K > K is a group homomorphism. Then 
the multiplication on H x K is given by 


(3) (h,k)(h, k) := (hh, (kk). 


This defines a Lie group G = H x, K, also called the semidirect product of H 
and K with respect to r. If the action r is clear from the context we write 
G =H ™ K only. The first projection pr; : H x K — H is a surjective smooth 
homomorphism with kernel {e} x A, and the insertion ins, : H — H x K, 
inse(h) = (h,e) is a smooth group homomorphism with pr; o ins. = Idy. 

Conversely we consider again a splitting exact sequence of Lie groups and 
homomorphisms 


{fe} ~ K L@2.H {e}. 


The splitting is given by a homomorphism i: H — G with poi = Idy. Then 
the rule r"(k) = i(h~')ki(h) (where we suppress j) defines now a right action 
of H on K by automorphisms. It is easily seen that the mapping H x, K — G 
given by (h,k) +> i(h)k is an isomorphism of Lie groups. 


Remarks 


The material in this chapter is standard. The concept of initial submani- 
folds in 2.14-2.17 is due to Pradines, the treatment given here follows [Albert, 
Molino]. The proof of theorem 3.16 is due to [Mauhart, 90]. The main re- 
sults on distributions of non constant rank (3.18-3.25) are due to [Sussman, 73] 
and (Stefan, 74], the treatment here follows [Lecomte]. The proof of the Baker- 
Campbell-Hausdorff formula 4.29 is adapted from [Sattinger, Weaver, 86], see 
also [Hilgert, Neeb, 91]. 
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CHAPTER II. 
DIFFERENTIAL FORMS 


This chapter is still devoted to the fundamentals of differential geometry, 
but here the deviation from the standard presentations is already large. In 
the section on vector bundles we treat the Lie derivative for natural vector 
bundles, i.e. functors which associate vector bundles to manifolds and vector 
bundle homomorphisms to local diffeomorphisms. We give a formula for the Lie 
derivative of the form of a commutator, but it involves the tangent bundle of the 
vector bundle in question. So we also give a careful treatment to this situation. 
The Lie derivative will be discussed in detail in chapter XI; here it is presented 
in a somewhat special situation as an illustration of the categorical methods we 
are going to apply later on. It follows a standard presentation of differential 
forms and a thorough treatment of the Frolicher-Nijenhuis bracket via the study 
of all graded derivations of the algebra of differential forms. This bracket is a 
natural extension of the Lie bracket from vector fields to tangent bundle valued 
differential forms. We believe that this bracket is one of the basic structures of 
differential geometry (see also section 30), and in chapter III we will base nearly 
all treatment of curvature and the Bianchi identity on it. 


6. Vector bundles 


6.1. Vector bundles. Let p: FE — M be a smooth mapping between mani- 
folds. By a vector bundle chart on (E,p,M) we mean a pair (U, 7), where U is 
an open subset in M and where w is a fiber respecting diffeomorphism as in the 


following diagram: 
< br 


U. 


E\|U :=p"(U) UxV 


Here V is a fixed finite dimensional vector space, called the standard fiber or the 
typical fiber, real as a rule, unless otherwise specified. 

Two vector bundle charts (U1, 7%) and (U2, ~2) are called compatible, if w1 0 
wp * is a fiber linear isomorphism, i.e. (71 0 Wy')(x,v) = (x, U1,2(x)v) for some 
mapping 1,2 : Ui.2 := Ui; U2 > GL(V). The mapping 1,2 is then unique and 
smooth, and it is called the transition function between the two vector bundle 
charts. 
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A vector bundle atlas (Ua, Wa)aea for (EL, p, M) is a set of pairwise compatible 
vector bundle charts (Ua, Wa) such that (Ua)aea is an open cover of M. Two 
vector bundle atlases are called equivalent, if their union is again a vector bundle 
atlas. 

A vector bundle (E,p,M) consists of manifolds E (the total space), M (the 
base), and a smooth mapping p: E — M (the projection) together with an 
equivalence class of vector bundle atlases; so we must know at least one vector 
bundle atlas. The projection p turns out to be a surjective submersion. 

The tangent bundle (TM,7,z, M) of a manifold M is the first example of a 
vector bundle. 


6.2. Let us fix a vector bundle (£,p,M) for the moment. On each fiber Ey, := 
p ‘(x) (for « € M) there is a unique structure of a real vector space, induced 
from any vector bundle chart (Ua, ta) with  € Ug. So Oz € Ez is a special 
element and 0: M — E, 0(#) = 0,, is a smooth mapping, the zero section. 

A section u of (E,p,M) is a smooth mapping u: M > E with pou = Idy. 
The support of the section wu is the closure of the set {cx € M: u(x) 4 0,} in 
M. The space of all smooth sections of the bundle (Ep, M) will be denoted by 
either C™(E) = C®(E,p, M) = C™(E — M). Clearly it is a vector space with 
fiber wise addition and scalar multiplication. 

If (Ua, Va)aea is a vector bundle atlas for (Ep, M), then any smooth map- 
ping fa : Ua, — V (the standard fiber) defines a local section «> Wz1(a, fa(x)) 
on Uy. If (ga)aeA is a partition of unity subordinated to (U,), then a global 
section can be formed by x > >>, ga(z)- va (2x, fa(x)). So a smooth vector 
bundle has ‘many’ smooth sections. 


6.3. Let (E,p, M) and (F,q, N) be vector bundles. A vector bundle homomor- 
phism yp: E — F is a fiber respecting, fiber linear smooth mapping 
p 


E —— F 


| | 
mM—2.N. 


So we require that yy, : Ey — F,:,) is lear. We say that y covers y. If y is 
invertible, it is called a vector bundle isomorphism. 

The smooth vector bundles together with their homomorphisms form a cate- 
gory VB. 


6.4. We will now give a formal description of the amount of vector bundles with 
fixed base M and fixed standard fiber V, up to isomorphisms which cover the 
identity on M. 

Let us first fix an open cover (Ug)aca of M. If (E,p,M) is a vector bundle 
which admits a vector bundle atlas (Ua,Wa) with the given open cover, then 
we have tq 0 W(x, 0) = (¢, %eg(x)v) for transition functions Wag : Uag = 
U. Ug — GL(V), which are smooth. This family of transition functions 
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satisfies 


cy {Pa9(2)-or(2) = varl) for each 2 € Vay = Ua Us MU 
Waa(£) =e for all x € Ug. 


Condition (1) is called a cocycle condition and thus we call the family (wag) the 
cocycle of transition functions for the vector bundle atlas (Ug, Wa). 

Let us suppose now that the same vector bundle (E,p, ) is described by an 
equivalent vector bundle atlas (Ua, ¢q) with the same open cover (U,). Then 
the vector bundle charts (Ua, Wa) and (Ua, ~a) are compatible for each a, so 
~a oa! (a,v) = (x, Ta (x)v) for some Ta : Ua —- GL(V). But then we have 


(2, Ta(2)boa(2)v) = (Pao Pa')(@, Pag(a)v) = 
= (Pao By o Yao Wg )(2,v) = (Gao Hg ')(2,v) = 
= (~a 0 pg 9 980 %g')(2,v) = (x, Yas(x)Ta(x)v). 


_ 
- 
So we get 


(2) To(&)Vop(@) = ~as(x)T g(x) for all x € Ugg. 


We say that the two cocycles (wag) and (Yas) of transition functions over 
the cover (U,) are cohomologous. The cohomology classes of cocycles (wag) 
over the open cover (U,) (where we identify cohomologous ones) form a set 
H'((U,),GL(V)), the first Cech cohomology set of the open cover (Uy) with 
values in the sheaf C°(  ,GL(V)) =: GL(V). 

Now let (W;)ier be an open cover of M that refines (U.) with W; C Uz), 
where ¢ : J — A is some refinement mapping. Then for any cocycle (%ag) 
over (Ua) we define the cocycle e*(Was) =: (Yij) by the prescription yj := 
We(a),e(j)|Wij- The mapping «* respects the cohomology relations and induces 
therefore a mapping ¢* : H!((U,),GL(V)) + H!((W;),GL(V)). One can show 
that the mapping e* depends on the choice of the refinement mapping ¢ only up 
to cohomology (use 7 = z()n(i)|Wi if € and 7 are two refinement mappings), 
so we may form the inductive limit lim H1(U,GL(V)) =: H'(M,GL(V)) over 
all open covers of M directed by refinement. 


Theorem. There is a bijective correspondence between H!(M,GL(V)) and the 
set of all isomorphism classes of vector bundles over M with typical fiber V. 


Proof. Let (Wag) be a cocycle of transition functions pag : Vag - GL(V) over 
some open cover (U,) of M. We consider the disjoint union L],<4{a} x Ua x V 
and the following relation on it: (a,z,v) ~ (G,y,w) if and only if x = y and 
Uaa(n)v = w. 

By the cocycle property (1) of (wag) this is an equivalence relation. The space 
of all equivalence classes is denoted by EF = VB(wag) and it is equipped with 
the quotient topology. We put p: E — M, pl(a,x,v)| = x, and we define the 
vector bundle charts (Ua, Wa) by Wal(a, x, v)] = (2,v), Wa : p7' (Ua) =: E|Ua > 
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U.xV. Then the mapping Bory (x, v) = Val(B, 2, v)] = val(a, 2, Vap(x)v)| = 
(x, ¥ag(x)v) is smooth, so E becomes a smooth manifold. E is Hausdorff: let 
u # vu in E; if p(w) ¥ p(v) we can separate them in M and take the inverse 
image under p; if p(w) = p(v), we can separate them in one chart. So (E,p, M) 
is a vector bundle. 

Now suppose that we have two cocycles (ag) over (Ua), and (yi;) over (Vi). 
Then there is a common refinement (W,) for the two covers (U,) and (Vj). 
The construction described a moment ago gives isomorphic vector bundles if 
we restrict the cocycle to a finer open cover. So we may assume that (wa ) 
and (Yas) are cocycles over the same open cover (U,). If the two cocycles are 
cohomologous, 80 Ta-Wag = Yag:Tg on Ugg, then a fiber linear diffeomorphism 7 : 
VB(was) ~ VB(Yag) is given by yaT[(a,z,v)] = (2,7 (x)v). By relation (2) 
this is well defined, so the vector bundles V B(w ag) and V B(~ag) are isomorphic. 

Most of the converse direction was already shown in the discussion before the 
theorem, and the argument can be easily refined to show also that isomorphic 
bundles give cohomologous cocycles. 


Remark. If GL(V) is an abelian group, i.e. if V is of real or complex dimension 
1, then H1(M, GL(V)) is a usual cohomology group with coefficients in the sheaf 
GL(V) and it can be computed with the methods of algebraic topology. If GL(V) 
is not abelian, then the situation is rather mysterious: there is no clear definition 
for H?(M,GL(V)) for example. So H!(M,GL(V)) is more a notation than a 
mathematical concept. 

A coarser relation on vector bundles (stable isomorphism) leads to the concept 
of topological K-theory, which can be handled much better, but is only a quotient 
of the whole situation. 


6.5. Let (Ua, a) be a vector bundle atlas on a vector bundle (E£,p,M). Let 
(ej)hoy be a basis of the standard fiber V. We consider the section s;(x) := 
wa! (x,e;) for  € U,. Then the s; : U, > E are local sections of E such that 
(s;(x)) Fy is a basis of E, for each x € Ua: we say that s = (s1,...,5,) isa 
local frame field for E over Ug. 

Now let conversely U C M be an open set and let s; : U — E be local 
sections of E' such that s = (s1,... , 8%) is a local frame field of E over U. Then s 
determines a unique vector bundle chart (U, w) of E such that s;(x) = (a, e;), 
in the following way. We define f : U x R* = E|U by f(z,v!,...,v*) := 
ae v)s;(x). Then f is smooth, invertible, and a fiber linear isomorphism, so 
(U,# = f+) is the vector bundle chart promised above. 


6.6. A vector sub bundle (Fp, M) of a vector bundle (FE, p, M) is a vector bundle 
and a vector bundle homomorphism 7 : Ff — E, which covers Idjy, such that 
T, : E, — Fy, is a linear embedding for each x € M. 


Lemma. Let y : (E,p,M) — (E’,¢,N) be a vector bundle homomorphism 
such that rank(y, : Ey > Hees) is constant in x € M. Then ker y, given by 


(ker y)» = ker(y,), is a vector sub bundle of (E,p, M). 


Proof. This is a local question, so we may assume that both bundles are trivial: 
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let E = M x R? and let F = N x R’, then g(a, v) = (p(x), G(x).v), where G: 
M — L(R°,R?). The matrix G(a) has rank k, so by the elimination procedure 
we can find p—k linearly independent solutions v;(x) of the equation G(z).v = 0. 
The elimination procedure (with the same lines) gives solutions v;(y) for y near 
x, sO near x we get a local frame field v = (vj,... , Up_x) for kery. By 6.5 kery 


is then a vector sub bundle. 


6.7. Constructions with vector bundles. Let F be a covariant functor from 
the category of finite dimensional vector spaces and linear mappings into itself, 
such that F : L(V,W) — L(F(V),F(W)) is smooth. Then F will be called a 
smooth functor for shortness sake. Well known examples of smooth functors are 
F(V) = A*(V) (the k-th exterior power), or F(V) = @* V, and the like. 

If (E,p, M) is a vector bundle, described by a vector bundle atlas with cocycle 
of transition functions Yog : Uag — GL(V), where (U,) is an open cover of M, 
then we may consider the smooth functions F(yag) : > F(Yag(x)), Vas 
GL(F(V)). Since F is a covariant functor, F(y~qg) satisfies again the cocycle 
condition 6.4.1, and cohomology of cocycles 6.4.2 is respected, so there exists 
a unique vector bundle (F(E) := VB(F(yvas)),p, M), the value at the vector 
bundle (Fp, M) of the canonical extension of the functor F to the category of 
vector bundles and their homomorphisms. 

If F is a contravariant smooth functor like duality functor F(V) = V%*, then 
we have to consider the new cocycle F (v3) instead of F(Yag). 

If F is a contra-covariant smooth bifunctor like L(V,W), then the rule 


F(VB(as), V B(~ag)) = VB(F (Wag, Pas) 


describes the induced canonical vector bundle construction, and similarly in 
other constructions. 

So for vector bundles (£,p,M) and (F,q,M) we have the following vector 
bundles with base M: A*E, E@ F, E*, AE = @i>0 ME, E@F, L(E,F)& 
E* ® F, and so on. 


6.8. Pullbacks of vector bundles. Let (F,p,M) be a vector bundle and let 
f:N-—M be smooth. Then the pullback vector bundle (f*E, f*p, N) with the 
same typical fiber and a vector bundle homomorphism 


fre pf E 
ro} p 
f 


N —~ M 


are defined as follows. Let E be described by a cocycle (Wag) of transition 
functions over an open cover (U,) of M, E = VB(wag). Then (Wag o f) is 
a cocycle of transition functions over the open cover (f~'(U,)) of N and the 
bundle is given by f*E :=VB(wagof). Asamanifold we have ffE=N x E 


(f,M,p) 
in the sense of 2.19. 
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The vector bundle f*F has the following universal property: For any vector 
bundle (Fg, P), vector bundle homomorphism y : F — FE and smooth g : 
P — N such that fog = y, there is a unique vector bundle homomorphism 
w:F = f*E with y =g and p*foyv=y. 


6.9. Theorem. Any vector bundle admits a finite vector bundle atlas. 


Proof. Let (E,p,M) be the vector bundle in question, let dim M = m. Let 
(Ua; Wa)aea be a vector bundle atlas. Since M is separable, by topological 
dimension theory there is a refinement of the open cover (Ua)aea of the form 
(Vij )i=1,....m+1:jeN, Such that Vi; Vix = 0 for 7 A k, see the remarks at the end 
of 1.1. We define the set W; := Uje Viz (a disjoint union) and ~;|Vij = Vaci,z): 
where a: {1,...,m+1} x N-— Aisa refining map. Then (Wj, vj) i=1,...,:m41 is 
a finite vector bundle atlas of E. 


6.10. Theorem. For any vector bundle (F,p,M) there is a second vector 
bundle (F',p, M) such that (E@®F,p, M) is a trivial vector bundle, i.e. isomorphic 
to M x RN for some N EN. 


Proof. Let (U;,w;)'_, be a finite vector bundle atlas for (E,p,M). Let (g;) be 
a smooth partition of unity subordinated to the open cover (U;). Let £; : R* > 
(R*)" = R* x --- x R*® be the embedding on the i-th factor, where R* is the 
typical fiber of E. Let us define 7): BE — M x R™ by 


v0 = (109. San) oom 9400). 


then w is smooth, fiber linear, and an embedding on each fiber, so F is a vector 
sub bundle of M x R™ via wy. Now we define F, = Ed in {a} x R"* with respect 
to the standard inner product on R"*. Then F — M is a vector bundle and 
E®F2=MxR™. 


6.11. The tangent bundle of a vector bundle. Let (E,p,/) be a vector 
bundle with fiber addition +g : E x,y EF — E and fiber scalar multiplication 
mF: E— E. Then (TE,7p, £), the tangent bundle of the manifold E, is itself 
a vector bundle, with fiber addition denoted by +7¢ and scalar multiplication 
denoted by m7”. 
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If (Ua, Wa : E\Ua — Ua x V)aea is a vector bundle atlas for E, such that 
(Ua, Ua) is also a manifold atlas for M, then (E|Uo,W,)aea is an atlas for the 
manifold E, where 


wh, := (ua x Idy)o Wa : E\Ua - Ua x V = Ua(Ua) x VC R™ x Vz 


Hence the family (T(£|U.), Tw, : T(E|\Ua) = T(ua(Ua) x V) = Ua(Ua) x V x 
R™ x V)aea is the atlas describing the canonical vector bundle structure of 
(TE,7£,E). The transition functions are in turn: 


(Wa 0 Pg )(a ,v) = (2, ag(x)v) for x € Vag 
(ta 0ug')(y) =Uasly) for y € ug(Uag) 
(Wa © (Hg) *)(y, 0) = (wasly), Paa(ug(y))v) 
(Ty oT (Ws) *)(y, 05, w) = (uas(y); Pas (ug(y))v; d(uas) (WE, 
(U(thag 0 ug*)(y))€)v + dap (ug*(y))w). 


So we see that for fixed (y,v) the transition functions are linear in (£,w) € 
R” x V. This describes the vector bundle structure of the tangent bundle 
(TE, tp, E). 

For fixed (y, €) the transition functions of TE are also linear in (v,w) € VxV. 
This gives a vector bundle structure on (TE, Tp,TM). Its fiber addition will be 
denoted by T(+z): T(E xy FE) =TE xrm TE — TE, since it is the tangent 
mapping of +. Likewise its scalar multiplication will be denoted by T(m£). 
One may say that the second vector bundle structure on TE, that one over TM, 
is the derivative of the original one on FE. 

The space {E € TE: Tp.= = 0 in TM} = (Tp)~1(0) is denoted by VE and is 
called the vertical bundle over E. The local form of a vertical vector = is Twi,.5 = 
(y,v;0,w), so the transition function looks like (T'/, 0 T(W%)*)(y, v; 0, w) I 
(uaa(y), Paa(ug’ (y))v; 0; baa(ug '(y))w). They are linear in (v,w) € V x V for 
fixed y, so VE is a vector bundle over M. It coincides with 03,(TE,Tp,TM), 
the pullback of the bundle TE — TM over the zero section. We have a canonical 
isomorphism lg : Ex yE — VE, called the vertical lift, given by ulg (uz, vr) = 
£\o(uz + tur), which is fiber linear over M. The local representation of the 
vertical lift is (Tw, o ulm o (Wl, x wW)7)((y, u), (y, v)) = (y, u; 0, v). 

If (and only if) yg: (E,p,M) — (F,¢,N) is a vector bundle homomorphism, 
then we have vlpo(px wy) =Typovlle: ExmE—- VF CTF. Sovlisa natural 
transformation between certain functors on the category of vector bundles and 
their homomorphisms. 

The mapping vprg := pr2 0 vl: : VE — E is called the vertical projection. 
Note also the relation pr, o ul," =TA|\VE. 

6.12. The second tangent bundle of a manifold. All of 6.11 is valid 
for the second tangent bundle T?M = TTM of a manifold, but here we have 


one more natural structure at our disposal. The canonical flip or involution 
mu. T?M — T?M is defined locally by 


(T?u OKM O T’u '\(a, g; 1; ¢) = (a, m3 &, ¢), 
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where (U, wu) is a chart on M. Clearly this definition is invariant under changes 
of charts (Tua equals 71, from 6.11). 
The flip Kay has the following properties: 
1) kn oT? f =T?f ory, for each f € C~(M,N). 
2) Timm) okKM = Tr. 

) nom ene = T (mm). 

) Ky oe =Km.- 

) Km is a linear isomorphism from the bundle (TTM,T(7m),TM) to 
(TTM,7ru,TM), so it interchanges the two vector bundle structures 
on TTM. 

6) y i. the unique grates mapping TT M — TTM which satisfies 

2 2clt,s) = Ku x Ket, s) for each c: R? > M. 


All this follows from the local formula given above. We will come back to the 
flip later on in chapter VII from a more advanced point of view. 


6.13. Lemma. For vector fields X, Y € X(M) we have 
[X, Y] = UprTM 2 (TY o X — KM O° TXo ys: 
We will give global proofs of this result later on: the first one is 6.19. Another 


one is 37.13. 


Proof. We prove this locally, so we assume that M is open in R™”, X(x) = 
(x, X(x)), and Y(x) = (a, Y(a)). By 3.4 we get [X,Y](x) = (a, dY («).X(x) — 
dX (x).Y(x)), and 


vprpm o(TY oX —KymoTX oY)(x) = 


= vprpm 0 (TY(2, X(ax)) — ky 0 TX.(2, Y¥(x))) = 


— 


6.14. Natural vector bundles. Let Mf, denote the category of all m- 
dimensional smooth manifolds and local diffeomorphisms (i.e. immersions) be- 
tween them. A vector bundle functor or natural vector bundle is a functor F 
which associates a vector bundle (F(Z), pi, M) to each m-manifold M and a 
vector bundle homomorphism 
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to each f : M — N in Mf, which covers f and is fiberwise a linear iso- 
morphism. We also require that for smooth f : R x M — N the mapping 
(t,z) + F(ft)(x) is also smooth R x F(M) > F(N). We will say that F maps 
smoothly parametrized families to smoothly parametrized families. We shall see 
later that this last requirement is automatically satisfied. For a characterization 
of all vector bundle functors see 14.8. 


Examples. 1. TM, the tangent bundle. This is even a functor on the category 
Mf. 

2. T*M, the cotangent bundle, where by 6.7 the action on morphisms is given 
by (T*f)2 := (Ty f)71)* : TSM > T¥(z)N- This functor is defined on M fn 
only. 

3. AFT*M, AT*M = @r>0 APT*M. 

4. @*°T*M @@‘'TM =T*M @---@T*M @TM @--- @TM, where the 
action on morphisms involves T'f~! in the 7*M-parts and Tf in the T’M-parts. 

5. F(TM), where F is any smooth functor on the category of finite dimen- 
sional vector spaces and linear mappings, as in 6.7. 


6.15. Lie derivative. Let F be a vector bundle functor on M f,, as described 
in 6.14. Let M be a manifold and let X € X(M) be a vector field on M. Then 


the flow es , for fixed t, is a diffeomorphism defined on an open subset of M, 
which we do not specify. The mapping 


F(FIS 
F(M) Els) F(M) 
pa |p 
FIX 
M t M 


is then a vector bundle isomorphism, defined over an open subset of M. 
We consider a section s € C™®(F(M)) of the vector bundle (F(M), par, M) 
and we define fort € R 


FI*)*s := F(FIX,)oso Flt. 
t £ t 


This is a local section of the vector bundle F(/). For each x € M the value 
((Fl* )*s)(2) € F(M), is defined, if t is small enough. So in the vector space 
F'(M), the expression 4 lo((FI* )*s)(a) makes sense and therefore the section 


Lxys:= 4 |9 (FIs )*s 


is globally defined and is an element of C®(F'(M)). It is called the Lie derivative 
of s along X. 
Lemma. In this situation we have 
(1) (FIX)*(FIX)*s = (FI§.,)*s, whenever defined. 
(2) 4(FIs)*s = (FIS)*Lxs = Lx(Fix)*s, so 
[Lx, (FIX)*] == Lx 0 (FIX)* — (FIX)* o Lx = 0, whenever defined. 
(3) (FI)*s = s for all relevant t if and only if Lys = 0. 
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Proof. (1) is clear. (2) is seen by the following computations. 


4 (FIs )*s 
a((eisy s)(«) = 


Hlo(Fle)*(FI)*s 
#|o((FIe)* (FIX )*s)(x) 
ca X )(F(EIS,, 
= F(FI*,) 4|o(F(FIX,) 
= ((FIX)*Lxs)(z), 


since F(FI*,) : F(M)pix(2) + F(M)z is linear. 


(3) follows from (2). 


6.16. Let F\, F2 be two vector bundle functors on M fim. 


product (Fy ® F))(M) := 
for 5; € C™®(F; 


the pointwise tensor product. 


Lemma. In this situation, for X € X(M) we have 


Lx(s1 @ S82) = 


In particular, for f € C°(M,R) we have Lx (fs) = df(X 


= Lx (FI )*s 


Then the tensor 


F\(M) @® Fo(M) is again a vector bundle functor and 
;(/)) there is a section s; ® sy € C™((Fi ® Fy)(M)), given by 


Lys, © 82 +8, @LyS8. 


)s+flxs. 


Proof. Using the bilinearity of the tensor product we have 


Lx(s1 ® $2) => 


= Lxs1 ® sot 81 @ LY So. 


4 lo(Fls)*(s1 ® 82) 
4 lo((Fle)*s1 @ (FI; )*s2) 


#9 (FIs)*s1 ® s2+ 818 a. 


o(FI*)*s2 


6.17. Let gy: Fy — Fy be a linear natural transformation between vector bun- 
dle functors on Mf, i.e. for each M € Mf, we have a vector bundle ho- 


momorphism yas 


: F\(M) — F2(M) covering the identity on M, such that 


Fi(f)°~m = yn 0 F\(f) holds for any f : M — N in Mf, (we shall see in 
14.11 that for every natural transformation y : Ff, — F> in the purely categorical 


sense each morphism ya : Fi) (MM) > F2(M) covers Idaz). 
Lemma. In this situation, for s € C®(F\(M)) and X € X(M), 


Lx(yu s) = pu (L£x5). 


we have 


Proof. Since ya, is fiber linear and natural we can compute as follows. 


Lx(~m §)(z) 


Glo((FE)* (gar 8))(x) = 
om ° #lo(Fi(FI,) os 0 Fl;*)(x) = 


£\o( 


F,(F1*,) opyoso Fi 
(pm Lxs)(2). 
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6.18. A tensor field of type Q is a smooth section of the natural bundle 
@'T*M ®@’TM. For such tensor fields, by 6.15 the Lie derivative along 
any vector field is defined, by 6.16 it is a derivation with respect to the tensor 
product, and by 6.17 it commutes with any kind of contraction or ‘permutation 
of the indices’. For functions and vector fields the Lie derivative was already 
defined in section 3. 


6.19. Let F be a vector bundle functor on Mf, and let X € X(M) be a 
vector field. We consider the local vector bundle homomorphism F (FI) on 
F(M). Since F(Fl‘) o F(FI*) = F(FIA,) and F(FIY) = Ideas) we have 
4 F(PIX) = 4\F(FIX) 0 F(FIX) = X¥ 0 F(FIX), so we get F(FIX) = FIX", 
where X¥ = 4 \oF(FIS) € X(F(M)) is a vector field on F(M), which is called 
the flow prolongation or the canonical lift of X to F(M). If it is desirable for 
technical reasons we shall also write X" = FX. 


Lemma. 

1) x? = Km ol xX. 

2) [X,Y]P =[X¥,Y*). 

3) X* : (F(M), pu, M) = (TF(M),T (pa), TM) is a vector bundle homo- 
morphism for the T(+)-structure. 

4) For s€ C°(F(M)) and X € X(M) we have 
Lxs = vprpm) (Tso X — Xf os). 

5) £Lxs is linear in X and s. 


Proof. (1) is an easy computation. F(FI;‘) is fiber linear and this implies (3). 
(4) is seen as follows: 


(Lxs)(x) = 4|o(F(FIX,) oso Fi®)(x) in F(M)z 
= uprr«my(Slo(F(FE,) 0 so Fix) (a) in VF(M)) 
= uprpym)(—X” 0 80 Fly (x) + T(F(FIg )) 0 Ts 0 X(zx)) 


= uprr(my)(I's0 X — X" 0 s)(z). 


(5) £xs8 is homogeneous of degree 1 in X by formula (4), and it is smooth as a 
mapping X(17) — C®(F(M)), so it is linear. See [Frélicher, Krieg], 88] for the 
convenient calculus in infinite dimensions. 

(2) Note first that F induces a smooth mapping between appropriate spaces 
of local diffeomorphisms which are infinite dimensional manifolds (see [Krieg], 
Michor, 91]). By 3.16 we have 


O= 2|, (Fl, oF, oF lf oF If), 
[X,Y] = 1 5 )(F, oF, oF lf oFi¥) 
_ a [X.Y] 
= £|,Fle- 
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Applying F to these curves (of local diffeomorphisms) we get 


[xP ¥*] a 


a2) Pe paix 


See also section 50 for a purely finite dimensional proof of a much more general 
result. 


6.20. Proposition. For any vector bundle functor F on Mfm and X,Y € 
X(M) we have 


[£x, Ly] = Lx oly — Ly oLx = Lix,y): C°(F(M)) > C*(F(M)). 


So L:X(M) > EndC®(F(M)) is a Lie algebra homomorphism. 


Proof. See section 50 for a proof of a much more general formula. 


6.21. Theorem. Let M be a manifold, let yp’ : Rx M 5 Uzi > M be smooth 
mappings fori = 1,...,k where each U,: is an open neighborhood of {0} x M 
in R x M, such that each yy; is a diffeomorphism on its domain, yj = Idjyz, and 
Bl ei = Xi € X(M). We put [y', y]e = [vi vi] = (¢f)~1 © (yi)? © of o gi. 
Let F be a vector bundle functor, let s € C™®(F(M)) be a section. Then for 
each formal bracket expression P of lenght k we have 


0= FoP(y +: 0h)*s forl<£<k, 


1 
t 
ak G\ [o-e) 
Lp(x,,...Xn)8 = HE loP (Gt, --- 9F)*s € C™(F(M)). 


Proof. This can be proved with similar methods as in the proof of 3.16. A 
concise proof can be found in [Mauhart, Michor, 92] 


6.22. Affine bundles. Given a finite dimensional affine space A modelled on 
a vector space V = A, we denote by + the canonical mapping A x A= A, 
(p,v) + p+v forp€ Aandve A. If A, and Ag are two affine spaces and 
f : Ay — Ag is an affine mapping, then we denote by f: A, — Ay the linear 


mapping given by f(p+v) = f(p) + f(v). 

Let p: E — M bea vector bundle and gq: Z — M be a smooth mapping 
such that each fiber Z, = q~'(z) is an affine space modelled on the vector space 
E, = p~+(x). Let A be an affine space modelled on the standard fiber V of E. 
We say that Z is an affine bundle with standard fiber A modelled on the vector 
bundle E, if for each vector bundle chart ~ : E|U = p-\(U) = Ux V on E 
there exists a fiber respecting diffeomorphism y : Z|U = q~!(U) = U x A such 
that y, : Z, — A is an affine morphism satisfying ¢, = vz, : E, — V for each 
x €U. We also write E = Z to have a functorial assignment of the modelling 
vector bundle. 
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Let Z — M and Y — N be two affine bundles. An affine bundle morphism 
f:4—Y isa fiber respecting mapping such that each fy : Ze — Yc) is an 
affine mapping, where f : M — N is the underlying base mapping of f. Clearly 
the rule 7 i ; Z,; > Yy(a) induces a vector bundle homomorphism - 2 ¥ 
over the same base mapping f. 


7. Differential forms 


7.1. The cotangent bundle of a manifold M is the vector bundle T* M := (TM)*, 
the (real) dual of the tangent bundle. 


If (U,u) is a chart on M, then (327, ae zon) is the associated frame field 
over U of TM. Since 32;|2(u?) = dw! (32|x) = 6) we see that (dut,... ,du™) is 


the dual frame field on T*M over U. It is also called a holonomous frame field. 
A section of T*M is also called a 1-form. 


7.2. According to 6.18 a tensor field of type (?) on a manifold M is a smooth 
section of the vector bundle 


p times q times 


met mon, me emits, 
QTM s QTM =TMs- -@TM @T*M®---@T*M. 


The position of p (up) and q (down) can be explained as follows: If (U,u) is a 
chart on M, we have the holonomous frame field 


(527 @ 525 @: 


Ou®2 


j ath Ja 
*® ® du ee ee 


over U of this tensor bundle, and for any @ )- tensor field A we have 


A|U= DA. tp @-- @ 5% @du" @--- @ duis. 


Ji---Jq Bon 


The coefficients have p indices up and q indices down, they are smooth functions 
on U. From a strictly categorical point of view the position of the indices should 
be exchanged, but this convention has a long tradition. 


7.3 Lemma. Let ® : X(M)x--- x ¥(M) = X(M)F = C™@(@! TM) bea 
mapping which is k-linear over C°°(M,R) then ® is given by a (;) -tensor field. 


Proof. For simplicity’s sake we put k = 1, €=0, so ®: X(M) — C™(M,R) isa 
C™(M,R)-linear mapping: ®(f.X) = f.®(X). 

CLAIM 1. If X | U = 0 for some open subset U C M, then we have ®(X) | 
U=0. 
Let « € U. We choose f € C®(M,R) with f(z) =0 and f | M\U =1. Then 
f.X =X, so 6(X)(x) = ®(f.X)(x) = f(x).€(X)(x) = 0. 

CLAIM 2. If X(x) = 0 then also ®(X)(x) = 0. 
Let (U,u) be a chart centered at x, let V be open with x €V CV CU. Then 
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X |U =>) X'32; and X*(x) = 0. We choose g € C°(M,R) with g | V = 1 and 
supp g C U. Then (g?.X) | V = X | V and by claim 1 ®(X) | V depends only on 
X | V and g?.X = 7, (g-X")(g.32z) is a decomposition which is globally defined 
on M. Therefore we have ®(X)(x) = ®(g?.X)(x) = ® (0, (g-X")(9-32z)) (x) = 
Y(g-X')(2).6(9.32)(n) = 0. 

So we see that for a general vector field X the value 6(X)(x) depends only 
on the value X(a), for each « € M. So there is a linear map y, : T, M — R for 
each « € M with 6(X)(x) = y,(X(z)). Then y : M — T*M is smooth since 


y|V => ®(g.52).du" in the setting of claim 2. 


7.4. Definition. A differential form or an exterior form of degree k or a k-form 
for short is a section of the vector bundle A*T*M. The space of all k-forms will 
be denoted by *(M). It may also be viewed as the space of all skew symmetric 
(?)-tensor fields, i.e. (by 7.3) the space of all mappings 


® : X(M) x--- x ¥(M) = X(M)* = C®(M,R) 


which are k-linear over C'°(M,R) and are skew symmetric: 
B(Xo1,...,Xok) =signo- }(X1,... , Xp) 
for each permutation o € Sz. 
We put 2°(M) := C°(M,R). Then the space 


dim M 


AM) := GB oem) 
k=0 


is an algebra with the following product. For g € Q*(M) and w € 0'(M) and 
for X; in X(M) (or in TM) we put 


(PAY)... Xere) = 
= a S> signa ° p(Xo1, saan Xok) Y(Xo(e41): eae Xo(e+e)) 


TESK+e 


This product is defined fiber wise, ie. (p Aw) = Yr A Wy for each x € M. It 
is also associative, i.e. (VAY) AT=pA(wA7r), and graded commutative, i.e. 
pAw=(—-1)"w Aq. These properties are proved in multilinear algebra. 


7.5. If f : N — M is a smooth mapping and y € *(M), then the pullback 
fie € O*(N) is defined for X; € T,N by 


(1) (f* ye) 2(X1, bas Xr) = r(x) (Te f-X1,- aris ,Tif Xz): 


Then we have f*(pAw) = f*pA f*y, so the linear mapping f* : Q(M) > Q(N) 
is an algebra homomorphism. Moreover we have (go f)* = f*og* : Q(P) = Q(N) 
if g :M- BP and (Ids )* = Ida): 

So Mw Q(M) = C®(AT*M) is a contravariant functor from the category 
Mf of all manifolds and all smooth mappings into the category of real graded 
commutative algebras, whereas M ++ AT*M is a covariant vector bundle func- 
tor defined only on Mf,,, the category of m-dimensional manifolds and local 
diffeomorphisms, for each m separately. 
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7.6. The Lie derivative of differential forms. Since M+ A*T*M is a 
vector bundle functor on M fm, by 6.15 for X € X(M) the Lie derivative of a 
k-form y along X is defined by 


Lxy = Llo(Fix)*¢. 


Lemma. The Lie derivative has the following properties. 


(1) Lx (VAY) =LeepAyvteALlxy, so Lx is a derivation. 
(2) For Y; € X(M) we have 


(Lxy)(Yi,... Ye) = X(~(M,--- , Ye)) — Does [Mis Ye). 


(3) [Lx, Lyle =Lix,y19.- 


Proof. The mapping Alt :@* T*M — A*T*M, given by 


(AltA)(M1,... , Ye) = & Do sign(o)A(Vor,..- , Yor), 


is a linear natural transformation in the sense of 6.17 and induces an algebra 
homomorphism from the tensor algebra @,59 C¥(@*T*M) onto 2(M). So 
(1) follows from 6.16. 7 

(2) Again by 6.16 and 6.17 we may compute as follows, where Trace is the 
full evaluation of the form on all vector fields: 


X(y(Y,... »Y«)) =Lyx o Trace(p @ Yi @--- @Y,) 
= TraceoLx(y@ Y| ®--- ® Yx) 
= Trace(Lxy @(¥1 @-:-@V¥,) +9 @ (V1 @-:: OLKY; @-- @Yq)). 


Now we use Ly Y; = [X, Yj]. 
(3) is a special case of 6.20. 


7.7. The insertion operator. For a vector field X € (M) we define the 
insertion operator ix = i(X) :Q*(M) — Q*-1(M) by 


Lemma. 
(1) ix is a graded derivation of degree —1 of the graded algebra Q(M), so 
we have ix(pAwW) =ixy Ay + (-1)*8?y Aix. 
(2) (Lx, ty] = Ly oty —tyoLy = uUx,y]- 


64 Chapter II. Differential forms 
Proof. (1) For y € Q*(M) and a € 0'(M) we have 
(ixi(PAY))(Xa,.-. ,Xeze) =(PAY)X,...  Xe+e) = 
= gn >_sign(c) o(Xo1,--- Xan) P(Xo(eti)1+++» »Xo(h+2))- 
(ix,p Apt (-l*e Aix, b)(Xa,-..,Xk+e) = 
= ceca >, sign(c) p(X1, Xo2,--. sXok)W(Xo(eei)s+ ++ > Xo(k+e))+ 


—1)F 
+ agi d sign(c) p(Xo2,--- »Xo(e41))B(X1, Xo(n+2)s+ ++): 


Using the skew symmetry of y and w we may distribute X, to each position by 


adding an appropriate sign. These are k+¢ summands. Since Ea bz aay = 
ke 


ae and since we can generate each permutation in S;,4¢ in this way, the result 
follows. 
(2) By 6.16 and 6.17 we have: 


Lxtyp = Lx Tracei(Y ® wy) = Trace; Lx (Y @ ¢) 
= Trace (LxY ®Y+Y @Ley) =txyytiyvlxy. 


7.8. The exterior differential. We want to construct a differential operator 
Q*(M) — Q'*+1(M) which is natural. We will show that the simplest choice will 
work and (later) that it is essentially unique. 

So let U be open in R”, let y € O*(R”). Then we may view ¢ as an element 
of C~(U, L*,,(IR",R)). We consider Dy € C®(U, L(R", L¥,,(R”,R))), and we 
take its canonical image Alt(Dy) in C%(U, L‘*1(IR",R)). Here we write D for 
the derivative in order to distinguish it from the exterior differential, which we 


define as dy := (k + 1) Alt(Dy), more explicitly as 


(1) (dy)a(Xo,-.- Xk) = # >, sign() De(x)(Xoo)(Xo1,--- , Xen) 


k 
= D(-D'Dyelw)(Xi) (Xo, eee Copege £08 


where the hat over a symbol means that this is to be omitted, and where X; € R”. 

Now we pass to an arbitrary manifold M. For a k-form y € 9*(M) and 
vector fields X; € X(M) we try to replace Dy(a)(X;)(Xo,...) in formula (1) 
by Lie derivatives. We differentiate X;(y(x)(Xo,...)) = Dy(x)(Xi)(Xo,-.-) + 
oK<j<k,jhi p(x)(Xo,..., DX;(x)Xji,...), so inserting this expression into for- 
mula (1) we get (cf. 3.4) our working definition 


k 

(2) dio(Xo,... Xz) = D> (-1)*Xi(o(Xo,..., Xis--- Xn) 
i=0 

+ 0 (-1)4 p([Xi, Xj], Xo, «5 Key XG oo Xe): 


i<j 
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dy, given by this formula, is (k+1)-linear over C(I, R), as a short computation 

involving 3.4 shows. It is obviously skew symmetric, so by 7.3 dy is a (k + 1)- 

form, and the operator d: Q*(M) — Q**+1(M) is called the exterior derivative. 
If (U,u) is a chart on M, then we have 


gU= S° i... ie A du'®, 
ty<i<ip 
where 9,44, = 9525 eae aus ). An easy computation shows that (2) leads 
to 
(3) dy|U = S> dyi,,... i, Adu™ A+-- A dué®, 
tp <ee<aK 


so that formulas (1) and (2) really define the same operator. 
7.9. Theorem. The exterior derivative d: Q*(M) — Q*+!(M) has the follow- 
ing properties: 

(1) d(pAw) = dpAw+(-1)*8 yA dy, sod is a graded derivation of degree 


1. 
(2) Lx =ixod+doix for any vector field X. 
(3) d? =dod=0. 

(4) f*od=do f* for any smooth f: N > M. 
(5) Ly od=doLy for any vector field X. 


Remark. In terms of the graded commutator 
(D1, Dy] = Di, fe} Ds oa (—1)de8(P1) deg(D2) p, fe} D, 


for graded homomorphisms and graded derivations (see 8.1) the assertions of 
this theorem take the following form: 


(2) Lx = [ix,d| 
(3) $[d,d] = 

(4) [f*,d] =0. 
(5) [Lx,d] =0. 


This point of view will be developed in section 8 below. 


Proof. (2) For y € Q*(M) and X; € X(M) we have 


(one. Cee, ) = Xoo Care ce 
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+ So (-1) 4 p([Xi, X5], X0,.- + Kis. XG, .-. Xr). 
0<i<j 
k . 
(dix,)(X1,-.. Xx) = S0(-1)* 1 Xi (ix) (Xi, .-. Xiy- Xe) + 


i=1 
I a) (XG HG Myo pM cee Bjyons Me) 
1<i<j 
ke © Pe camel 
= —S0(-1)'Xi(y(Xo,X1,...,Xi,-..,Xn))— 
i=1 
= SO 1) p(X, Ky], Xo, Xa, «+. Kay) XG, --- 9 Xk)- 
1<i<j 


By summing up the result follows. 
(1) Let py € 2?(M) and w € 24(M). We prove the result by induction on 


Pr @q. 
p+q=0: d(f-g)=df-g+f-dg. 
Suppose that (1) is true for p+q < k. Then for X € X(M) we have by part (2) 
and 7.6, 7.7 and by induction 
ix d(pAv) =Lx(pAy) —dix(vAy) 
=L£xph¥tpnlxy—dixe ry (-l)Pprixy) 
=ixdpAyptdixgAvtprixdb+pAdixy—dixep Ay 
— (-1)? Tixp a dp — (-1)PPdp Nixp—pArdixy 
=ix(dp Apt (-1)Pp Ady). 


Since X is arbitrary, (1) follows. 

(3) By (1) d is a graded derivation of degree 1, so d* = 4{d,d] is a graded 
derivation of degree 2 (see 8.1), and is obviously local. Since Q(M) is locally 
generated as an algebra by C@(M,R) and {df : f € C°@(M,R)}, it suffices to 
show that d? f = 0 for each f € C°(M,R) (d? f = 0 isa consequence). But this is 
easy: d?f(X,Y) = Xdf(Y)—Ydf(X)—-df([X,Y]) =XYf-YXf-[X,Y]f =0. 

(4) f* : QU) = Q(N) is an algebra homomorphism by 7.6, so f* od and 
do f* are both graded derivations over f* of degree 1. By the same argument 
as in the proof of (3) above it suffices to show that they agree on g and dg for 
all g € C™(M,R). We have (f*dg)y(¥) = (d9)sa)(TyfY) = (Tyf-YY(9) = 
Y(go f)(y) = (df*g)y(V), thus also df*dg = ddf*g = 0, and f*ddg = 0. 

(5) dLy =dixd+ddix =dixd+ixdd = Lxd. 
7.10. A differential form w € 0*(M) is called closed if dw = 0, and it is called 
exact if w = dy for some y € NF-!(M). Since d? = 0, any exact form is closed. 
The quotient space 


_ ker(d: OF(M) > O**1(M)) 

im(d : Q'k-1(M) > Q*(M)) 
is called the k-th De Rham cohomology space of M. We will not treat cohomol- 
ogy in this book, and we finish with the 


HF(M): 
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Lemma of Poincaré. A closed differential form is locally exact. More pre- 
cisely: let w € Q*(M) with dw = 0. Then for any x € M there is an open 
neighborhood U of x in M and ay € QF-1(U) with dp = w|U. 


Proof. Let (U,u) be chart on M centered at x such that u(U) = R™. So we may 
just assume that M = R”. 
We consider a: Rx R™ — R™, given by a(t, x) = a(x) = tx. Let I € ¥(R™) 
be the vector field I(x) = a, then a(e’,a) = FIf(a). So for t > 0 we have 
faiw a & (Flog t)*"w = § (Fliogs)* Lr 
= fai (irdw + diyw) = tdajirw. 


Note that T,,(az) = t.Id. Therefore 


(Fafipw)z(Xo,. eae Xz) => + (ipw)te(tX2, See ,tX,) 
twee (tx,tX2,... ,tX~) = wie(w,tXo,... ,tXp). 


So if k > 1, the (k—1)-form +afi;w is defined and smooth in (t,x) for all t € R. 
Clearly ajw = w and agw = 0, thus 


1 
= yy" * dx 
w=ajw-aju= f ao; wat 
0 


1 1 
= if d(tayizw)dt =d (/ }ojinwdt) = dy. 
0 0 


7.11. Vector bundle valued differential forms. Let (E,p,M) be a vector 
bundle. The space of smooth sections of the bundle A*T* M @ E will be denoted 
by 0*(M; E). Its elements will be called E-valued k-forms. 

If V is a finite dimensional or even a suitable infinite dimensional vector space, 
Q*(M;V) will denote the space of all V-valued differential forms of degree k. 
The exterior differential extends to this case, if V is complete in some sense. 


8. Derivations 
on the algebra of differential forms 
and the Frolicher-Nijenhuis bracket 


8.1. In this section let M be a smooth manifold. We consider the graded 
commutative algebra Q(M) = OE” OF(M) = OE_.. 2*(M) of differen- 
tial forms on M, where we put Q*(M) = 0 for k < 0 and k > dimM. 
We denote by Der, Q(M/) the space of all (graded) derivations of degree k, 
ie. all linear mappings D : Q(M) — Q(M) with D(Q*(M)) c Q*+(M) and 
Dp Ap) = Diy) Av + (“le A Diy) for yp € 2°(M). 
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Lemma. Then the space DerQ(M) = @, Der; 2(M) is a graded Lie alge- 
bra with the graded commutator [D1, D2] := Dj, 0 D2 - (—1)*1*2 Do o Dy as 
bracket. This means that the bracket is graded anticommutative, [D,, D2] = 
—(—1)"*2[Do, D1], and satisfies the graded Jacobi identity [D,,|D2,D3]| = 
[[Di, D2], Ds] + (—1)*1ke [D2, [D1, Ds]} (so that ad(Dy,) = [D, ] is itself a 
derivation of degree k}). 


Proof. Plug in the definition of the graded commutator and compute. 


In section 7 we have already met some graded derivations: for a vector field 

X on M the derivation ix is of degree —1, Lx is of degree 0, and d is of 
degree 1. Note also that the important formula Ly = dix +ix d translates to 
Lx = [ix,d]. 
8.2. A derivation D € Dery, 2(M) is called algebraic if D | 2°(M) = 0. Then 
D(f.w) = f.D(w) for f € C°(M,R), so D is of tensorial character by 7.3. So D 
induces a derivation D, € Der, AT* M for each x € M. It is uniquely determined 
by its restriction to 1-forms D,|T* M :T*M — A*®+!T*M which we may view as 
an element K, € A*+!T*M @T,M depending smoothly on x € M. To express 
this dependence we write D =ix = i(K), where K ¢ C(A**+1T*M @TM) =: 
O'+1(M;TM). Note the defining equation: ix¢(w) =woK for w € 0'(M). We 
call O(M,TM) = BE)" Q*(M,TM) the space of all vector valued differential 
forms. 


Theorem. (1) For K € Q*+!(M,TM) the formula 


(ixw)(X,... Xr+0) = 
=pepgc >, signe w(K (Xo1,--- Xocats))» Xote+2).-++) 


oESK+e 


for w € O'(M), X; € X(M) (or T,M) defines an algebraic graded derivation 
ig € Derg Q(M) and any algebraic derivation is of this form. 

(2) By i([K,L\*) := fix,iz] we get a bracket [ , | on Q*+1(M,TM) 
which defines a graded Lie algebra structure with the grading as indicated, and 
for K € OF+1(M,TM), L € O'(M,TM) we have 


[K,£)* =ixh — (—1)"izk, 

where ix(w @ X) :=ix(w) @X. 

[ , J] is called the algebraic bracket or the Nijenhuis-Richardson bracket, 
see [Nijenhuis-Richardson, 67]. 
Proof. Since AT*M is the free graded commutative algebra generated by the 
vector space T*M any K € Q*+!(M,TM) extends to a graded derivation. By 
applying it to an exterior product of 1-forms one can derive the formula in (1). 
The graded commutator of two algebraic derivations is again algebraic, so the 


injection ¢ : Q**1(M,TM) — Der,(Q(M)) induces a graded Lie bracket on 
Q**1(M,TM) whose form can be seen by applying it to a 1-form. 
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8.3. The exterior derivative d is an element of Der; 2(M). In view of the formula 
Lx = fix,d) =ixd+dtx for vector fields X, we define for K € O*(M;TM) 
the Lie derivation Ly = L(K) € Derg Q(M) by Le := [ix, d]. 

Then the mapping £ : Q(M,TM) — DerQ(M) is injective, since Le f = 
ixdf =dfoK for f €C°(M,R). 


Theorem. For any graded derivation D € Der, Q(M) there are unique K € 
O*(M;TM) and L € 08*1(M;TM) such that 


D=LxK tir. 
We have L = 0 if and only if [D,d| =0. D is algebraic if and only if K = 0. 


Proof. Let X; € X(M) be vector fields. Then f + (Df)(X1,...,X,) is a 
derivation C°°(M,R) — C(M,R), so by 3.3 there is a unique vector field 
K(Xy,...,Xx) € X(M) such that 


(DG. = BOG,  KOF Ha Os 


Clearly K(X1,...,X,) is C°(M, R)-linear in each X; and alternating, so K is 
tensorial by 7.3, K € Q*(M;TM). 

The defining equation for K is Df = dfok =ixdf =Lxf for f € C~@(M,R). 
Thus D — £x is an algebraic derivation, so D— LK = iz, by 8.2 for unique 
LeQkl(M;TM). 

Since we have [d,d] = 2d? = 0, by the graded Jacobi identity we obtain 
0 = [ix, |d, d]] = [[ix,d],d] + (-1)*"1[d, [ix, d]] = 2[£x,d]. The mapping K + 
lix,d] = Lx is injective, so the last assertions follow. 


8.4. Applying i(Idpj,) on a k-fold exterior product of 1-forms we see that 
i(drm)w = kw for w € OF(M). Thus we have L(Idru)w = i(Idras)dw — 
di(Idp yy )w = (k + 1)dw — kdw = dw. Thus L(Idrar) =d. 
8.5. Let K € 0*(M;TM) and L € 2'(M;TM). Then obviously [[L«, £z], d] = 
0, so we have 

[L(K), £(L)] = £([K, L]) 
for a uniquely defined [K, L] € 0*+"(M;TM). This vector valued form [K, L] is 
called the Frélicher-Nijenhuis bracket of K and L. 
Theorem. The space 2(M;TM) = Qi O*(M;TM) with its usual grading 
is a graded Lie algebra for the Frélicher-Nijenhuis bracket. So we have 


(K, E] = —(-1){L, K] 
[K1, [K2, Ks]] = [[Ki, Ko], K3] + (-1)"" [Ko, [Ki, Kal] 
Idpy € 2!(M;TM) is in the center, i.e. [K,Idpjy] = 0 for all K. 
L£:(Q(M;TM),[ , |) — DerQ(M) is an injective homomorphism of gra- 


ded Lie algebras. For vector fields the Frolicher-Nijenhuis bracket coincides with 
the Lie bracket. 


Proof. df o [X,Y] = L([X,Y])f = [Lx,Ly]f. The rest is clear. 
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8.6. Lemma. For K € Q*(M;TM) and L € 0'+1(M;TM) we have 
[Lx , ix] = i([K, L]) — (-1)L(i,K), or 
liz, Lx] = Lin) + (-1)" i([L, K)). 
This generalizes 7.7.2. 


Proof. For f € C%°(M,R) we have [i,,£k|f = inixdf —0 =iz(dfoK) = 
df o (iz kK) = L(i,K)f. So fiz, £2] — L(t K) is an algebraic derivation. 


[liz, £x], d] = [iz, (Lx, dl] — (-1)" (Lx, liz, d]] = 
= 0- (-1)L([K, L]) = (-1)*[i([L, K]), d). 


Since [| ,d] kills the £’s and is injective on the i’s, the algebraic part of [iz, Lx] 
is (—1)* i((L, K]). 


8.7. The space DerQ(M) is a graded module over the graded algebra Q(M) 
with the action (wA D)p =w A D(), because 2() is graded commutative. 


Theorem. Let the degree of w be q, of y be k, and of w be £. Let the other 
degrees be as indicated. Then we have: 


(1) [w A Dy, De] = w A [Dy, Dy] — (—1)9t*)*2 Daw) A Dy. 
(2) i(w AL) =w Ai(L) 

(3) wA LK = L(wA K) + (-1)9t*-hi(dw A K). 

(4) w A Ly, Le]* =w A [L1, Lo]*- 

— (-1)t48 “DGD i(Lo)w A Ly. 


(5) w / Ky, Ko] =wAN [hy, Ko] = (—1) tt D)2 6 (Kw A ky 
+ (-1)9*¥ dw A i(K1) Ko. 
(6) yp@X, POY] =~AVe@[X,Y] 


— (iydp Ap @X —(-1)ixdpAp@Y) 

— (diye Ap) ®X —(-1)"dlixd Ay) @Y) 
=~PpAYV@[X, YJ + eALxV@Y —LypAyeax 
+ (-1)* (dpNixP@Y +iypAdp@X). 


Proof. For (1), (2), (3) write out the definitions. For (4) compute i([wALy1, L2]*). 
For (5) compute £([w A Ay, K2]). For (6) use (5) . 
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8.8. Theorem. For K € 0'(M;TM) and w € 0'(M) the Lie derivative of w 
along K is given by the following formula, where the X; are vector fields on M. 


(Lew)(X1, see ae = 
_ fal De nen ee Xo1,-- 7 Xok))(w W(X eRe) ++ »Xo(h+e))) 


+ aan 2 signa w([K(Xo1,--. , Xan), Xeni], Xo(b+2)>--+) 


es 


pao 2 ene cede dene Gn) ee. Ge me Pe rare, reef 


Proof. It suffices to consider K = y @ X. Then by 8.7.3 we have L(y ® X) = 
pA Lx — (-1)*-!dy Aix. Now use the global formulas of section 7 to expand 
this. 


8.9. Theorem. For K € 0'(M;TM) and L € 0'(M;TM) we have for the 
Frélicher-Nijenhuis bracket [K, L] the following formula, where the X; are vector 
fields on M. 


= a sign o [K(Xo1, ea pXwk)} L(Xo(k-41); tee Xo(k+e))] 
=I eee 
b aoa Disene L([K(Xo1,--- ,Xok), Xo(k+1)]; Xo(k+2)1---) 
yee 
T k= — Dsime Ke K([ Xo, Bead Xoe), Xo(e+1)]; Xo(e+2); 3 ) 


(-1)872 
af oRnre—ara 2 signe L(K ([Xo1, Xoa], Xo3,+-+);Xo(k+2),-++) 


ye-1)e 
TT pots pots (@=1)!2! Dene K(L ([Xo1, Xo2], Xo3,--+); Xo(e+2)s +> “). 


Proof. It suffices to consider K = p® X and L=wW@Y, then for [y@ xX,y~@Y] 
we may use 8.7.6 and evaluate that at (X1,... , X44). After some combinatorial 
computation we get the right hand side of the above formula for K = y@ X and 
L=yYeyr. 


There are more illuminating ways to prove this formula, see [Michor, 87]. 


8.10. Local formulas. In a local chart (U,u) on the manifold M we put 
K|U=YS>Kid° @0;,L|U = d Lia? @ ,, and w | U = Sw,d7, where 
a=(1<a, <ag <--: <a, < dimM) is a form index, d* = du“! A...A\du**, 
0; = ur and so on. 

Plugging X; = 0;, into the global formulas 8.2, 8.8, and 8.9, we get the 
following local formulas: 


[ea 
tKW | U= i, ap, Viak41--Ck+e— id 
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RS Rie ua, 

= (1) MOOT ce Kharsa.ctiye) O @ 8 
Legs |= (KA, ay Oana ccnin 

+ (-1)* Bay Kin. anys) Wianyaange)E 


[K, L| U — a Cae eee 
ke pi j 
= (-1) Dives tee OS ich: eas 
— kK} oye 


1 ..-Ap—1t “Ck ~~ Ap41---Ak+e 


+ (—1)eL On, Ki ) d* & 0; 


Oy ...g—yt ep 1+ Ak+E 


8.11. Theorem. For K; € 2*'(M;TM) and L; € Q**+1(M;TM) we have 
(1) (LK, + Vig Re + iz] > 

=L ([Ky, Ko] + ip, Ko — (—1)*"*in, K1) 

+4 ([L1, Lo)’ + (Ky, Lo] — (-1)""? [Ko, Li) . 

Each summand of this formula looks like a semidirect product of graded Lie 
algebras, but the mappings 

i: Q(M;TM) > End(Q(M;TM),[ , J) 

ad: 0(M;TM) — End(Q(M;TM),[ , ]*) 


do not take values in the subspaces of graded derivations. We have instead for 
K €0*(M;TM) and L € 0'1(M;TM) the following relations: 


(2) i[Ky, Ke] = [ir Ki, Ko] + (—1)""[K1, ip Ko] 
= (<i, 1) Ka = (-1)"+9"94((Ka, 1])Ki) 
(3) [K, [L1, Le]*] = [[K, Li], Lol’ + (—1)*" [La, [K, Lo]]*— 


— (<1) f(b), La] — (-1)*)fi(Lo) K, Ly)) 


The algebraic meaning of the relations of this theorem and its consequences in 
group theory have been investigated in [Michor, 89]. The corresponding product 
of groups is well known to algebraists under the name ‘Zappa-Szep’-product. 


Proof. Equation (1) is an immediate consequence of 8.6. Equations (2) and (3) 
follow from (1) by writing out the graded Jacobi identity, or as follows: Consider 
L(ix[K1, K2]) and use 8.6 repeatedly to obtain £ of the right hand side of (2). 
Then consider i([K, [£1, L2]*]) and use again 8.6 several times to obtain i of the 
right hand side of (3). 
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8.12. Corollary (of 8.9). For K, L € Q1(M;TM) we have 


[K, L](X,Y) = [KX, LY] — [KY, LX] 
— L([K X,Y] - [KY, X]) 
— K([LX,Y] — [LY, X]) 
(LK + EVE Y |. 


8.13. Curvature. Let P € 0!(M;TM) satisfy Po P = P, ie. P is a pro- 
jection in each fiber of TM. This is the most general case of a (first order) 
connection. We may call ker P the horizontal space and im P the vertical space 
of the connection. If P is of constant rank, then both are sub vector bundles of 
TM. If im P is some primarily fixed sub vector bundle or (tangent bundle of) a 
foliation, P can be called a connection for it. Special cases of this will be treated 
extensively later on. The following result is immediate from 8.12. 


Lemma. We have 7 
[P, P] =2R+2R, 


where R, R € 0?(M;TM) are given by R(X, Y) = P[(Id—P)X, (Id—P)Y] and 


R(X, Y) = (Id—P)[PX, PY}. 

If P has constant rank, then R is the obstruction against integrability of the 
horizontal bundle ker P, and R is the obstruction against integrability of the 
vertical bundle im P. Thus we call R the curvature and R the cocurvature of the 
connection P. We will see later, that for a principal fiber bundle R is just the 
negative of the usual curvature. 


8.14. Lemma (Bianchi identity). If P € 0'(M;TM) is a connection (fiber 
projection) with curvature R and cocurvature R, then we have 


[P,R+ Rk] =0 
[R, P] =irR+igkR. 


Proof. We have [P,P] = 2R + 2R by 8.13 and [P, [P, P]] = 0 by the graded 
Jacobi identity. So the first formula follows. We have 2R = Po[P, P] = ip p\P. 
By 8.11.2 we get i(p,p)[P, P] = 2[i,p,p,P, P] — 0 = 4[R, P]. Therefore [R, P] = 
tipp,p[P, P] = i(R+ R)(R+ R) =ipR+ipR since R has vertical values and 
kills vertical vectors, so ig R = 0; likewise for R. 


8.15. f-relatedness of the FrGlicher-Nijenhuis bracket. Let f : WM —- 
N be a smooth mapping between manifolds. Two vector valued forms K € 
Q*(M;TM) and K’ € OF(N; TN) are called f-related or f-dependent, if for all 
X; € T,M we have 


(1) Ry sat Mayne ek DST PR OG. Xe: 
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Theorem. 


2) If K and K’ as above are f-related then ix o f* = f* cig, : Q(N) > 

3) Ifix o f* | BI(N) = f* cig: | BY(N), then K and K’' are f-related, 
where B' denotes the space of exact 1-forms. 

4) If K; and Kj are f-related for j = 1,2, then ix,K2 and ix: K} are 
f-related, and also [K,, K2|* and [K{, K5]’ are f-related. 

5) If K and K’ are f-related then Lye o f* = f* oLKR : QIN) @ Q(M),. 

(6) If Leo f* | Q°(N) = fro Ly | O°(N), then K and K’ are f-related. 

7) If Kj; and Kj are f-related for j = 1,2, then their Frolicher-Nijenhuis 
brackets [f<,, K2] and [K{, K$] are also f-related. 


Proof. (2) By 8.2 we have for w € 09(N) and X; € T,.M: 


(ix f*w)e(X1,.-. ,Xqtk-1) = 
= areca > _ Signe (f*w)e(Ka(Xo1,--- ,Xok), Xo(esiys---) 


= gay D_ Slen wy (a) (Taf + Ka(Xo1s--+), To * Xoteta)s-+-) 


= wen S\ sign o w5(a)(K}(q)(Tef -Xo1;-++); Taf -Xo(et1)s +++) 
= (frinw)2(X1, see ,Xqtk—-1) 


(3) follows from this computation, since the df, f € C(M,R) separate 
points. 

(4) follows from the same computation for K2 instead of w, the result for the 
bracket then follows 8.2.2. 

(5) The algebra homomorphism f* intertwines the operators ix and ix, by 
(2), and f* commutes with the exterior derivative d. Thus f* intertwines the 
commutators [ix,d] = Lx and [ix,,d] = LK. 

(6) For g € 0°(N) we have Le fg =ixdf*g =i fi dg and f* leg = 
f* ix: dg. By (3) the result follows. 

(7) The algebra homomorphism /* intertwines Lx, and £ K's thus also their 


graded commutators, which are equal to £([K1, Ke]) and L([K{, K4]), respec- 
tively. Then use (6). 


8.16. Let f : WM — N be a local diffeomorphism. Then we can consider the 
pullback operator f* :Q(N;TN) — Q(M;TM), given by 


(1) PRG Re SB pf ate, 


Note that this is a special case of the pullback operator for sections of natural 
vector bundles in 6.15. Clearly K and f*K are then f-related. 


Theorem. In this situation we have: 
(2) f* [K, L] = [f*K, f*L]. 
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(3) ftinL=ipew f*L. 

(4) f* [KL] = [ft , fr)". 

(5) For a vector field X € ¥(M) and kK € Q(M;TM) by 6.15 the Lie 
derivative Lx K = 4\, (FI*)*K is defined. Then we have LyK = 
[X, A], the Frolicher-Nijenhuis-bracket. 


This is sometimes expressed by saying that the Frolicher-Nijenhuis bracket, 
[ , ]4, etc. are natural bilinear concomitants. 


Proof. (2) — (4) are obvious from 8.15. They also follow directly from the geo- 
metrical constructions of the operators in question. (5) Obviously £x is R-linear, 
so it suffices to check this formula for K =~ @Y, w € Q(M) and Y € X(M). 
But then 


Lx(P@VY)=LxPV@V+Y@LxY by 6.16 
=LxW@Y+7@ [X,Y] 
=[X,W@Y]_ by 8.7.6. 


8.17. Remark. At last we mention the best known application of the Frélicher- 
Nijenhuis bracket, which also led to its discovery. A vector valued 1-form J € 
01(M;TM) with Jo J = —Id is called a almost complex structure; if it exists, 
dim M is even and J can be viewed as a fiber multiplication with —I on TM. 
By 8.12 we have 


IX, YS osx, J¥) (8, ¥) HX IY] ose, Fi). 


The vector valued form 4[.J, J] is also called the Nijenhwis tensor of J, because 
we have the following result: 


A manifold M with an almost complex structure J is a complex 
manifold (i.e., there exists an atlas for M with holomorphic chart- 
change mappings) if and only if [J, J] = 0. See [Newlander-Nirenberg, 
57]. 


Remarks 


The material on the Lie derivative on natural vector bundles 6.14—6.20 appears 
here for the first time. Most of section 8 is due to [Frélicher-Nijenhuis, 56], the 
formula in 8.9 was proved by {[Mangiarotti-Modugno, 84] and [Michor, 87]. The 
Bianchi identity 8.14 is from [Michor, 89a]. 
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CHAPTER III. 
BUNDLES AND CONNECTIONS 


We begin our treatment of connections in the general setting of fiber bundles 
(without structure group). A connection on a fiber bundle is just a projection 
onto the vertical bundle. Curvature and the Bianchi identity is expressed with 
the help of the Frélicher-Nijenhuis bracket. The parallel transport for such a 
general connection is not defined along the whole of the curve in the base in 
general - if this is the case for all curves, the connection is called complete. We 
show that every fiber bundle admits complete connections. For complete con- 
nections we treat holonomy groups and the holonomy Lie algebra, a subalgebra 
of the Lie algebra of all vector fields on the standard fiber. 

Then we present principal bundles and associated bundles in detail together 
with the most important examples. Finally we investigate principal connections 
by requiring equivariance under the structure group. It is remarkable how fast 
the usual structure equations can be derived from the basic properties of the 
Frélicher-Nijenhuis bracket. Induced connections are investigated thoroughly - 
we describe tools to recognize induced connections among general ones. 

If the holonomy Lie algebra of a connection on a fiber bundle is finite dimen- 
sional and consists of complete vector fields on the fiber, we are able to show, 
that in fact the fiber bundle is associated to a principal bundle and the connec- 
tion is induced from an irreducible principal connection (theorem 9.11). This is 
a powerful generalization of the theorem of Ambrose and Singer. 

Connections will be treated once again from the point of view of jets, when 
we have them at our disposal in chapter IV. 

We think that the treatment of connections presented here offers some di- 
dactical advantages besides presenting new results: the geometric content of a 
connection is treated first, and the additional requirement of equivariance under 
a structure group is seen to be additional and can be dealt with later - so the 
reader is not required to grasp all the structures at the same time. Besides that 
it gives new results and new insights. There are naturally appearing connec- 
tions in differential geometry which are not principal or induced connections: 
The universal connection on the bundle J+ P/G of all connections of a principal 
bundle, and also the Cartan connections. 


9. General fiber bundles and connections 


9.1. Definition. A (fiber) bundle (E,p,M,S) consists of manifolds E, M, S, 
and a smooth mapping p: EF — M; furthermore it is required that each x © M 
has an open neighborhood U such that E | U := p~+(U) is diffeomorphic to 
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U x S via a fiber respecting diffeomorphism: 
E\|U a oa Uxs 


D mr 


U 


F is called the total space, M is called the base space, p is a surjective submersion, 
called the projection, and S is called standard fiber. (U,w) as above is called a 
fiber chart or a local trivialization of E. 

A collection of fiber charts (Uy, Wa), such that (U,) is an open cover of M, 
is called a (fiber) bundle atlas. If we fix such an atlas, then (qq 0 Wg ')(a,s) = 
(x, Wag(x,8)), where ~ag : (Ua NM Ug) x S — S is smooth and Wag(x, ) is a 
diffeomorphism of S for each « € Ugg := Ug Ug. We may thus consider 
the mappings Wag : Uag — Diff(S) with values in the group Diff(S) of all 
diffeomorphisms of S; their differentiability is a subtle question, which will not 
be discussed in this book, but see [Michor, 88]. In either form these mappings 
Wag are called the transition functions of the bundle. They satisfy the cocycle 
condition: Wag (x) owg,(x) = Vay(x) for « € Uagy and Waa(x) = Idg for x € Ua. 
Therefore the collection (Wqg) is called a cocycle of transition functions. 

Given an open cover (U,,) of a manifold M and a cocycle of transition func- 
tions (Wag) we may construct a fiber bundle (£,p, M,S) similarly as in 6.4. 


9.2. Lemma. Let p: N > M be a surjective submersion (a fibered manifold) 
which is proper (i.e., compact sets have compact inverse images) and let M be 
connected. Then (N,p,M) is a fiber bundle. 


Proof. We have to produce a fiber chart at each ro € M. So let (U,u) be 
a chart centered at x on M such that u(U) = R™. For each x € U let 
Ex(y) = (Tyu)~*.u(x), then € € X(U), depending smoothly on x € U, such 
that u(FI* u-(z)) = 24+ t.u(x), so each €, is a complete vector field on U. 
Since p is a submersion, with the help of a partition of unity on p-!(U) we may 
construct vector fields 1, € X(p~'(U)) which depend smoothly on x € U and are 
p-related to €:: Tp.ne = €; 0 p. Thus po FI?" = FIS* op by 3.14, so FI)” is fiber 
respecting, and since p is proper and €, is complete, 7, has a global flow too. 
Denote p~!(a9) by S. Then y: U x S = p-1(U), defined by y(z,y) = FI)" (y), 
is a diffeomorphism and is fiber respecting, so (U, p~') is a fiber chart. Since M 
is connected, the fibers p~'(z) are all diffeomorphic. 


9.3. Let (E,p,M,S) be a fiber bundle; we consider the tangent mapping Tp : 
TE — TM and its kernel ker Tp =: VE which is called the vertical bundle of 
E.. The following is special case of 8.13. 


Definition. A connection on the fiber bundle (Ep, M, S$) is a vector valued 1- 
form ® € 0!(E; VE) with values in the vertical bundle VE such that 6o® = @ 
and In® = VE; so ® is just a projection TE — VE. 


If we intend to contrast this general concept of connection with some special 
cases which will be discussed later, we will say that ® is a general connection. 


78 Chapter III. Bundles and connections 


Since ker ® is of constant rank, by 6.6 ker ® is a sub vector bundle of TE, it is 
called the space of horizontal vectors or the horizontal bundle and it is denoted 
by HE. Clearly TE = HE @VE and T,E = H,E SVE for u€ LE. 

Now we consider the mapping (Tp,tz) : TE — TM xyz E. We have by 
definition (Tp, 7z)~'(Opu), u) = VuE, so (Tp, tz) | HE: HE > TM xy E is 
fiber linear over EF and injective, so by reason of dimensions it is a fiber linear 
isomorphism: Its inverse is denoted by 


C:=((Tp,tr) | HE)':TM xm E> HESOTE. 


SoC :TM xy E — TE is fiber linear over FE and is a right inverse for (Tp, 72). 
C is called the horizontal lift associated to the connection ®. 

Note the formula ®(£,) = €— C(Tp.€u,u) for & € Ty. So we can equally 
well describe a connection ® by specifying C. Then we call ® the vertical pro- 
jection (no confusion with 6.11 will arise) and y := idpg — ® = Co (Tp, 72) will 
be called the horizontal projection. 


9.4. Curvature. Suppose that ® : TE — VF is a connection on a fiber bundle 
(E,p, M,S), then as in 8.13 the curvature R of ® is given by 


2R = [®, 4] = [Id —, Id —4] = [y, x] € 0?(E; VE) 


(The cocurvature R vanishes since the vertical bundle VE is integrable). We 
have R(X,Y) = $[®, 8] (X, Y) = ®{,X,xY], so R is an obstruction against 
integrability of the horizontal subbundle. Note that for vector fields €,7 € 
%(M) and their horizontal lifts C€,Cn € X(E) we have R(CE, Cn) = [CE, Cn] — 
C([E, n)). 

Since the vertical bundle V F is integrable, by 8.14 we have the Bianchi iden- 
tity [®, R] = 0. 
9.5. Pullback. Let (E,p,M,S) be a fiber bundle and consider a smooth map- 
ping f : N — M. Since p is a submersion, f and p are transversal in the sense 
of 2.18 and thus the pullback N x ,47,p) & exists. It will be called the pullback 
of the fiber bundle EF by f and we will denote it by f*E. The following diagram 
sets up some further notation for it: 


PE pf B 
f “| > 
bi 


N —— M. 


Proposition. In the situation above we have: 

(1) (f*E, f*p, N,S) is again a fiber bundle, and p*f is a fiber wise diffeo- 
morphism. 

(2) If € 0!(E; TE) is a connection on the bundle E, then the vector valued 
form f*®, given by (f*®),(X) := Ty (p* f)~+.®.T,,(p* f).X for X €T,E£, 
is a connection on the bundle f*E. The forms f*® and ©® are p* f-related 
in the sense of 8.15. 

(3) The curvatures of f*® and © are also p* f-related. 
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Proof. (1) If (Ua,%a) is a fiber bundle atlas of (E,p,M,S) in the sense of 
9.1, then (f~1(Ua), (f*p, pre 0° Wa © p*f)) is visibly a fiber bundle atlas for 
(f*E, f*p, N,S), by the formal universal properties of a pullback 2.19. (2) is 
obvious. (3) follows from (2) and 8.15.7. 


9.6. Let us suppose that a connection ® on the bundle (Ep, M,S) has zero 
curvature. Then by 9.4 the horizontal bundle is integrable and gives rise to the 
horizontal foliation by 3.25.2. Each point u € E lies on a unique leaf L(u) such 
that T,L(u) = H,E for each v € L(u). The restriction p | L(u) is locally a 
diffeomorphism, but in general it is neither surjective nor is it a covering onto 
its image. This is seen by devising suitable horizontal foliations on the trivial 
bundle pro : R x $+ > $1. 


9.7. Local description. Let ® be a connection on (E,p,M,S). Let us fix a 
fiber bundle atlas (U,.) with transition functions (qa), and let us consider the 
connection ((w.)7!')*® € O1(U, x S;U, x TS), which may be written in the 
form 


(ha) )*®) (Ex, My) = —P(E2,y) + Ny for €, € T,U, and Ny © Ty, S, 


since it reproduces vertical vectors. The [° are given by 


(02, P(E, y)) = —T (Wq)-®.T (Wa) (Ex, 0,). 


We consider I“ as an element of the space Q'(Ug; X($)), a 1-form on U® with 
values in the infinite dimensional Lie algebra X(S) of all vector fields on the 
standard fiber. The °° are called the Christoffel forms of the connection ® with 
respect to the bundle atlas (Ua, a). 


Lemma. The transformation law for the Christoffel forms is 


Ty (Wap (®, )).TF (En, 9) = T(E; Wap (2, y)) _ Tr (Wap ( Y)) &a- 


The curvature R of ® satisfies 
(oa')*R = al + [[°, Tx). 


Here dI@ is the exterior derivative of the 1-form [* € 01(U,;X(S)) with 
values in the complete locally convex space X(S'). We will later also use the 
Lie derivative of it and the usual formulas apply: consult [Frélicher, Kriegl, 88] 
for calculus in infinite dimensional spaces. By [['*,P*]x(s) we just mean the 
2-form (€,7) + [P(€), 0° (7)]x(s). See 11.2 for the more sophisticated notation 
$[P°, FP], for this. 

The formula for the curvature is the Maurer-Cartan formula which in this 
general setting appears only in the level of local description. 


Proof. From (wo ° (ws) +)(x, y) = (2, Waa (x, y)) we get that 
T(Wa 2 (g)—*)- (Ex, Ny) = (2, Tix,y) (Wag)-(Ex, Ny)) and thus: 


T(Wh*)-(On0¥ (Ex. 9)) = —®(L Hg *)(Ex. 04) = 
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(T(Wa")-T (a 0 b5')-(Exs Oy)) = 
= —O(T (a) (Ex Tay) (Yap) (Ex 0y))) = 
= — OT (Wa ') (Eo Opag(v.u))) — OT Wa") Ox; Tey bap (Ses 0y))) = 
=T(We")-(Ox, TEx, Poa(t,y))) — Tha )(Oxs Te(Waa( »¥))-€2). 
This implies the transformation law. 
For the curvature R of ® we have by 9.4 and 9.5.3 
(ba )*R((E0"), (€7,.0°)) = 
= (war) [Id —(a")* 8) (6,07), Id —(ba")* 8) (67, 07°) = 
= (war) O[(E*, P(E"), (P(E) = 
= (boy ® (61, PL, Te?) — OTE") + PE). TA*))) = 
= —T8((6, 7) + OTe?) — OTH) + (Pe (et), PC?) = 
= ar“(ee) + + (P9(é"), T(E") ]x(5). 
9.8. Theorem (Parallel transport). Let ® be a connection on a bundle 
(E,p, M,S) and let c: (a,b) — M be a smooth curve with 0 € (a,b), c(0) =a. 


Then there is a neighborhood U of E, x {0} in E, x (a,b) and a smooth 
mapping Pt.: U — E such that: 

(1) p(Pt(c, us, t)) = c(t) if defined, and Pt(c, uz, 0) = ux. 

(2) (4 Pt(c,uz,t)) = 0 if defined. 

(3) Reparametrisation invariance: If f : (a',b!) — (a,b) is smooth with 
0 € (a’,b’), then Pt(c, uz, f(t)) = Pt(co f, Pt(c, uz, f(0)), t) if defined. 

(4) U is maximal for properties (1) and (2). 

(5) If the curve c depends smoothly on further parameters then Pt(c, uz, t) 
depends also smoothly on those parameters. 


First proof. In local bundle coordinates o(4 Pt(c, uz, t)) = 0 is an ordinary 
differential equation of first order, nonlinear, ii initial condition Pt(c, uz, 0) = 
Uz. So there is a maximally defined local solution curve which is unique. All 
further properties are consequences of uniqueness. 


Second proof. Consider the pullback bundle (c* EF, c*p, (a,b), S) and the pullback 
connection c*® on it. It has zero curvature, since the horizontal bundle is 1- 
dimensional. By 9.6 the horizontal foliation exists and the parallel transport just 
follows a leaf and we may map it back to EF, in detail: Pt(c, uz,t) = p*c((c*p | 
L(uz))~*(t)). 

Third proof. Consider a fiber bundle atlas (Uq,Wa) as in 9.7. Then we have 
Wa (Pt(c, va (a, y); t)) = (c(t), Vy; t)), where 

O= ((ba")*®) (Felt), Hy. 4) = TP (Felt), v(y.t)) + Hy, 4), 

so 7(y, t) is the integral curve (evolution line) through y € S of the time depen- 
dent vector field [T° (c(t) on S. This vector field visibly depends smoothly 
on c. Clearly local solutions exist and all properties follow. For (5) we refer to 
[Michor, 83]. 
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9.9. A connection ® on (E,p, M,S/) is called a complete connection, if the par- 
allel transport Pt. along any smooth curve c: (a,b) — M is defined on the whole 
of E.~9) x (a,b). The third proof of theorem 9.8 shows that on a fiber bundle 
with compact standard fiber any connection is complete. 

The following is a sufficient condition for a connection ® to be complete: 


There exists a fiber bundle atlas (U,, ~q) and complete Riemannian met- 
rics gq on the standard fiber S such that each Christoffel form [T° € 
Q1(U,, £($)) takes values in the linear subspace of g,-bounded vector 
fields on S. 


For in the third proof of theorem 9.8 above the time dependent vector field 
T°(c(t)) on S is g,-bounded for compact time intervals. So by continuation 
the solution exists over c~'(U,,), and thus globally. 

A complete connection is called an Ehresmann connection in [Greub, Halperin, 
Vanstone I, 72, p. 314], where it is also indicated how to prove the following 
result. 


Theorem. Each fiber bundle admits complete connections. 


Proof. Let dimM = m. Let (Ua,Wa) be a fiber bundle atlas as in 9.1. By 
topological dimension theory [Nagata, 65] the open cover (U,) of M admits a 
refinement such that any m+ 2 members have empty intersection, see also 1.1. 
Let (U,.) itself have this property. Choose a smooth partition of unity (fa) 
subordinated to (U,). Then the sets Vy := {xv : fa(x) > an } Cc U, form still 
an open cover of M since > fa (a) = 1 and at most m+ 1 of the fa(a) can be 
nonzero. By renaming assume that each Vy is connected. Then we choose an 
open cover (W,) of M such that Wa C Va. 

Now let g; and gz be complete Riemannian metrics on M and S, respectively 
(see [Nomizu - Ozeki, 61] or [Morrow, 70]). For not connected Riemannian 
manifolds complete means that each connected component is complete. Then 
gilUa X g2 is a Riemannian metric on Ua x S and we consider the metric g := 
YS fava(gi|Ua X g2) on E. Obviously p: E — M is a Riemannian submersion 
for the metrics g and g;. We choose now the connection ® : TE — VE as the 
orthonormal projection with respect to the Riemannian metric g. 


Claim. ® is a complete connection on EF. 

Let c : [0,1] — M be a smooth curve. We choose a partition 0 = to < 
ty < +++ < tg = 1 such that c([ti,ti+1]) C Vo, for suitable a;. It suffices to 
show that Pt(c(t;+ ),ue(z;),t) exists for all 0 < t < ti, — & and all ug(,), 
for all 1 — then we may piece them together. So we may assume that c : 
[0,1] — V. for some a. Let us now assume that for some (z,y) € Va x S$ 
the parallel transport Pt(c, va(z,y),t) is defined only for t € [0,t’) for some 
0 <t! <1. By the third proof of 9.8 we have Pt(c, Wa(z, y),t) = va (c(t), y(), 
where y : [0,¢’) + S is the maximally defined integral curve through y € S$ 
of the time dependent vector field T*(4e(), ) on S. We put ga := (wz')*9, 
then (ga)(e,y) = (g1)a x (Xe fa(e)beo(x, )*g2)y- Since pri: (Va x S,ga) > 
(Va, 91|Va) is a Riemannian submersion and since the connection (7), 1)*® is also 
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given by orthonormal projection onto the vertical bundle, we get 


t! 
o> gi-length) (c) = ga-length(c, y) = | |\(c’(t), £(t))loa dt = 
0 


- [ vie) 2 + Voefalelt)) bas(elt), —)*92(Gr(t), Gr) at > 
>[ Vf lev Nae dt > 5 


So go-lenght(y) is finite and since the Riemannian metric gz on S is complete, 
limy4 y(t) =: 7(t’) exists in S and the integral curve y can be continued. 


9.10. Holonomy groups and Lie algebras. Let (£,p, M,S) be a fiber bun- 
dle with a complete connection ®, and let us assume that M is connected. We 
choose a fixed base point zp € M and we identify E,, with the standard fiber S. 
For each closed piecewise smooth curve c: [0,1] — M through xo the parallel 
transport Pt(c, ,1) =: Pt(c,1) (pieced together over the smooth parts of c) 
is a diffeomorphism of S. All these diffeomorphisms form together the group 
Hol(®, 2), the holonomy group of ® at xo, a subgroup of the diffeomorphism 
group Diff(S). If we consider only those piecewise smooth curves which are ho- 
motopic to zero, we get a subgroup Holo(®, xq), called the restricted holonomy 
group of the connection ® at 29. 

Now let C: TM xy E — TE be the horizontal lifting as in 9.3, and let R 
be the curvature (9.4) of the connection ®. For any x € M and X, € T,M 
the horizontal lift C(Xz) := C(Xz, ): E, — TE is a vector field along Ez. 
For X, and Y, € T,,M we consider R(CX,,CY,) € X(E,). Now we choose 
any piecewise smooth curve c from zg to x and consider the diffeomorphism 
Pt(c,t): S = E,, — E, and the pullback Pt(c,1)*R(CX,,CY,) € X(S). Let 
us denote by hol(®, 29) the closed linear subspace, generated by all these vector 
fields (for all a € M, X,, Yr € T,M and curves c from xp to x) in X(S) with 
respect to the compact C'°-topology (see [Hirsch, 76]), and let us call it the 
holonomy Lie algebra of ® at xo. 


Lemma. hol(®, 9) is a Lie subalgebra of X(S). 


Proof. For X € X¥(M) we consider the local flow FIf* of the horizontal lift of 
X. It restricts to parallel transport along any of the flow lines of X in M. Then 
for vector fields X,Y,U,V on M the expression 


Slo(FIy*)*(FIp” )* (PISS )* (FIZ )* R(CU, CV)| Erg 
= (FI*)* (CY, (PISS )* (FIZ7)* R(CU, CV)]| Fag 
= [(FIC*)*CY, (FIS7)* R(CU, CV)||E. 


is in hol(®, x9), since it is closed in the compact C'™°-topology and the derivative 
can be written as a limit. Thus 


[(FIC* )* (CY, CY2], (FIS7)* R(CU, CV)||Ex, € hol(®, ao) 
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by the Jacobi identity and 
[(FIC*)*O[M1, Ya), (FIS?)*R(CU, CV) ]| xq € hol(®, 20), 
so also their difference 


[(FIS* )* R(CY1, CY), (FIS7)* R(CU, CV)]|Ex, 


is in hol(®, xo). 


9.11. The following theorem is a generalization of the theorem of Ambrose 
and Singer on principal connections. The reader who does not know principal 
connections is advised to read parts of sections 10 and 11 first. We include this 
result here in order not to disturb the development in section 11 later. 


Theorem. Let ® be a complete connection on the fibre bundle (Ep, M,S') and 
let M be connected. Suppose that for some (hence any) xo € M the holonomy 
Lie algebra hol(®, xo) is finite dimensional and consists of complete vector fields 
on the fiber E,,, 

Then there is a principal bundle (P, p, M, G) with finite dimensional structure 
group G, an irreducible connection w on it and a smooth action of G on S' such 
that the Lie algebra g of G equals the holonomy Lie algebra hol(®, xo), the fibre 
bundle E is isomorphic to the associated bundle P[S], and ® is the connection 
induced by w. The structure group G' equals the holonomy group Hol(®, x9). P 
and w are unique up to isomorphism. 


By a theorem of [Palais, 57] a finite dimensional Lie subalgebra of X(E,,,) 
like hol(®, x9) consists of complete vector fields if and only if it is generated by 
complete vector fields as a Lie algebra. 


Proof. Let us again identify E,, and S. Then g := hol(®, 9) is a finite dimen- 
sional Lie subalgebra of (S$), and since each vector field in it is complete, there 
is a finite dimensional connected Lie group Go of diffeomorphisms of S with Lie 
algebra g, see [Palais, 57]. 


Claim 1. Go contains Holp(®, x9), the restricted holonomy group. 

Let f € Holo(®, x9), then f = Pt(c,1) for a piecewise smooth closed curve c 
through x9, which is nullhomotopic. Since the parallel transport is essentially 
invariant under reparametrisation, 9.8, we can replace c by co g, where g is 
smooth and flat at each corner of c. So we may assume that c itself is smooth. 
Since c is homotopic to zero, by approximation we may assume that there is a 
smooth homotopy H : R? > M with H,|[0,1] = ¢ and Ap|[0,1) = vo. Then 
fi = Pt( Hz, 1) is a curve in Holo(®, 79) which is smooth as a mapping Rx S > S. 
The rest of the proof of claim 1 will follow. 


Claim 2. (Sf) o f; | =: Z is in g for all t. 


To prove claim 2 we consider the pullback bundle H* E — R? with the induced 
connection H*®. It is sufficient to prove claim 2 there. Let X = a and Y = 4 
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be the constant vector fields on R?, so [X,Y] =0. Then Pt(c, s) = 2 bia |S and 
so on. We put 


fis = FIX oFISY o FISX oFISY 3 5 SS, 
so fii = f;. Then we have in the vector space X(5) 
(Hfss) ° fgg = —(FIS*)*CY + (FIP~)* Fp” )*(FIES)*CY, 
(aihiade tat =f  (hfes)® fed) a 
= [ (- (FIEX)*(OX, CY] + (FICX)*[CX, (FICY)*(FIC*)*CY] 
—(Fie* y+ (mie* Ie )*1CX, cY]) ds. 
Since LX, Y] = 0 we have (CX, CY] = ®[C.X, CY] = R(CX, CY) and 
(FIP*)*cy = c ((PIX)Y) + ((FIP* CY) 
=CY+ i 4 @(FIP*)*CY dt 
=coy + i. OI *)\"\CX, CY) di 


t 
=CY +f @(Fl*)*R(CX, CY) dt 
0 


t 
=CY+ | (Fie PRCXCY) de 
0 


The flows (FIC X,)* and its derivative at 0 Lox =[CX, ] do not lead out of 
g, thus all parts of the integrand above are in g. So (4 fi) ° fa is in g for all 
t and claim 2 follows. 

Now claim 1 can be shown as follows. There is a unique smooth curve g(t) 
in Go satisfying T.(pg))Zt = Z-g(t) = # g(t) and g(0) = e; via the action of 
Go on S the curve g(t) is a curve of diffeomorphisms on S, generated by the 
time dependent vector field Z;, so g(t) = f; and f = f; is in Gop. So we get 
Holo (®, xo) G Go. 


Claim 3. Holo(®, 20) equals Go. 

In the proof of claim 1 we have seen that Holo(®, x9) is a smoothly arcwise 
connected subgroup of Go, so it is a connected Lie subgroup by the results cited 
in 5.6. It suffices thus to show that the Lie algebra g of Go is contained in the 
Lie algebra of Holo(®, x9), and for that it is enough to show, that for each € ina 
linearly spanning subset of g there is a smooth mapping f : [—1,1]x S > S such 
that the associated curve f lies in Holo(®, x9) with f’(0) = 0 and f’(0) =€. 

By definition we may assume € = Pt(c,1)*R(CX,,CY,) for Xz, Yr € T,M 
and a smooth curve c in M from 2p to x. We extend X, and Y, to vector fields 
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X and Y € X(M) with [X,Y] =0 near x. We may also suppose that Z € X(M) 
is a vector field which extends c’(t) along c(t): if c is simple we approximate it 
by an embedding and can consequently extend c’(t) to such a vector field. If c 
is not simple we do this for each simple piece of c and have then several vector 
fields Z instead of one below. So we have 


a 


(FIZ7)* R(CX, CY) = (FIC7)*[CX, CY] _ since [X, Y](x) =0 
= (FIS7)*2 4 [co (FISY o FICK o FISY o FIE*) by 3.16 
12 (Pie en erie ehil’ ene one), 


where the parallel transport in the last equation first follows c from xo to x, then 
follows a small closed parallelogram near x in M (since [X, Y] = 0 near x) and 
then follows c back to a9. This curve is clearly nullhomotopic. 


Step 4. Now we make Hol(®, 29) into a Lie group which we call G, by taking 
Holo(®, x9) = Go as its connected component of the identity. Then the quotient 
group Hol(®, x79) / Holo(®, zo) is countable, since the fundamental group 7(M) 
is countable (by Morse theory M is homotopy equivalent to a countable CW- 
complex). 


Step 5. Construction of a cocycle of transition functions with values in G. Let 
(Ug,Ua : Ua — R™) be a locally finite smooth atlas for M such that each 
Ug : Uy > R™) is surjective. Put xq := uZ'(0) and choose smooth curves cq : 
[0,1] — M with c,(0) = xp and cg(1) = rq. For each x € Ug let c% : [0,1] — M 
be the smooth curve t +> ugl(t.ua(x)), then c® connects z_ and a and the 
mapping (2, t) + c3(t) is smooth U, x [0,1] + M. Now we define a fibre bundle 
atlas (Ua, Wa : E\Ug 4 Ua x 8) by Wat (a2, 8) = Pt(c%,1) Pt(ca, 1) s. Then wa is 
smooth since Pt(c%,1) =F +e for a local vector field X,, depending smoothly 
on x. Let us investigate the transition functions. 


Pahy (2, 5) = (@, Piles, 1) “Pies Ay? Piles, 1) Piles, 1).4) 


a (a, Pileqe,{e5) "e.) * 4) s) 
=: (@, Wag(x) 8), where Wag: Uag > G. 


Clearly gq : Uga x S — S is smooth which implies that wgq : Uga — G is 
also smooth. (wag) is a cocycle of transition functions and we use it to glue 
a principal bundle with structure group G over M which we call (P,p, M,G). 
From its construction it is clear that the associated bundle P[S] = P xq S equals 
(E,p, M,S). 


Step 6. Lifting the connection ® to P. 

For this we have to compute the Christoffel symbols of ® with respect to the 
atlas of step 5. To do this directly is quite difficult since we have to differentiate 
the parallel transport with respect to the curve. Fortunately there is another 
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way. Let c: [0,1] - U, be a smooth curve. Then we have 
ba(Pt(c, tw, '(e(0), s)) = 
= (c(t), Pt((cq)~1, 1) Pt((co)-1, 1) Pt(e, t) Pt(co, 1) Pt(ca, 1)s) 
= (c(t), 1(#)-8), 


where 7(t) is a smooth curve in the holonomy group G. Let [® € 0'(U,, X(S)) 
be the Christoffel symbol of the connection ® with respect to the chart (Ua, a). 
From the third proof of theorem 9.8 we have 


ba(Pt(c, tvs '(e(0), s)) = (c(t), W(t, 8)), 


— 


where 7(t,s) is the integral curve through s of the time dependent vector field 
T*(4c(t)) on S. But then we get 


So T° takes values in the Lie sub algebra of fundamental vector fields for the 
action of G on S. By theorem 11.9 below the connection ® is thus induced by a 
principal connection w on P. Since by 11.8 the principal connection w has the 
‘same’ holonomy group as ® and since this is also the structure group of P, the 
principal connection w is irreducible, see 11.7. 


10. Principal fiber bundles and G-bundles 


10.1. Definition. Let G be a Lie group and let (E,p,M,S) be a fiber bundle 
as in 9.1. A G-bundle structure on the fiber bundle consists of the following 
data: 


(1) A left action 2: G x S — S of the Lie group on the standard fiber. 

(2) A fiber bundle atlas (U,, ~q) whose transition functions (jg) act on S' 
via the G-action: There is a family of smooth mappings (Yag : Uag > G) 
which satisfies the cocycle condition yog(r)yay(%) = Yay(x) for x € 
Uagy and Yaa(r) = e, the unit in the group, such that Wag(x,s) = 
£(Yap(x), 8) = Gap(@).s. 

A fiber bundle with a G-bundle structure is called a G-bundle. A fiber bundle 
atlas as in (2) is called a G-atlas and the family (Yq) is also called a cocycle of 
transition functions, but now for the G-bundle. G is called the structure group 
of the bundle. 

To be more precise, two G-atlases are said to be equivalent (to describe the 
same G-bundle), if their union is also a G-atlas. This translates as follows to 
the two cocycles of transition functions, where we assume that the two coverings 
of M are the same (by passing to the common refinement, if necessary): (Ya) 
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and (p44) are called cohomologous if there is a family (tq : Ua — G) such that 
Pap(£) = Ta(x)~!.~,g(#)-T a(x) holds for all 2 € Uag, compare with 6.4. 

In (2) one should specify only an equivalence class of G-bundle structures 
or only a cohomology class of cocycles of G-valued transition functions. The 
proof of 6.4 now shows that from any open cover (U,) of M, some cocycle of 
transition functions (Yyag : Uag — G) for it, and a left G-action on a manifold 
S, we may construct a G-bundle, which depends only on the cohomology class 
of the cocycle. By some abuse of notation we write (E,p,M,S,G) for a fiber 
bundle with specified G-bundle structure. 


Examples. The tangent bundle of a manifold M is a fiber bundle with structure 
group GL(m). More general a vector bundle (F,p,M,V) as in 6.1 is a fiber 
bundle with standard fiber the vector space V and with GL(V)-structure. 


10.2. Definition. A principal (fiber) bundle (P,p,M,G) is a G-bundle with 
typical fiber a Lie group G, where the left action of G on G is just the left 
translation. 

So by 10.1 we are given a bundle atlas (Ua,~a : P|\Ua — Ua x G) such 
that we have Pag (a; a) = (%, Yag(x).a) for the cocycle of transition functions 
(Yap : Uag — G). This is now called a principal bundle atlas. Clearly the 
principal bundle is uniquely specified by the cohomology class of its cocycle of 
transition functions. 

Each principal bundle admits a unique right action r: P x G — P, called the 
principal right action, given by Ya(r(ya* (a, a),g)) = (a, ag). Since left and right 
translation on G commute, this is well defined. As in 5.10 we write r(u, g) = u.g 
when the meaning is clear. The principal right action is visibly free and for any 
uz € P, the partial mapping ry, =7r(urz, ):G— P, is a diffeomorphism onto 
the fiber through u,, whose inverse is denoted by 7,,,,: P, — G. These inverses 
together give a smooth mapping 7 : P x,y P — G, whose local expression is 
T(y,1(a,a),~,'(z,b)) = at.b. This mapping is also uniquely determined by 
the implicit equation r(uz,T(Uz,Uz)) = Uz, thus we also have T(uz.g,ul,.g') = 
g 1.7 (uz, ul,).g' and T(uz, Ux) = e. 

When considering principal bundles the reader should think of frame bundles 
as the foremost examples for this book. They will be treated in 10.11 below. 


10.3. Lemma. Let p: P — M bea surjective submersion (a fibered manifold), 
and let G be a Lie group which acts freely on P from the right such that the 
orbits of the action are exactly the fibers p~!(x) of p. Then (P,p,M,G) is a 
principal fiber bundle. 


If the action is a left one we may turn it into a right one by using the group 
inversion if necessary. 


Proof. Let 54 : Ua — P be local sections (right inverses) for p : P + M such that 
(U.) is an open cover of M. Let yy! :U, x G— P|U, be given by yo! (2, a) = 
Sa(x).a, which is obviously injective with invertible tangent mapping, so its 
inverse Yq : P|U, — Ua x G is a fiber respecting diffeomorphism. So (Ua, Ya) 
is already a fiber bundle atlas. Let 7 : P x,y P — G be given by the implicit 
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equation r(uz,T(uz,u,)) = ul, where r is the right G-action. 7 is smooth 
by the implicit function theorem and clearly we have T(uz,ul,.g) = T(Ux, Uy)-g 
and Yo(ux) = (%,T(Sa(X),Ux)). Thus we have Yay (2,9) = Ya(se(x).g) = 
(x,7(Sa(x), 83(@).g)) = (,T(Sa(x), 8a(x)).g) and (Ua, Ya) is a principal bundle 
atlas. 


10.4. Remarks. In the proof of lemma 10.3 we have seen, that a principal 
bundle atlas of a principal fiber bundle (P,p, M,G) is already determined if we 
specify a family of smooth sections of P, whose domains of definition cover the 
base M. 

Lemma 10.3 can serve as an equivalent definition for a principal bundle. But 
this is true only if an implicit function theorem is available, so in topology 
or in infinite dimensional differential geometry one should stick to our original 
definition. 

From the lemma itself it follows, that the pullback f* P over a smooth mapping 
f : M’ — M is again a principal fiber bundle. 


10.5. Homogeneous spaces. Let G be a Lie group with Lie algebra g. Let K 
be a closed subgroup of G, then by theorem 5.5 K is a closed Lie subgroup whose 
Lie algebra will be denoted by € By theorem 5.11 there is a unique structure 
of a smooth manifold on the quotient space G/K such that the projection p : 
G — G/K is a submersion, so by the implicit function theorem p admits local 
sections. 


Theorem. (G,p,G/K, K) is a principal fiber bundle. 


Proof. The group multiplication of G restricts to a free right action y: Gx K — 
G, whose orbits are exactly the fibers of p. By lemma 10.3 the result follows. 


For the convenience of the reader we discuss now the best known homogeneous 
spaces. 

The group SO(n) acts transitively on S”~! C R”. The isotropy group of the 
‘north pole’ (1,0,... ,0) is the subgroup 


€ s0(n— y) 


which we identify with SO(n —1). So S"~1 = SO(n)/SO(n— 1) and we have a 
principal fiber bundle (SO(n), p,.$"~!, SO(n — 1)). Likewise 
(O(n), p, oe; O(n eS 1)}, 
(SU(n), p, aime SU(n ~~ 1), 
(U(n), p, $?"-1, U(n — 1)), and 
(Sp(n), p, S4?—1, Sp(n — 1)) are principal fiber bundles. 

The Grassmann manifold G(k,n;IR) is the space of all k-planes containing 0 
in R”. The group O(n) acts transitively on it and the isotropy group of the 
k-plane R* x {0} is the subgroup 
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therefore G(k,n;R) = O(n)/O(k) x O(n — k) is a compact manifold and we get 
the principal fiber bundle (O(n), p, G(k, n; R), O(k) x O(n — k)). Likewise 
(SO(n), p, G(k,n;R), SO(k) x SO(n — k)), 

(U(n), p, G(k, n;C), U(k) x U(n — k)), and 

(Sp(n), p, G(k, n; H), Sp(k) x Sp(n — k)) are principal fiber bundles. 

The Stiefel manifold V(k,n;R) is the space of all orthonormal k-frames in 
R”. Clearly the group O(n) acts transitively on V(k,n;R) and the isotropy 
subgroup of (e€1,... ,e%) is Ix x O(n —k), so V(k,n;R) = O(n)/O(n — k) is a 
compact manifold and (O(n), p, V(k,; R), O(n — k)) is a principal fiber bundle. 
But O(k) also acts from the right on V(k,n;R), its orbits are exactly the fibers 
of the projection p : V(k,n;R) — G(k,n;R). So by lemma 10.3 we get a prin- 
cipal fiber bundle (V (k,n, R), p, G(k, n; R), O(k)). Indeed we have the following 
diagram where all arrows are projections of principal fiber bundles, and where 
the respective structure groups are written on the arrows: 


eC a) 
(a) (| Jou) 
V(n —k,n;R) O(n —b) G(k,n;R) 


It is easy to see that V(k, 1) is also diffeomorphic to the space { A € L(R*,R"”) : 
A'.A =I, }, ie. the space of all linear isometries R* — R”". There are further- 
more complex and quaternionic versions of the Stiefel manifolds. 

Further examples will be given by means of jets in section 12. 


10.6. Homomorphisms. Let y : (P,p,M,G) — (P'’,p’, M',G) be a principal 
fiber bundle homomorphism, i.e. a smooth G-equivariant mapping x : P > P’. 
Then obviously the diagram 

x 


P—*— P' 


(a) 7 i 


ih 
M a ae M 
commutes for a uniquely determined smooth mapping y : M — M’. For each 
x € M the mapping xx := x|P: : Pr > Fas is G-equivariant and therefore a 
diffeomorphism, so diagram (a) is a pullback diagram. We denote by PB(G) the 
category of principal G-bundles and their homomorphisms. 

But the most general notion of a homomorphism of principal bundles is the 
following. Let ® : G — G’ be a homomorphism of Lie groups. y : (P,p, M,G) — 
(P’, p’, M’,G’) is called a homomorphism over ® of principal bundles, if x : P > 
P’ is smooth and y(u.g) = y(w).®(g) holds for all u € P and g € G. Then x is 
fiber respecting, so diagram (a) makes again sense, but it is no longer a pullback 
diagram in general. Thus we obtain the category PB of principal bundles and 
their homomorphisms. 
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If x covers the identity on the base, it is called a reduction of the structure 
group G’ to G for the principal bundle (P’, p’, M’,G’) — the name comes from 
the case, when ® is the embedding of a subgroup. 

By the universal property of the pullback any general homomorphism y of 
principal fiber bundles over a group homomorphism can be written as the com- 
position of a reduction of structure groups and a pullback homomorphism as 
follows, where we also indicate the structure groups: 


if; G) — GCP G") ——{ (P’, G") 


' AL 


M —————> M". 


10.7. Associated bundles. Let (P,p,M,G) be a principal bundle and let 
£:GxS-—S bea left action of the structure group G on a manifold S$. We 
consider the right action R : (P x S) x G — Px S, given by R((u,s),g) = 
(u.g,g7*.8). 

Theorem. In this situation we have: 


(1) The space P xq S of orbits of the action R carries a unique smooth 
manifold structure such that the quotient mapq: Px S—> PxqgSisa 
submersion. 

(2) (Pxc@S,p, M,S,G) is a G-bundle in a canonical way, where p: PxgS > 
M is given by 


Pus — "2 Pxed 


(a) ™ 7 


— es |B 
In this diagram q, : {u} x S > (P X@S)p(u) is a diffeomorphism for each 
ue P. 
(3) (Px S,q, P xq S,G) is a principal fiber bundle with principal action R. 
(4) If (Ua, Pa : P|\Ua — Ua x G) is a principal bundle atlas with cocycle 
of transition functions (gag : Uag — G), then together with the left 
action £: G x S' — S this cocycle is also one for the G-bundle (P xq 
S,p, M,S,G). 


Notation. (P xq S,p, M,S,G) is called the associated bundle for the action 
£: Gx S— S. We will also denote it by P[S,¢] or simply P[S] and we will 
write p for p if no confusion is possible. We also define the smooth mapping 
To =7:Pxy P[S,4] > S by r(uz, vz) = G1 (vz). It satisfies r(u, q(u, s)) = s, 
q(Uz,T(Ur;Vx)) = Vz, and T(Uz-g,Uz) = g7'-T(Ux, Ux). In the special situation, 
where S = G and the action is left translation, so that P[G] = P, this mapping 
coincides with tT = T° considered in 10.2. We denote by {u,s} € P xg S the 
G-orbit through (u,s) € Px S. 
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Proof. In the setting of the diagram in (2) the mapping po pr, is constant on 
the R-orbits, so p exists as a mapping. Let (Ua,~a : P|\Ua — Ua x G) bea 
principal bundle atlas with transition functions (Yag : Uag — G). We define 
~y':Ugx 8S > pt(Ua) C PXGS by vg (2, 8) = g(~q'(z, e), 8), which is fiber 
respecting. For each orbit in p~!(x) C P xq S there is exactly one s € S$ such 
that this orbit passes through (yz 1(z,e),s), namely s = T?(uz, ya 1 (a, e))71.s! 
if (uz, 8’) is the orbit, since the principal right action is free. Thus Wj 1(z, +) : 
S — p-1(z) is bijective. Furthermore 


va (a, s) = q(yg (2, e), s) 
= (Pa (2, oe(2x).e),8) = a(~a" (2, €)-Cap(2), 8) 


= 9(%5"(2,€), Pap(2)-8) = ¥5 (2, Gaa(2).8), 


so Pay (x, 8) = (, Pag(z).s) So (Ug, va) is a G-atlas for P xg S and makes 
it into a smooth manifold and a G-bundle. The defining equation for Ww shows 
that q is smooth and a submersion and consequently the smooth structure on 
PxX@S is uniquely defined, and p is smooth by the universal properties of a 
submersion. 

By the definition of a. the diagram 


(b) | [ia xl 


commutes; since its lines are diffeomorphisms we conclude that qu : {u} x S > 
p'(p(u)) is a diffeomorphism. So (1), (2), and (4) are checked. 
(3) follows directly from lemma 10.3. 


10.8. Corollary. Let (E,p,M,S,G) be a G-bundle, specified by a cocycle of 
transition functions (~qg) with values in G and a left action ¢ of G on S. Then 
from the cocycle of transition functions we may glue a unique principal bundle 
(P,p, M,G) such that E = P{S, ¢]. 


This is the usual way a differential geometer thinks of an associated bundle. 
He is given a bundle EF, a principal bundle P, and the G-bundle structure then 
is described with the help of the mappings 7 and g. We remark that in standard 
differential geometric situations, the elements of the principal fiber bundle P play 
the role of certain frames for the individual fibers of each associated fiber bundle 
E = P{S,¢|. Every frame u € P; is interpreted as the above diffeomorphism 
du + S— Eg. 


10.9. Equivariant mappings and associated bundles. 

1. Let (P,p,M,G) be a principal fiber bundle and consider two left actions 
of G,2:GxS—> Sand f’:Gx S’ — S". Let furthermore f : S — S’ be 
a G-equivariant smooth mapping, so f(g.s) = g.f(s) or folg =, 0 f. Then 
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Idp xf: Px S— PS’ is equivariant for the actions R: (Px S)xG—-PxS 
and R’ : (Px $")xG — PxS’ and is thus a homomorphism of principal bundles, 
so there is an induced mapping 


peg TET = py 


. an: 


Pye el aye 


which is fiber respecting over MW, and a homomorphism of G-bundles in the sense 
of the definition 10.10 below. 


2. Let vy : (P,p, M,G) = (P’,p’, M’,G) be a homomorphism of principal fiber 
bundles as in 10.6. Furthermore we consider a smooth left action 0: Gx S — S. 
Then y x Idg : P x S — P’ x S is G-equivariant (a homomorphism of principal 
fiber bundles) and induces a mapping yxGIdg : PxgS — P’x@GS, which is fiber 
respecting over M, fiber wise a diffeomorphism, and again a homomorphism of 
G-bundles in the sense of definition 10.10 below. 


3. Now we consider the situation of 1 and 2 at the same time. We have two 
associated bundles P[S, ¢] and P’[S’, ¢’]. Let x : (P,p,M,G) — (P’,p', M’,G) be 
a homomorphism principal fiber bundles and let f : S — S’ be an G-equivariant 
mapping. Then y x f: Px S$ — P’ x S" is clearly G-equivariant and therefore 
induces a mapping y xc f : P[S, 4] > P’[S’, @'] which again is a homomorphism 
of G-bundles. 


4. Let S be a point. Then P[S] = P xg S = M. Furthermore let y € S’ be 
a fixed point of the action ¢’ : G x S’ — S$’, then the inclusion i : {y} — S$" is 
G-equivariant, thus Idp xi induces the mapping Idp x gi: M = Pl{y}] — P[S"], 
which is a global section of the associated bundle P[S’]. 

If the action of G on S is trivial, so g.s = s for all s € S, then the associ- 
ated bundle is trivial: P[S] = M x S. For a trivial principal fiber bundle any 
associated bundle is trivial. 


10.10. Definition. In the situation of 10.9, a smooth fiber respecting mapping 
y: P[S, 4) = P’[S’, £'| covering a smooth mapping 7 : M — M’' of the bases is 
called a homomorphism of G-bundles, if the following conditions are satisfied: 
P is isomorphic to the pullback 7*P’, and the local representations of y in 
pullback-related fiber bundle atlases belonging to the two G-bundles are fiber 
wise G-equivariant. 

Let us describe this in more detail now. Let (U1, w/,) be a G-atlas for P’[S’, 6") 
with cocycle of transition functions (y,,), belonging to the principal fiber bundle 
atlas (UL, yp!) of (P’, p’, M’,G). Then the pullback-related principal fiber bundle 
atlas (U, = y~'(U4,), ea) for P = y*P’ as described in the proof of 9.5 has the 
cocycle of transition functions (Yas = ¢/, g° Y); it induces the G-atlas (Ua, Ya) 
for P[S,¢]. Then (vw, oyow7)(a,8) = (9(2), Yo(z,8)) and ya(x, ):S 3 8" 
is required to be G-equivariant for all a and all x € Ug. 
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Lemma. Let 7: P[S,4| — P’[S', | be a homomorphism of G-bundles as de- 
fined above. Then there is a homomorphism y : (P,p,M,G) — (P’,p', M’,G) 
of principal bundles and a G-equivariant mapping f : S — S’ such that y = 
x xq f:P[S,é) > P’[S’, 2). 

Proof. The homomorphism y : (P,p,M,G) — (P’,p’, M’,G) of principal fiber 
bundles is already determined by the requirement that P = y*P’, and we have 
y =x. The G-equivariant mapping f : S > S’ can be read off the following 
diagram which by the assumptions is seen to be well defined in the right column: 


Ss 
P x M P{S| tT _,g 
(a) r| | 


P' xm P'[S"| 1, Ss’ 


So a homomorphism of G-bundles is described by the whole triple (vy : P — 
P’,f : S — S’ (G-equivariant),y : P[S] — P’[S"]), such that diagram (a) 
commutes. 


10.11. Associated vector bundles. Let (P,p, M,G) be a principal fiber bun- 
dle, and consider a representation p: G — GL(V) of G on a finite dimensional 
vector space V. Then P[V, p] is an associated fiber bundle with structure group 
G, but also with structure group GL(V), for in the canonically associated fiber 
bundle atlas the transition functions have also values in GL(V). So by section 6 
P\V, p] is a vector bundle. 

Now let F be a covariant smooth functor from the category of finite dimen- 
sional vector spaces and linear mappings into itself, as considered in section 
6.7. Then clearly Fop: G — GL(V) — GL(F(V)) is another representa- 
tion of G and the associated bundle P[F(V),F © p] coincides with the vector 
bundle F(P[V, p]) constructed with the method of 6.7, but now it has an ex- 
tra G-bundle structure. For contravariant functors F we have to consider the 
representation F o pov, similarly for bifunctors. In particular the bifunctor 
L(V,W) may be applied to two different representations of two structure groups 
of two principal bundles over the same base M to construct a vector bundle 
L(PIV, ol, PV", pl) = (P xz PYIL(V,V"), Lo ((p0v) x p’). 

If (E,p,M) is a vector bundle with n-dimensional fibers we may consider 
the open subset GL(R”, £) c L(M x R",E), a fiber bundle over the base M, 
whose fiber over 7 € M is the space GL(R", F,) of all invertible linear map- 
pings. Composition from the right by elements of GL(n) gives a free right 
action on GL(R", E) whose orbits are exactly the fibers, so by lemma 10.3 we 
have a principal fiber bundle (GL(R”, E),p, M,GL(n)). The associated bundle 
GL(R", £)[IR”] for the standard representation of GZ(n) on R” is isomorphic 
to the vector bundle (E,p,M) we started with, for the evaluation mapping 
ev : GL(R", E) x R” = E is invariant under the right action R of GL(n), and 
locally in the image there are smooth sections to it, so it factors to a fiber linear 
diffeomorphism GL(R”, £)[R"] = GL(R", E) x@rn) R” — E. The principal 
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bundle GL(R”, E) is called the linear frame bundle of E. Note that local sec- 
tions of GL(R”, E) are exactly the local frame fields of the vector bundle E as 
discussed in 6.5. 

To illustrate the notion of reduction of structure group, we consider now 
a vector bundle (£,p,M,R”) equipped with a Riemannian metric g, that is 
a section g € C™®(S?E*) such that gz is a positive definite inner product on 
E, for each x € M. Any vector bundle admits Riemannian metrics: local 
existence is clear and we may glue with the help of a partition of unity on 
M, since the positive definite sections form an open convex subset. Now let 
s’ = (s},...,8),,) € C®(GL(R"”, E)|U) be a local frame field of the bundle £ 
over U C M. Now we may apply the Gram-Schmidt orthonormalization pro- 
cedure to the basis (s1(a),...,5,(a)) of EB, for each x € U. Since this proce- 
dure is smooth (even real analytic), we obtain a frame field s = (51,... ,5n) 
of E over U which is orthonormal with respect to g. We call it an orthonor- 
mal frame field. Now let (U,) be an open cover of M with orthonormal frame 
fields s* = (s¢,...,5°), where s® is defined on U,. We consider the vector 
bundle charts (Ua,Wa : E|Ua — Ua x R") given by the orthonormal frame 
fields: wot(a,vt,...,07) = So s%(a).ut =: s*(x).v. For « € Ugg we have 
so(r) = > 34 («)-ge04 (2) for C°-functions Jap? : Uag — R. Since s°(x) and 
s°(x) are both orthonormal bases of Ey, the matrix gog(x) = (gaa i(a)) is an 
element of O(n). We write s* = s°.ggq for short. Then we have g(a, v) = 
s?(x).u = s*(x).goe(x).v = 51(2, Gaa(x).v) and consequently hathg (a, v) = 
(Z, gag(x).v). So the (gag : Vag — O(n)) are the cocycle of transition functions 
for the vector bundle atlas (Ua, wq). So we have constructed an O(n)-structure 
on £. The corresponding principal fiber bundle will be denoted by O(R”, (E, 9)); 
it is usually called the orthonormal frame bundle of E. It is derived from the 
linear frame bundle GL(R", E) by reduction of the structure group from G'L(n) 
to O(n). The phenomenon discussed here plays a prominent role in the theory 
of classifying spaces. 


10.12. Sections of associated bundles. Let (P,p, M,G) be a principal fiber 
bundle and 6: Gx S — S a left action. Let C%(P,S)°% denote the space 
of all smooth mappings f : P — S which are G-equivariant in the sense that 
f(u.g) = g7!.f(u) holds for g € G and ue P. 


Theorem. The sections of the associated bundle P[S,¢] correspond exactly 
to the G-equivariant mappings P — §; we have a bijection C™(P,S)° = 
C™°(P[S]). 

Proof. If f € C°(P,S)© we get s¢ € C®(P[S]) by the following diagram: 


pla), py g 


0 _ 


mM —!_. pis 


which exists by 10.9 since graph(f) = (Id, f) : P —~ P x S is G-equivariant: 
(Id, f)(w.g) = (w.9, f(u.g)) = (w.g,97*-f(u)) = ((Id, f)(u)).9- 
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If conversely s € C°°(P[S]) we define f, € C°(P, S)° by fs = To(Idp x ws) : 
P= PxuM — P xm P[S] — S. This is G-equivariant since fs(uz.g) = 
T(Ue.g,8(x)) = g~!.T (ux, s(2)) = 971. fs(ux) by 10.7. The two constructions are 
inverse to each other since we have f. )(u) = T(u, s¢(p(u))) = T(u, g(u, f(u))) = 
f(u) and 84(.)(p(u)) = alu, fa(u)) = 4(u,7(u, s(p(u))) = 5((u)). 


The G-mapping f, : P — S determined by a section s of P[S] will be called 
the frame form of the section s. 


10.13. Theorem. Consider a principal fiber bundle (P,p,M,G) and a closed 
subgroup K of G. Then the reductions of structure group from G to K corre- 
spond bijectively to the global sections of the associated bundle P[G/K, | in a 
canonical way, where \: Gx G/K — G/K is the left action on the homogeneous 
space from 5.11. 


Proof. By theorem 10.12 the section s € C™(P[G/K]) corresponds to fs € 
C™(P, G/K)@, which is a surjective submersion since the action A: Gx G/K > 
G/K is transitive. Thus P, := f>1+(@) isa submanifold of P which is stable under 
the right action of K on P. Furthermore the K-orbits are exactly the fibers of 
the mapping p : P; — M, so by lemma 10.3 we get a principal fiber bundle 
(P;,p,M,K). The embedding P, < P is then a reduction of structure groups 
as required. 

If conversely we have a principal fiber bundle (P’, p’, M, K) and a reduction of 
structure groups y : P’ — P, then y is an embedding covering the identity of M 
and is K-equivariant, so we may view P’ as a sub fiber bundle of P which is stable 
under the right action of kK. Now we consider the mapping 7: P xy P—-G 
from 10.2 and restrict it to P xy P’. Since we have T(uz,Uz-k) = T(Ux, Ux)-k 
for k € K this restriction induces f : P + G/K by 


P xy P' —_1—_+G 


| i 


P=PxyP/K—! 2 C/K: 


and from T(uz-9,Ur) = g~!.T(Ux, Vr) it follows that f is G-equivariant as re- 


quired. Finally f~!(é) = {ue P: T(u, Pia) © K } = P', so the two construc- 


tions are inverse to each other. 


10.14. The bundle of gauges. If (P,p, M,G) is a principal fiber bundle we 
denote by Aut(P) the group of all G-equivariant diffeomorphisms x : P > P. 
Then po yx = yop: for a unique diffeomorphism y of M, so there is a group 
homomorphism from Aut(P) into the group Diff(M/) of all diffeomorphisms of 
M. The kernel of this homomorphism is called Gau(P), the group of gauge 
transformations. So Gau(P) is the space of all x : P + P which satisfy poy = p 
and x(u.g) = x(u).g9- 


Theorem. The group Gau(P) of gauge transformations is equal to the space 


C™(P,(G, conj))% & C%*°(P[G, conj]). 
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Proof. We use again the mapping tT : P xy P — G from 10.2. For y € 
Gau(P) we define fy € C®(P, (G,conj))° by fy :=7 0 (Id, x). Then f,(u.g) = 
T(u.g, x(u.g)) = g t-t(u, x(u)).g = conj,-1 fy(u), so fy is indeed G-equivariant. 

If conversely f € C°(P,(G,conj))° is given, we define yp : P — P by 
x¢(u) = u.f(u). It is easy to check that yz is indeed in Gau(P) and that the 
two constructions are inverse to each other. 


10.15. The tangent bundles of homogeneous spaces. Let G be a Lie 
group and K a closed subgroup, with Lie algebras g and €, respectively. We 
recall the mapping Adg : G — Autrie(g) from 4.24 and put Adg.«. := Adg|K : 
K — Autzie(g). For X € € and k € K we have Adg x(k)X = Adg(k)X = 
Adx(k)X € €, so € is an invariant subspace for the representation Adg.« of Kk 
in g, and we have the factor representation Ad : K > GL(g/t). Then 


(a) 0 - tg g/t 0 


is short exact and K-equivariant. 
Now we consider the principal fiber bundle (G, p, G/K, K) and the associated 
vector bundles G[g/t, Ad~] and Git, Adi]. 


Theorem. In these circumstances we have 

T(G/K) = G[g/t, Ad*] = (G xx g/t, p, G/K, g/€). 
The left action g + T(A,g) of G on T(G/K) corresponds to the canonical left 
action of G on G x g/t. Furthermore G[g/t, Ad~]@ Gt, Adx] is a trivial vector 
bundle. 


Proof. For p: G — G/K we consider the tangent mapping T.p : g — T;(G/K) 
which is linear and surjective and induces a linear isomorphism T.p : g/t > 
T:(G/K). For k € K we have poconj, = po Apo py-1 = Ax Op and consequently 
neyo ae = T.poT.(conj,) = Te,0Tep. Thus the isomorphism Txp : g/t — 
Te(G/K) is K-equivariant for the representations Ad~ and TA : k > TeX. 
Now we consider the associated vector bundle G[Tz(G/ ), Ts\| = (G Xx 
Te(G/K),p, G/K, Te(G/K)), which is isomorphic to G[g/t, Ad~], since the rep- 
resentation spaces are isomorphic. The mapping 7) : Gx T;(G/K) = T(G/K) 
(where T> is the second partial tangent functor) is K-invariant and therefore 
induces a mapping w as in the following diagram: 


G x T;(G/K) 


Y. 
~. ™G/K 


This mapping ~ is an isomorphism of vector bundles. 


(b) G xx Ts(G/K) T(G/K) 
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It remains to show the last assertion. The short exact sequence (a) induces a 
sequence of vector bundles over G/K: 


G/K x 0 > G{t, Adx] — Glg, Ade,x] — Glg/t, Ad‘] — G/K x 0 


This sequence splits fiberwise thus also locally over G/K, so Glg/t, Ad+] @ 
Git, Adx] = Gg, Adg,x«] and it remains to show that G[g, Adg,x] is a trivial vec- 
tor bundle. Let py: Gx g — Gxqg be given by y(g, X) = (g, Ade(g)X). Then for 
k € K we have y((g,X).k) = p(gk, Ade.x(k7!)X) = (gk, Adg(g.k.k-41)X) = 
(gk, Adg(g)X). So y is K-equivariant from the ‘joint’ K-action to the ‘on the 
left’ K-action and therefore induces a mapping ¢ as in the diagram: 


Gxg La Gxg 
i | 
(c) GxKg 2 G/K xg 
~ pry 
G/K 


The map ¢ is a vector bundle isomorphism. 


10.16. Tangent bundles of Grassmann manifolds. From 10.5 we know 
that (V(k,n) = O(n)/O(n — k),p,G(k,n),O(k)) is a principal fiber bundle. 
Using the standard representation of O(k) we consider the associated vector 
bundle (E, := V(k,n)[R*],p, G(k,n)). It is called the universal vector bundle 
over G(k,n). Recall from 10.5 the description of V(k,n) as the space of all linear 
isometries R’ — R”; we get from it the evaluation mapping ev : V(k,n) x R* = 
IR". The mapping (p, ev) in the diagram 


V(k,n) x R* 


(a) | ~~ 


V(k,n) Xocn) R* ar G(k,n) x R” 

is O(k)-invariant for the action R and factors therefore to an embedding of 
vector bundles w : Ex, — G(k,n) x R". So the fiber (E;,)w over the k-plane W 
in R” is just the linear subspace W. Note finally that the fiber wise orthogonal 
complement E,+ of Ex in the trivial vector bundle G(k,n) x R” with its standard 
Riemannian metric is isomorphic to the universal vector bundle E,_, over G(n— 
k,n), where the isomorphism covers the diffeomorphism G(k,n) — G(n — k,n) 
given also by the orthogonal complement mapping. 


Corollary. The tangent bundle of the Grassmann manifold is 


TG(k,n) & L(Ex, Ext). 
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Proof. We have G(k,n) = O(n)/(O(k) x O(n — k)), so by theorem 10.15 we get 


TG(k,n) = O(n x (so(n)/(so(k) x so(n — k))). 
O(k) xO(n—k) 


On the other hand we have V(k,n) = O(n)/O(n — k) and the right action of 
O(k) commutes with the right action of O(n — k) on O(n), therefore 


V(k,n)[R*] = (O(n)/O(n—k)) x R* = O(n) x R*, 
O(k) O(k)xO(n—k) 


where O(n — k) acts trivially on R*. Finally 


L(E,, By *) = BL (om) x R*, O(n) x Rr) 
O(k)xO(n—k) O(k)xO(n—k) 


= O(n) x L(R*,R"-*), 
O(k)xO(n—k) 


where the left action of O(k) x O(n—k) on L(R*,R”"~*) is given by (A, B)(C) = 
B.C.A~'. Finally we have an O(k) x O(n — k) - equivariant linear isomorphism 
L(R*,R"- *) _. so(n)/(s0(k) x s0(n — k)), as follows: 


so(n)/(so(k) x so(n — k)) = 


a ={ (4 oe AE L(R*,R” »} 


0 skew 


10.17. The tangent group of a Lie group. Let G be a Lie group with 
Lie algebra g. We will use the notation from 4.1. First note that TG is 
also a Lie group with multiplication Ty and inversion Tv, given by (see 4.2) 
T a,b) M-(Ea; Nb) = Ta(pv)-&a + Tr(Aa)-Nb and Tav.€q _ —Te(Ag-1)-Ta(Pa-1)-€a- 


Lemma. Via the isomomorphism Tp : gx G — TG, Tp.(X,g) = Te(pq).X, the 
group structure on TG looks as follows: (X,a).(Y,b) = (X + Ad(a)Y,a.b) and 
(X,a)~1 = (— Ad(a~!)X,a7!). So TG is isomorphic to the semidirect product 
g & G, see 5.16. 


Proof. Toa,» '-(L pa-X,T py-Y) = Tpy-Tpa-X +Tra-Tpp-Y = 
= Tpav.X + Tpo.T pa-T pa-1-TrAa-Y = Tpar(X + Ad(a)Y). 
Tyv.T pa -X = —Tpg-1-Trq-1-Tpa-X = —Tpy-1. Ad(a7!)X. 


Remark. In the left trivialisation TA : G x g — TG, TAG) = T.(Ag).X 
the semidirect product structure is: (a, X).(b,Y) = (ab, Ad(b-!)X + Y) sad 
(a, X)~+ = (a~1, — Ad(a)X). 

Lemma 10.17 is a special case of 37.16 and also 38.10 below. 
10.18. Tangent bundles and vertical bundles. Let (EL, p,M,S) be a fiber 


bundle. The subbundle VE = {€ € TE: Tp£& = 0} of TE is called the 
vertical bundle and is denoted by (VE, 7p, E). 
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Theorem. Let (P,p,M,G) be a principal fiber bundle with principal right ac- 

tionr: PxG— P. Let @: Gx S — S bea left action. Then the following 

assertions hold: 

1) (£P,Tp,TM,TG) is again a principal fiber bundle with principal right 
action Tr:TPxTG—TP. 

2) The vertical bundle (VP,7, P,g) of the principal bundle is trivial as a 
vector bundle over P: VP = P x g. 

3) The vertical bundle of the principal bundle as bundle over M is again a 
principal bundle: (VP,po7,M,TG). 

4) The tangent bundle of the associated bundle P[S, ¢] is given by 
T(P[S, €])) =TPITS,T¢. 

5) The vertical bundle of the associated bundle P[S, ¢] is given by 
V(P[S, 4) = P[LS,Toé) = P xq TS, where T2 is the second partial 
tangent functor. 


Proof. Let (Ua,~a : P\Ua — Ua x G) be a principal fiber bundle atlas with 
cocycle of transition functions (Yag : Uag — G). Since T is a functor which 
respects products, (TUa,T¢a : TP|TU. — TU, x TG) is again a principal 
fiber bundle atlas with cocycle of transition functions ([Yyag : TUag — TG), 
describing the principal fiber bundle (7'P,Tp,T7M,TG). The assertion about 
the principal action is obvious. So (1) follows. For completeness sake we include 
here the transition formula for this atlas in the right trivialization of TG: 


T(Ya ° ve Ee; Te(fo)-X) = (E55 Te(Poaa(x).g)(SPae (Ex) + Ad(Y~ag(#))X)), 


where d~ag € 2'(Uag;g) is the right logarithmic derivative of yag, see 4.26. 
(2) The mapping (u, X) + Te(ru)-X = Tyu,e)7-(Ou, X) is a vector bundle iso- 
morphism P x g — VP over P. 

(3) Obviously Tr : TP x TG — TP is a free right action which acts transitive on 
the fibers of Tp: TP — TM. Since VP = (Tp)~!(0yz), the bundle VP > M is 
isomorphic to T’P|O,¢ and Tr restricts to a free right action, which is transitive 
on the fibers, so by lemma 10.3 the result follows. 

(4) The transition functions of the fiber bundle P[S, ¢] are given by the expression 
lo(Yag XIdg) : UagxS - GxS — S. Then the transition functions of T(P[S, ¢]) 
are T(£0 (Yag x Idg)) = Tlo (Lyag xX Idrs) : TUag x TS 9 TG x TS TS, 
from which the result follows. 

(5) Vertical vectors in T(P[S, |) have local representations (0;,7;) € TUasxTS. 
Under the transition functions of T(P[S,4]) they transform as T(é0 (Yag x 
Idg)).(Or,s) = Tl.(Og.¢(2))Is) = Tlsaa(a))s = T2é-(~as(#),s) and this 
implies the result. 
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11.1. Principal connections. Let (P,p,M,G) be a principal fiber bundle. 
Recall from 9.3 that a (general) connection on P is a fiber projection ® : TP > 
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VP, viewed as a 1-form in 0!(P;TP). Such a connection © is called a principal 
connection if it is G-equivariant for the principal right action r : P x G — P, so 
that T(r9).® = ®.T(r9), i.e. ® is r9-related to itself, or (r7)*® = ® in the sense 
of 8.16, for all g € G. By theorem 8.15.7 the curvature R = 4.[®, ®] is then also 
r9-related to itself for all g € G. 

Recall from 10.18.2 that the vertical bundle of P is trivialized as a vector 
bundle over P by the principal action. So we have w(X,) := T.(ry)71-®(Xu) € g 
and in this way we get a g-valued 1-form w € 0!(P;g), which is called the 
(Lie algebra valued) connection form of the connection ®. Recall from 5.13 the 
fundamental vector field mapping ¢ : g — X(P) for the principal right action. 
The defining equation for w can be written also as ®(X,,) = Cacx,,)(u)- 


Lemma. If 6 € 01(P;VP) is a principal connection on the principal fiber 
bundle (P,p, M,G) then the connection form has the following properties: 


(1) w reproduces the generators of fundamental vector fields, so we have 
w(¢x(u)) = X for all X € g. 
(2) w is G-equivariant, so ((r9)*w)(Xy) = w(Ty(r9).Xu) = Ad(g7!).w(Xu) 
for allg €G and X, € T,,P. 
(3) For the Lie derivative we have Le,w = —ad(X).w. 
Conversely a 1-form w € 01(P,g) satisfying (1) defines a connection ® on P 
by ®(Xy) = Te(ru).w(Xu), which is a principal connection if and only if (2) is 
satisfied. 
Proof. (1) Te(ru).w(Cx(u)) = ®(¢x(u)) = Cx(u) = Te(ru).X. Since Te (ru) : 
g — VP is an isomorphism, the result follows. 
(2) Both directions follow from 


Te(Tug) w(Lu(r?).Xu) = w(Ty(r9).Xy) (Ug) = &(T,(r9).Xu) 


Te(Tug)- Ad(g7*).w(Xu) = Caacg-1).w(x,) (Ug) = 
= Tul?) C(x, (U) = T,,(r7).8(X,,). 


(3) is a consequence of (2). 


11.2. Curvature. Let ® be a principal connection on the principal fiber bundle 
(P,p, M, G) with connection form w € 01(P;g). We already noted in 11.1 that 
the curvature R = $[®, ®] is then also G-equivariant, (r9)*R = R for all g € G. 
Since R has vertical values we may again define a g-valued 2-form Q € 0?(P;g) 
by Q(Xu, Yu) = —Te(ru)1-R(Xu, Yu), which is called the (Lie algebra-valued) 
curvature form of the connection. We also have R(Xu, Yu) = —Cacx,,,y,)(u)- We 
take the negative sign here to get the usual curvature form as in [Kobayashi- 
Nomizu I, 63]. 

We equip the space 2(P;g) of all g-valued forms on P in a canonical way 
with the structure of a graded Lie algebra by 


[U, O],(X1,... » Xptq) = 


a 
= pigi 2 siene [Weiss Xen), O(Xewerjs:+s + Xopsa le 
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or equivalently by [7 ®X,6@Y], :-= pAG@[X, Y],. From the latter description 
it is clear that d[W, 0], = [dV,O], + (—1)9"[W, dO],. In particular for w € 
01(P;g) we have [w, w],(X,Y) = 2[u(X), w(Y)]g. 


Theorem. The curvature form Q of a principal connection with connection 
form w has the following properties: 


(1) Q is horizontal, i.e. it kills vertical vectors. 

(2) Q is G-equivariant in the following sense: (r9)*Q = Ad(g7+).Q. Conse- 
quently Lo, Q = — ad(X).Q. 

(3) The Maurer-Cartan formula holds: Q = dw + $[w, wa. 


Proof. (1) is true for R by 9.4. For (2) we compute as follows: 


Teg AY aa Ya) = Bie OO Aa ee 
==Riy (Tall) Xu Tala) = TOY BR) Xa, Yu) = 
= =T,(7"). Bh, Yu) = Ta a, vo = 
= Cad(g-1).2(Xu.¥u) (Ug) = 
=r) AdgG JOO. Yay by 648. 


(3) For X € g we have ic, R = 0 by (1), and using 11.1.(3) we get 
: 1 . 1... ae 
i¢x (dw + gw wla) = t¢ dy + glicxw wlan = gw tex wlan = 
=Le,w + [X,w], = —ad(X)w + ad(X)w = 0. 


So the formula holds for vertical vectors, and for horizontal vector fields X,Y € 
C™(H(P)) we have 


R(X,Y) = ®[X — ®X,Y — 6Y] = ®[X,Y] = Guyx,yy) 


(dua + S[u,u])(X,¥) = Xw(¥) — Yu(X) — w([X,¥]) = -w([X,¥)). 


11.3. Lemma. Any principal fiber bundle (P,p,M,G) admits principal con- 
nections. 


Proof. Let (Ua, a : P|\Ua — Ua x G)q be a principal fiber bundle atlas. Let 
us define Yo(Tya'(e,TeAg-X)) := X for & € T,U, and X € g. An easy 
computation involving lemma 5.13 shows that ya € 01(P|Ua;g) satisfies the 
requirements of lemma 11.1 and thus is a principal connection on P|U,. Now 
let (fa) be a smooth partition of unity on M which is subordinated to the open 
cover (U,,), and let w := 3°, (fa °P)Ya. Since both requirements of lemma 11.1 
are invariant under convex linear combinations, w is a principal connection on 


P: 
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11.4. Local descriptions of principal connections. We consider a principal 

fiber bundle (P, p, M, G) with some principal fiber bundle atlas (Ua, ~a : P|\Ua 

U. x G) and corresponding cocycle (yas : Uag — G) of transition functions. 

We consider the sections s4 € C™~(P|U,,) which are given by ~a(Sa(x)) = (2, e) 

and satisfy sq.Qag = 52. 

(1) Let © € 01(G,g) be the left logarithmic derivative of the identity, 

ie. O(n) := Ty(Ag-1)-Ng- We will use the forms Ogg := Yag*O € 
0 (Ua; g). 

Let ® = Cow € 0'(P;VP) be a principal connection with connection form 

w € 0!(P;g). We may associate the following local data to the connection: 


(2) We t= 8a*w € 01(Uq;g), the physicists version of the connection. 
(3) The Christoffel forms T® € 01(U,;%(G)) from 9.7, which are given by 


(02,0 (€a; 9)) = —T(%a).8.T (Ya) (Ex, 0,). 
(4) ya := (pat)*w € O1(Uq x Gg), the local expressions of w. 


Lemma. These local data have the following properties and are related by the 
following formulas. 


(5) The forms wy € 2'(Ug;g) satisfy the transition formulas 
Wa = Ad(pgq)we + Opa, 
and any set of forms like that with this transition behavior determines a 
unique principal connection. 
(6) We have Ya(&2,TAg-X) = Ya(Ex,0g) + X = Ad(g7!)wo (Ex) +X. 
(7) We have T°(€2,g) = —Te(Ag)-Ya(Ex,0g) = —Te(Ag)- Ad(g~* wa(Ex) = 
—T (Pg )Wa(Ex), so F° (Ez) = —Rw.(¢,), a right invariant vector field. 


Proof. From the definition of the Christoffel forms we have 
(02, P(x, 9)) = —T(Ya)-®.T (pa) *(Exs 0g) 
= —T(Pa)-Te(T y= (,9))¥-T (Pa) * (Ex, 0g) 
= —T.(Yo © T923(2,9))4-T (Pa) * (Ex 0g) 
= —(0n,To(Ag)2-T (Pa) (rs 0g)) = —(Ons Te(Ag) Ya(as 09))- 
This is the first part of (7). The second part follows from (6). 
Ya(&e,TAg-X) = Ya(Ses 9g) + Ya(Ox, TAg-X) 
= Ya (Ee, 0g) + o(T(Ya)~* (Ox, TAg-X)) 
= Ya(Er, 0g) + w(Cx (a (2, 9))) = YalEx, 0g) + X- 
So the first part of (6) holds. The second part is seen from 
Ya (Ex, 0g) = Ya(Ex, Te(Pg)0e) = (wo T(va)~* 0 T(Idx Xpg)) (Ee, 06) = 
= (wo T(r9 0 pg") (Ex, 00) = Ad(g-*)w(T( pa") (Ex, 0e)) 
= Ad(g~")(8a*w) (Ex) = Ad(g” "wa (Ex)- 


Via (7) the transition formulas for the wa are easily seen to be equivalent to the 
transition formulas for the Christoffel forms in lemma 9.7. 
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11.5. The covariant derivative. Let (P,p,M,G) be a principal fiber bundle 
with principal connection ® = ¢ ow. We consider the horizontal projection 
x = Idpp-® : TP — HP, cf. 9.3, which satisfies yo x = x, imy = HP, 
ker y = VP, and yo T(r?) = T(r9) 0 yx for all g € G. 

If W is a finite dimensional vector space, we consider the mapping y* : 
Q(P;W) — Q(P;W) which is given by 


(x"p)u(X1, +++» Xk) = Gulx( Xa), ---,x(Xx))- 


The mapping y* is a projection onto the subspace of horizontal differential forms, 
ie. the space Qpor(P;W) := {w € O(P;W) :ixw =0 for X € VP}. The notion 
of horizontal form is independent of the choice of a connection. 


The projection ,* has the following properties where in the first assertion one 
of the two forms has values in R: 


(GAY) =X*PAX*Y, 


oy =x: 
x" 0 (r9)* = (r9)* 0 x* for all g EG, 
x*w = 0 


x" oL(Cx) = L(¢x) ox". 


They follow easily from the corresponding properties of y, the last property uses 
that FSO) = poxpeX, 

Now we define the covariant exterior derivative d., : Q*(P;W) — Q*+1(P;W) 
by the prescription d,, := y* od. 


Theorem. The covariant exterior derivative d,, has the following properties. 
1) du(paAw) = duly) Ax*Wt+ (-1)88"x* pA d.(w) ify or W is real valued. 


(r9)* od, = d,, 0 (r9)* for each g € G. 

d,,op* =dop* =p* od: Q(M;W) — Qnor(P; W). 

dw = Q, the curvature form. 

d.,Q = 0, the Bianchi identity. 

do x* —d, = x* 07i(R), where R is the curvature. 

dy ody = x* 0i(R)od. 

Let Qhor(P, g)° be the algebra of all horizontal G-equivariant g-valued 
forms, i.e. (r9)*q = Ad(g~!)W. Then for any wy € Qhor(P, g)% we have 
dw = dp+ [w, vr. 

(10) The mapping +> Cy, where Gy(X1,.-- ,Xk)(u) = Guoxy,... .Xg)(u)(U); Is 
an isomorphism between Qyor(P,g)% and the algebra Qyor(P,VP)° of 
all horizontal G-equivariant forms with values in the vertical bundle V P. 
Then we have Ca, = —[®, Gl. 


Proof. (1) through (4) follow from the properties of x*. 
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(d..w)(€,7) = (x"dw)(,9) = dw(x€, xn) 
= (xE)w(xn) — (xn)w(xé) — w([x€, x77]) 
= —w([x€, xn]) and 
—C(QE, n)) — R(é,n) > ®lx€, xn] = Gw([xé.xn)* 
(6) Using 11.2 we have 


dQ = d.,(dw + $[w, w],) 
= y*ddw + $x*dlw, w], 
1 


= 5X" ([dw, w], — [w, dw],) = x*[dw, w], 


= [y*dw, x*w], = 0, since y*w = 0. 
(7) For y € 2(P; W) we have 
(dax* p)(Xo,--- , Xe) = (dx*~)(x(Xo),---,x(Xe)) 
= DP (A(X) Ov) 0c(X0),-- XK, x(Xn))) 


O<i<k 
+ DD Oc 9)( eX), XD) X(X0), 
= So (-2)'x(Xi)(e(x(Xo),---, XK, --- x(Xe))) 
O<i<k 
~ DD ((%), x(X5)] — ®[x(Xi), x(X5)], x(Xo), --- 


ig XM) oe K(X ee) 
= (dp) (x(Xo),- ++. x(Xk)) + (inv) (x(Xo),---x(Xe)) 
= (dy + x*ir)(p)(Xo,--- Xx). 
(8) dudu = x*dx*d = (X*ir + x*d)d = x*ird holds by (7). 
(9) If we insert one vertical vector field, say ¢x for X € g, into d,w, we 
get 0 by definition. For the right hand side we use ic, = 0 and Le, = 
Blo (FU)! = Fel (TPP )*Y = Flo Ad(exp(—tX)) yh = —ad(X)o) to get 


tex (dy oF [w, P]a) = Igy dw + dicyW a [tex w, Y] — [w, tex 
= Leb + [X,y] = —ad(X)p + [X, p] = 0. 


Let now all vector fields €; be horizontal, then we get 


(duh) (Eo, ++» »€&) = (x* de) (E0,.-- »€&) = av(Eo,--- , &k), 
(dep + [w, Jr) (E0,--- +k) = AW(Eo,--- , &k). 
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So the first formula holds. 

(10) We proceed in a similar manner. Let W be in the space 0f..(P, VP)? 
of all horizontal G-equivariant forms with vertical values. Then for each X € g 
we have ic, ¥ = 0; furthermore the G-equivariance (r’)*U¥ = W implies that 


Le, V = [Cx, UV] = 0 by 8.16.(5). Using formula 8.11.(2) we have 


i¢x [®, U] = ficy ®, U] — [®, tc, Y] + 1®, Cx] + iY, Cx] ® 
= [Cx, VJ] -0+0+0=0. 
Let now all vector fields €; again be horizontal, then from the huge formula 8.9 


for the Frélicher-Nijenhuis bracket only the following terms in the third and fifth 
line survive: 


[®, Wl(Es,... e421) = GY Y signe GW (Eo1,... foe), Eaves) 


+ eat So signo OU ([bo1, 602), 635+» + »€o(e41)): 


For f : P — g and horizontal € we have ®[€,¢r] = Cerf) = Cace) Since it is 
C@(P, R)-linear in €. So the last expression becomes 


—C(dep(§o,.-» »€&)) = —C(duh(Eo,--- .&%)) = —C((deb + [w, d] a) (0, +--+ €e)) 


as required. 


11.6. Theorem. Let (P,p,M,G) be a principal fiber bundle with principal 
connection w. Then the parallel transport for the principal connection is globally 
defined and G-equivariant. 

In detail: For each smooth curve c: R — M there is a smooth mapping 
Pt. : R x Po) — P such that the following holds: 


(1) Pt(c,t,u) € Poa, Pt(c,0) = Idp,,,), and w(t Pt(c,t, u)) = 0. 

(2) Pt(e,t) : Peo) > Pet) is G-equivariant, i.e. Pt(c,t,u.g) = Pt(c,t,u).g 
holds for all g € G and u € P. Moreover we have Pt(c,t)*(¢x|Peq)) = 
¢x|P.(o) for all X € g. 

(3) For any smooth function f : R — R we have 
Pt(c, f(t), u) = Pt(co f,t, Pt(c, f(0), u)). 


Proof. By 11.4 the Christoffel forms P* € 01(U,, X(G)) of the connection w with 
respect to a principal fiber bundle atlas (Ua, a) are given by P° (Er) = Ru. ce,); 
so they take values in the Lie subalgebra Xp(G) of all right invariant vector 
fields on G, which are bounded with respect to any right invariant Riemannian 
metric on G. Each right invariant metric on a Lie group is complete. So the 
connection is complete by the remark in 9.9. 

Properties (1) and (3) follow from theorem 9.8, and (2) is seen as follows: 


w(4 Pt(c,t,u).g) = Ad(g7')u(4 Pt(c,t,u)) =0 
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implies that Pt(c,t,u).g = Pt(c,t, u.g). For the second assertion we compute for 
Wwe Po): 


Pt(c,t)" (Cx|Pay)(u) = TPt(c,t) Cx (Pt(c,t,u)) = 
=T Pt(c,t)~*£|o Pt(c, t, u). exp(sX) = 
= T Pt(c,t)"'£|o Pt(c, t, u. exp(sX)) = 
= #\o Pt(c,t)~' Pt(c, t, u. exp(s.X)) 
= flow. exp(sX) = Cx(u). 


ct 
ct 


11.7. Holonomy groups. Let (P,p,M,G) be a principal fiber bundle with 
principal connection ® = ¢ ow. We assume that M is connected and we fix 
ro EM. 

In 9.10 we defined the holonomy group Hol(®,29) C Diff(P,,) as the group 
of all Pt(c,1) : P,, — P,, for c any piecewise smooth closed loop through 
xo. (Reparametrizing c by a function which is flat at each corner of c we may 
assume that any c is smooth.) If we consider only those curves c which are 
nullhomotopic, we obtain the restricted holonomy group Holg(®, xo). 

Now let us fix uo € P;,. The elements 7(uo, Pt(c,t, uo)) € G form a subgroup 
of the structure group G which is isomorphic to Hol(®,29); we denote it by 
Hol(w, ug) and we call it also the holonomy group of the connection. Considering 
only nullhomotopic curves we get the restricted holonomy group Holo(w, uo) a 
normal subgroup of Hol(w, uo). 


Theorem. The main results for the holonomy are as follows: 


1) We have Hol(w, uo.g) = conj(g~+) Hol(w, ug) and 
Holg(w, uo-g) = conj(g~!) Holo (w, uo). 

2) For each curve c in M with c(0) = xo we have Hol(w, Pt(c,t,uo)) = 
Hol(w, uo) and Holg(w, Pt(c,t, uo)) = Holo(w, uo). 

3) Holo(w, uo) is a connected Lie subgroup of G and the quotient group 
Hol(w, u9)/ Holo(w, ug) is at most countable, so Hol(w, ug) is also a Lie 
subgroup of G. 

4) The Lie algebra hol(w,uo) C g of Hol(w,uo) is linearly generated by 
{Q(Xu, Yu) : Xu, Yu € Ty P}, and it is isomorphic to the holonomy Lie 
algebra hol(®, xo) we considered in 9.10. 

5) For uo € Pr, let P(w, uo) be the set of all Pt(c, t, wo) for c any (piecewise) 
smooth curve in M with c(0) = xp and fort € R. Then P(w, ug) is 
a sub fiber bundle of P which is invariant under the right action of 
Hol(w, uo); so it is itself a principal fiber bundle over M with structure 
group Hol(w, uo) and we have a reduction of structure group, cf. 10.6 and 
10.13. The pullback of w to P(w, ug) is then again a principal connection 
form i*w € O1(P(w, ug); hol(w, uo)). 

(6) P is foliated by the leaves P(w,u), u € Pry. 

(7) If the curvature 2 = 0 then Holo(w,uo) = {e} and each P(w,wu) is a 

covering of M. 
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(8) If one uses piecewise C*-curves for 1 < k < oo in the definition, one gets 
the same holonomy groups. 


In view of assertion 5 a principal connection w is called irreducible if Hol(w, uo) 
equals the structure group G for some (equivalently any) uo € P,,. 


Proof. 1. This follows from the properties of the mapping 7 from 10.2 and from 
the G-equivariance of the parallel transport. 

The rest of this theorem is a compilation of well known results, and we refer 
to [Kobayashi-Nomizu I, 63, p. 83ff] for proofs. 


11.8. Inducing connections on associated bundles. Let (P,p,M/,G) bea 
principal bundle with principal right action r: P x G— P and let 0:Gx S > 
S be a left action of the structure group G on some manifold S. Then we 
consider the associated bundle P[S] = P[S,¢] = P xq S, constructed in 10.7. 
Recall from 10.18 that its tangent and vertical bundle are given by T(P[S, 4]) = 
TP(TS,T¢ =TP xrcTS and V(P{[S, é]) = P[T'S, Tf) =P xcTS. 

Let 6 = Cow € 01(P; TP) be a principal connection on the principal bundle 
P. We construct the induced connection ® € Q1(P[S],T(P[S])) by the following 
diagram: 


TPxTs 2X" .ppy tg _= > T(Px 8) 


Tq= “| “| vi | 
TP epee —* TP ese TS == TP a8). 

Let us first check that the top mapping ® x Id is TG-equivariant. For g € G and 

X € g the inverse of T.(A,)X in the Lie group TG is denoted by (Te(Ag)X)~', 

see lemma 10.17. Furthermore by 5.13 we have 

Tru; Te(Ag)X) = Tulr?)Su + Tr((Op x Lx)(u, g)) 

= Tur )€u + Ty (Tu) (Te (Ag) X) 
= Dy eu ae Cx (ug). 


We may compute 
(® x Id)(Tr(Eu, Te(Ag) X), Tl((Le(Ag)X)*, 0s) 

= (®(Liu (1 )Eu + Cx (ug), TE((Le(Ag)X)* s)) 

= (®(Lu(r)Eu) + B(Cx (ug)), TE((Le(Ag)X)~*, ns)) 

= ((Tu(r?)®u) + 6x (ug), TE((Le(Ag)X)*, 1s)) 

= (Tr(B(Eu), Te(Ag)X), Te((Te(Ag)X)~* 1s))- 
So the mapping ® x Id factors to © as indicated in the diagram, and we have 
od = © from (® x Id) 0 (® x Id) = ® x Id. The mapping ® is fiberwise linear, 
since ® x Id and q’ = Tq are. The image of © is 

q(VP x TS) =q(ker(Tp: TP x TS > TM)) 
=ker(Tp:TP xrg TS —~ TM) =V(P[S, 4). 
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Thus © is a connection on the associated bundle P[S]. We call it the induced 
connection. 

From the diagram it also follows, that the vector valued forms ® x Id € 
O1(P x $;TP x TS) and ® € 01(P[S];T(P[S])) are (¢: P x S > P[S])-related. 
So by 8.15 we have for the curvatures 


Rexia = 4[® x Id, © x Id] = 4[@, | x0= Ro x 0, 
Rs = 5[®, O], 


that they are also q-related, i.e. Tgo (Re x 0) = Rg o (Tq xu TQ). 
By uniqueness of the solutions of the defining differential equation we also get 
that 
Ptg(c, t, q(u, s)) = g(Pta(c,t,u), s). 


11.9. Recognizing induced connections. We consider again a principal 
fiber bundle (P,p,M,G) and a left action 2: G x S — S. Suppose that U € 
Q1(P[S];T(P[S])) is a connection on the associated bundle P[S] = P[S, ¢]. Then 
the following question arises: When is the connection WV induced from a principal 
connection on P? If this is the case, we say that V is compatible with the G- 
bundle structure on P[S]. The answer is given in the following 


Theorem. Let W be a (general) connection on the associated bundle P[S}. Let 
us suppose that the action @ is infinitesimally effective, i.e. the fundamental 
vector field mapping ¢ : g > X(S) is injective. 
Then the connection WV is induced from a principal connection w on P if and 
only if the following condition is satisfied: 
In some (equivalently any) fiber bundle atlas (Ua, wa) of P[S] belong- 
ing to the G-bundle structure of the associated bundle the Christoffel 
forms [* € Q'(U,;X(S)) have values in the sub Lie algebra X funa(S) of 
fundamental vector fields for the action ¢. 


Proof. Let (Ua, a : P\Ua — Ua x G) be a principal fiber bundle atlas for P. 
Then by the proof of theorem 10.7 it is seen that the induced fiber bundle atlas 
(Ua; a : P[S]|Ua — Ua x S) is given by 


(1) i, ee) =O, (ee) .8), 
(2) (ba 9 g)(~a (#9), 8) = (2, 9-8). 


Let ® = Cow be a principal connection on P and let © be the induced connection 
on the associated bundle P[S]. By 9.7 its Christoffel symbols are given by 


(0,., 0S (Sx; 8)) = —(T(a) o@o Tie) asa) 
—(T(%a)° Po Tqo(T(e ) x Id))(€x,0c,0s) by (1) 
—(T (a) 0 Tq 0 (® x Id))(T(~5") (Ex, 0e),0s) by 11.8 
(T (Wa) 


~~ T (Wa o Tq)(® es (ya" a 0.)), Os) 
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=(Te@yeTa Ge, Ox TS(6s,6)), 0s) by 11.4.(3) 
= -T (a0 qo (YQ" x Id)) (Oz, Wa(Ex); Os) by 11.4.(7) 
= —T.(€°)wa(Ex) by (2) 

= —Owa (Er) (5): 


So the condition is necessary. Now let us conversely suppose that a connection 
W on P[S] is given such that the Christoffel forms [¢ with respect to a fiber 
bundle atlas of the G-structure have values in X funa(S). Then unique g-valued 
forms wo € 2'(Ua;g) are given by the equation T$(€:) = C(wa(Ex)), since the 
action is infinitesimally effective. From the transition formulas 9.7 for the TY 
follow the transition formulas 11.4.(5) for the w*, so that they give a unique 
principal connection on P, which by the first part of the proof induces the given 
connection VY on P[S]. 


11.10. Inducing connections on associated vector bundles. 

Let (P,p,M,G) be a principal fiber bundle and let p : G — GL(W) be a 
representation of the structure group G on a finite dimensional vector space W. 
We consider the associated vector bundle (EF := P[W, p],p, M@,W), from 10.11. 
Recall from 6.11 that T(£) = TP xrq TW has two vector bundle structures 
with the projections 


we: T(E)=TPxragTW > Pxewe=e, 
Tpopr, : T(E) =TP xtra TW TM. 


Now let ® = Cow € 0'(P;TP) be a principal connection on P. We consider 
the induced connection ® € 0!(E£;T(E)) from 11.8. Inserting the projections 
of both vector bundle structures on T(£) into the diagram in 11.8 we get the 
following diagram 


TP x TW One id TPxTW = TPxWxw 
T Tv 
Pxw 
Tq | Tq 
PxgW=E 
fi ea XTG TW a LP XTG TW ——TE 
Tp Tp 
TM 


and from it one easily sees that the induced connection is linear in both vector 
bundle structures. We say that it is a linear connection on the associated bundle. 
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Recall now from 6.11 the vertical lift vlg : E xy E — VE, which is an 
isomorphism, pr1—7—fiberwise linear and also p—T’p-fiberwise linear. 
Now we define the connector K of the linear connection ® by 


K :=preo(ulg)'0$:TESVE>ExME-E. 


Lemma. The connector K : TE — E is a vector bundle homomorphism for 
both vector bundle structures on TE and satisfies K 0 vlg = pr: E Xm E > 
TEE. 


So K is tg—-p-fiberwise linear and T'p—p-fiberwise linear. 


Proof. This follows from the fiberwise linearity of the components of K and from 
its definition. 


11.11. Linear connections. If (E,p,M) is a vector bundle, a connection 
W € Q'(E£;TE) such that V : TE — VE > TE is also Tp-Tp-fiberwise linear 
is called a linear connection. An easy check with 11.9 or a direct construction 
shows that WV is then induced from a unique principal connection on the linear 
frame bundle GL(R", E) of E (where n is the fiber dimension of £). 

Equivalently a linear connection may be specified by a connector K : TE — E 
with the three properties of lemma 11.10. For then HE := {€ : K(u) = Opu)} 
is a complement to VE in TE which is T’p-fiberwise linearly chosen. 


11.12. Covariant derivative on vector bundles. Let (E,p,M) be a vector 
bundle with a linear connection, given by a connector K : TE — E with the 
properties in lemma 11.10. 

For any manifold N, smooth mapping s : N — E, and vector field X € X(N) 
we define the covariant derivative of s along X by 


(1) Vxs:=KoTsoxX:N—-TN-TE-E. 


If f : N — M isa fixed smooth mapping, let us denote by C#°(N, £) the vector 
space of all smooth mappings s : N — E with pos = f — they are called sections 
of E along f. From the universal property of the pullback it follows that the 
vector space C?°(N, EF) is canonically linearly isomorphic to the space C°(f*E) 
of sections of the pullback bundle. Then the covariant derivative may be viewed 
as a bilinear mapping 

(2) V : X(N) x CPN, E) > CPN, E). 

Lemma. This covariant derivative has the following properties: 

(3) Vxs is C®(N,R)-linear in X € X(N). So for a tangent vector X, € 
T,N the mapping Vx, : Cf (N,E) > Ey) makes sense and we have 
(Vxs)(x) = Vx (x)8- 

(4) Vxs is R-linear in s € CP°(N, E). 

(5) Vx(h.s) = dh(X).s+h.Vxs for h € C™®(N,R), the derivation property 
of Vx * 

(6) For any manifold Q and smooth mapping g : Q — N and Y, € T,Q we 


have Vrg.y,8 = Vy,(sog). IFY € X(Q) and X € X(N) are g-related, 
then we have Vy(sog) =(Vxs) og. 
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Proof. All these properties follow easily from the definition (1). 


For vector fields X, Y € X(M) and a section s € C®(F) an easy computation 
shows that 


R®(X,Y)s: = VxVys — VyVxs—Vixyjs 
= ([Vx, Vy] — Vpx,y})s 
is C°(M,R)-linear in X, Y, and s. By the method of 7.3 it follows that R® is a 2- 
form on M with values in the vector bundle L(E, E), i.e. RP € Q?(M; L(E, E)). 
It is called the curvature of the covariant derivative. 


For f : N — M, vector fields X, Y € X(N) and a section s € C#°(N, £) 
along f one may prove that 


VxVys— VyVxs— Vixyjs = (f*R”)(X,Y)s = RY (Tf.X,TP-Y)s. 


We will do this in 37.15.(2). 


11.13. Covariant exterior derivative. Let (Ep, M) bea vector bundle with 
a linear connection, given by a connector kK: TE — E. 

For a smooth mapping f : N — M let Q(N; f*£) be the vector space of all 
forms on N with values in the vector bundle f*E. We can also view them as 
forms on N with values along f in FE, but we do not introduce an extra notation 
for this. 

The graded space Q(N; f*£) is a graded Q(N)-module via 


(pA ®)(X1,...,Xp4q) = 
= sal > sign(c) (Xo, cee Xop)O(Xe (p41); aisha Xo(p+q)): 


It can be shown that the graded module homomorphisms H : Q(N; f*E) > 
Q(N; f*E) (so that H(y A ®) = (—1)48 7-48 ¥—y A H(®)) are exactly the map- 
pings (A) for A € 0?(N; f*L(E, E)), which are given by 
(u(A)®)(X1,.-- , Xptq) = 
= sh Do sign(o) A(Xo1,--- ,Xop)(®(Xo(ptiys-+- »Xo(p+a))): 


The covariant exterior derivative dy : Q?(N; f*E) = 0P*1(N; f*E) is defined 
by (where the X; are vector fields on NV) 


(dy®)(Xo,... ,Xp) = S\(-1)'Vx,O(Xo, ..., Xi... Xp) 


OSi<j<p 
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Lemma. The covariant exterior derivative is well defined and has the following 
properties. 

(1) For s € C®(f*E) = °(N; f*E) we have (dyvs)(X) = Vxs. 

(2) dy (yp \ ®) =dpA d+ (-1)98 ¥~p Ady®. 
(3) For smooth g:Q— N and @® € Q(N; f*E) we have dy(g*®) = g*(dv®). 
(4) dydy® = p(f*R®)®. 


Proof. It suffices to investigate decomposable forms ® = y @ s for yp € N?(N) 
and s € C®(f*£). Then from the definition we have dy(p ® s) = dy ®s+ 
(-1)Pp A dys. Since by 11.12.(3) dvs € 01(N; f*E), the mapping dy is well 
defined. This formula also implies (2) immediately. (3) follows from 11.12.(6). 
(4) is checked as follows: 
dy dy (p ® 8) = dy (dp ® s + (—1)?¢ A dys) by (2) 
= 0+ (-1)?~ Adydys 
=ypAp(f*R®)s by the definition of R® 


= H(f*R*)(¢® 8). 


11.14. Let (P,p, M,G) be a principal fiber bundle and let p: G > GL(W) be 
a representation of the structure group G on a finite dimensional vector space 


W. 


Theorem. There is a canonical isomorphism from the space of P[|W, p|-valued 
differential forms on M onto the space of horizontal G-equivariant W-valued 
differential forms on P: 


q' : Q(M; P[W, pl) > Qhor(P; W)% == {p € A(P;W) :ixy =0 
for all X € VP, (r9)*v = p(g—') oy for all g € Gh. 
In particular for W = R with trivial representation we see that 
p* : 2(M) > Qhor(P)? = { € Anor(P) : (r9)* 9 = y} 
is also an isomorphism. The isomorphism 
gt : °(M; P[W]) = C*(P[W]) > O8.,,(P; W)F = 0% (P, WE 
is a special case of the one from 10.12. 


Proof. Recall the smooth mapping r° : P x yy P — G from 10.2, which satisfies 
(Ue, To (Ue, Vx)) = V2, To (Ux-G, Up-g') = Gg ).TE (uz, ul,).g', and TO (uz, Ux) = e. 
Let p€ OF, (P;W)S, Xi,...,Xk © TuP, and Xj,...,X} € Ty P such that 


Tup.X; = Typ.X} for each i. Then we have for g = T°(u,u’), so that ug = u’: 


Vu May eis XR) 
k 


q(u, Pu(X1,.-.,Xk)) = a(ug, pg) 
= q(u’, ((r9)*~)u(X1,--.. ,Xz)) 
= qu’, Gug(Tu(r9).X1,--. ,Tu(r9).Xx)) 
= q(u’, Pu (X},--.,X;)), since Ty (r9)X; — X} € Vw P. 
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By this prescription a vector bundle valued form & € 0*(M; P[W]) is uniquely 
determined. 

For the converse recall the smooth mapping T” : P xg PW, p| — W 
from 10.7, which satisfies TY (u,q(u,w)) = w, q(ux,T (uz,Vz)) = Uz, and 
W (urg, Vx) = p(g~*)T (us, U2)- 

For ® € O*(M; P[W]) we define q?@ € Q*(P;W) as follows. For X; € TP 
we put 


T 


(q!®)a(Xa5 +. Xe) = 7 (th, Ooi (Tap Ma, - +, Top. Xp): 


Then g’® is smooth and horizontal. For g € G we have 
((r9)* (qt®))y(X1,..., Xk) = (q!®)ug(Tu(r?).X1, wey Ly (r?).X%) 
= TW (ug, Po (ug) (LugP- Tur?) X1,... ,Tugp-Tu(r?).Xx)) 
= p(g-t)r™ (u, ®5(u)(Tup-X1,--. ,Tup-Xr)) 
= pg ")ig'®)u( Xi; .++ Xn) 


Clearly the two constructions are inverse to each other. 


11.15. Let (P,p, M,G) be a principal fiber bundle with a principal connection 
® = Cow, and let p: G > GL(W) be a representation of the structure group G 
on a finite dimensional vector space W. We consider the associated vector bundle 
(E := P|W, pl,p, M,W), the induced connection © on it and the corresponding 
covariant derivative. 


Theorem. The covariant exterior derivative d,, from 11.5 on P and the co- 
variant exterior derivative for P[W]-valued forms on M are connected by the 
mapping gq! from 11.14, as follows: 


gi ody =d,0g' : Q(M; P[W]) > Qhor(P; W)%. 


Proof. Let first f € 29,.(P;W)? = C%(P,W)°, then we have f = q's for s € 
C™(P[W]). Moreover we have f(u) = 7” (u, s(p(u))) and s(p(u)) = q(u, f(u)) 
by 11.14 and 10.12. Therefore Ts.Tp.X, = Tq(Xu,Tf.Xu), where Tf.Xy = 
(f(u), df(Xu)) € TW =W x W. If x: TP = HP is the horizontal projection 


as in 11.5, we have T's. Tp.X,, = Ts.Tp.y.Xy = Tq(v-Xu,T f.x.Xu). So we get 


(q'dys)(Xu) = 7 (u, (dvs)(Tp.Xu)) 


=7 (u, Virp.x,8) by 11.13.(1) 
= (u, K.Ts.Tp.Xx) by 11.12.(1) 
=a" (uy, K.To(x:Xu,TPx-Xu)) from above 
= 7 (u, pro.vlpiy)-®-Ta(x-Xu, T f.x.Xu)) by 11.10 

= Tt (u, pro.vlpryy-T4a-(® x Id)(y.Xu,Tf.x-Xu))) by 11.8 
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=" (u, pro.vlppw)-T au, Tf-x-Xu))) since ®.y = 0 

= 7 (u, g.provlpiy-(Ou, TF-x-Xu))) since q is fiber linear 
"(u,q(u, df.x-Xu)) = (x*df)(Xu) 

= (dag's)(Xu). 


Now we turn to the general case. It suffices to check the formula for a decom- 
posable P[W]-valued form UV = 1 @s € *(M, P[W]), where  € 0*(M) and 
s € C™(P[W]). Then we have 
digi (wv ® s) = d.,(p*v - q's) 

= d.(p*) - q's + (-1)*x*p*bAd.gis by 11.5.(1) 

= y*p*dy)- q's + (—1)*p*w A qédys from above and 11.5.(4) 

= pdb gis + (—1)"p*w A gidys 

= gi(db ®@ 8 + (-1)*w A dys) 

= q'dy(v @ s). 


11.16. Corollary. In the situation of theorem 11.15 above we have for the cur- 
vature form 2 € 0?..(P;g) and the curvature RP!) € 0?(M; L(P[W], P[W])) 


the relation 


rae 


# P[W] _ 
Tcppw).ppw)y Re! = po 
where p’ = T.p : g > L(W,W) is the derivative of the representation p. 


Proof. We use the notation of the proof of theorem 11.15. By this theorem we 
have for X, Y € T,,P 


(dusddppw}8)u(X,¥Y) = (qtdvdys)u(X,¥) 
= (GF RPM5)u(X¥) 
Wu, RP (L,p.X, Tup-Y)s(p(u))) 
= haat PI), (X,Y) (aby 8)(u)- 
On the other hand we have by theorem 11.5.(8) 
(dudug's)u(X, Y) = (x*indg's)u(X, Y) 
= (dq's),(R(X,Y)) — since R is horizontal 


= (dq's)(—Cacx,y)(u)) by 11.2 

= 21, @'s)\FISS™ (u)) 

= |, 7 (u.exp(-tO(X, Y)), s(p(u. exp(—#2(X, Y))))) 
2), 7% (u.exp(-t2(X, Y)), s(p(u))) 

= an p(exptO(X,Y))r™ (u, s(p(u))) by 10.7 


Ot 
= p'(Q(X,Y))(q*s)(u). 


Remarks 115 
Remarks 


The concept of connections on general fiber bundles was formulated at about 
1970, see e. g. [Libermann, 73]. The theorem 9.9 that each fiber bundle admits 
a complete connection is contained in [Wolf, 67], with an incorrect proof. It is 
an exercise in [Greub-Halperin- Vanstone I, 72, p 314]. The proof given here and 
the generalization 9.11 of the Ambrose Singer theorem are from [Michor, 88], see 
also [Michor, 91], which are also the source for 11.8 and 11.9. The results 11.15 
and 11.16 appear here for the first time. 
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CHAPTER IV. 
JETS AND NATURAL BUNDLES 


In this chapter we start our systematic treatment of geometric objects and 
operators. It has become commonplace to think of geometric objects on a man- 
ifold M as forming fiber bundles over the base M and to work with sections 
of these bundles. The concrete objects were frequently described in coordinates 
by their behavior under the coordinate changes. Stressing the change of coor- 
dinates, we can say that local diffeomorphisms on the base manifold operate on 
the bundles of geometric objects. Since a further usual assumption is that the 
resulting transformations depend only on germs of the underlying morphisms, 
we actually deal with functors defined on all open submanifolds of MW and local 
diffeomorphisms between them (let us recall that local diffeomorphisms are glob- 
ally defined locally invertible maps), see the preface. This is the point of view 
introduced by [Nijenhuis, 72] and worked out later by [Terng, 78], [Palais, Terng, 
77], (Epstein, Thurston, 79] and others. These functors are fully determined by 
their restriction to any open submanifold and therefore they extend to the whole 
category Mf, of m-dimensional manifolds and local diffeomorphisms. An im- 
portant advantage of such a definition of bundles of geometric objects is that we 
get a precise definition of geometric operators in the concept of natural opera- 
tors. These are rules transforming sections of one natural bundle into sections of 
another one and commuting with the induced actions of local diffeomorphisms 
between the base manifolds. 

In the theory of natural bundles and operators, a prominent role is played 
by jets. Roughly speaking, jets are certain equivalence classes of smooth maps 
between manifolds, which are represented by Taylor polynomials. We start this 
chapter with a thorough treatment of jets and jet bundles, and we investigate the 
so called jet groups. Then we give the definition of natural bundles and deduce 
that the r-th order natural bundles coincide with the associated fibre bundles to 
r-th order frame bundles. So they are in bijection with the actions of the r-th 
order jet group G7, on manifolds. Moreover, natural transformations between 
the r-th order natural bundles bijectively correspond to G/,,-equivariant maps. 
Let us note that in chapter V we deduce a rather general theory of functors on 
categories over manifolds and we prove that both the finiteness of the order and 
the regularity of natural bundles are consequences of the other axioms, so that 
actually we describe all natural bundles here. Next we treat the basic properties 
of natural operators. In particular, we show that k-th order natural operators 
are described by natural transformations of the k-th order jet prolongations of 
the bundles in question. This reduces even the problem of finding finite order 
natural operators to determining G7 -equivariant maps, which will be discussed 
in chapter VI. 
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Further we present the procedure of principal prolongation of principal fiber 
bundles based on an idea of [Ehresmann, 55] and we show that the jet prolonga- 
tions of associated bundles are associated bundles to the principal prolongations 
of the corresponding principal bundles. This fact is of basic importance for the 
theory of gauge natural bundles and operators, the foundations of which will be 
presented in chapter XII. The canonical form on first order principal prolonga- 
tion of a principal bundle generalizes the well known canonical form on an r-th 
order frame bundle. These canonical forms are used in a formula for the first jet 
prolongation of sections of arbitrary associated fiber bundles, which represents a 
common basis for several algorithms in different branches of differential geome- 
try. At the end of the chapter, we reformulate a part of the theory of connections 
from the point of view of jets, natural bundles and natural operators. This is 
necessary for our investigation of natural operations with connections, but we 
believe that this also demonstrates the power of the jet approach to give a clear 
picture of geometric concepts. 


12. Jets 


12.1. Roughly speaking, two maps f, g: M — N are said to determine the 
same r-jet at x € M, if they have the r-th order contact at x. To make this idea 
precise, we first define the r-th order contact of two curves on a manifold. We 
recall that a smooth function R — R is said to vanish to r-th order at a point, 
if all its derivatives up to order r vanish at this point. 


Definition. Two curves 7,6: R— M have the r-th contact at zero, if for every 
smooth function y on M the difference yo y — yoo vanishes to r-th order at 
OER. 

In this case we write y ~, 6. Obviously, ~,. is an equivalence relation. For 
r = 0 this relation means 7(0) = 6(0). 


Lemma. If 7 ~, 6, then foy~, f0o6 for every map f: M— N. 


Proof. If y is a function on N, then yo f is a function on MW. Hence yo foy— 
yo fod has r-th order zero at 0. 


12.2. Definition. Two maps f, g: M — N are said to determine the same 
r-jet at « € M, if for every curve y: R > M with 7(0) = x the curves f oy and 
gov have the r-th order contact at zero. 

In such a case we write j? f = jig or j’ f(x) = j" g(a). 

An equivalence class of this relation is called an r-jet of M into N. Obviously, 
ji f depends on the germ of f at x only. The set of all r-jets of M into N is 
denoted by J’(M,N). For X = j?f € J’(M,N), the point x =: aX is the 
source of X and the point f(x) =: GX is the target of X. We denote by 7%, 
0 <s <r, the projection jr f - jsf of r-jets into s-jets. By Ji(M,N) or 
J"(M,N)y we mean the set of all r-jets of M into N with source « € M or 
target y € N, respectively, and we write J2(M,N), = JZ(M,N)N J"(M,N)y. 
The map j’ f: M — J"(M, N) is called the r-th jet prolongation of f: MM — N. 
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12.3. Proposition. If two pairs of maps f, f: M — N and g, g: N — Q 
satisty j, f = jrf and jyg = jy9, f(x) =y = f(a), then jz(g° f) = jr (9° f). 
Proof. Take a curve y on M with y(0) = x. Then jf = jf implies foy ~, foy, 
lemma 12.1 gives go foy~,gofoy and Jy = Jy9 Yields go foy~r go f oy: 
Hence go foy~,gofoy. 

In other words, r-th order contact of maps is preserved under composition. If 
X € Ji(M,N)y and Y € Jj(N,Q), are of the form X = 7), f and Y = jig, we 
can define the composition Y o X € J/(M,Q)~ by 

YoX =j, (ge f). 

By the above proposition, Y o X does not depend on the choice of f and g. We 
remark that we find it useful to denote the composition of r-jets by the same 
symbol as the composition of maps. Since the composition of maps is associative, 
the same holds for r-jets. Hence all r-jets form a category, the units of which 
are the r-jets of the identity maps of manifolds. An element X € Ji(M,N), 
is invertible, if there exists X~' € J/(N,M)» such that X~'o X = jr(idas) 
and Xo X71 = jy(idn). By the implicit function theorem, X € J"(M, N) is 
invertible if and only if the underlying 1-jet mX is invertible. The existence of 
such a jet implies dim 14 = dim N. We denote by invJ"(M, N) the set of all 
invertible r-jets of M into N. 


12.4. Let f: M — M be a local diffeomorphism and gi: N > N be a map. 
Then there is an induced map J"(f,g): J"(M, N) — J"(M, N) defined by 
J" (f,9)(X) = (yg) 0X 0 Grf) 

where x = aX and y = 3X are the source and target of X € J"(M, N). Since 
the jet composition is associative, J” is a functor defined on the product category 
M fin x Mf. (We shall see in 12.6 that the values of J” lie in the category FM.) 
12.5. We are going to describe the coordinate expression of r-jets. We recall 
that a multiindex of range m is a m-tuple a = (a1,...,Q@m) of non-negative 
integers. We write ja] = a1 +---+Qm, a! = a1!---am! (with 0! = 1), c* = 
(at) 22. (a@™)™ for v= (a',...,2™) € R™. We denote by 

olelf 
(Oat)... (Ox™) om 
the partial derivative with respect to the multiindex a of a function f: U C 
R” |R. 


Daf = 


Proposition. Given a local coordinate system x’ on M in a neighborhood of x 
and a local coordinate system y? on N in a neighborhood of f(x), two maps f, 
g: M— N satisfy j. f = jg if and only if all the partial derivatives up to order 
r of the components f? and g? of their coordinate expressions coincide at x. 


Proof. We first deduce that two curves y(t), 6(t): R — N satisfy y ~, 6 if and 
only if 
(1) a*(y? o-y)(0) _ a¥(y? 0 8) (0) 


dt* dt® 
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k = 0, 1,...,r, for all coordinate functions y?. On one hand, if y ~, 6, then 
y” oy —y?’o6 vanishes to order r, i.e. (1) is true. On the other hand, let (1) 
hold. Given a function y on N with coordinate expression y(y!,...,y”), we find 
by the chain rule that all derivatives up to order r of yo 6 depend only on the 
partial derivatives up to order r of y at 7(0) and on (1). Hence poy—yood 
vanishes to order r at 0. 

If the partial derivatives up to the order r of f? and g? coincide at x, then 
the chain rule implies f oy ~, go7¥ by (1). This means 77 f = jg. Conversely, 
assume jf = j%g. Consider the curves 2? = a‘t with arbitrary a’. Then the 
coordinate condition for foy~,; go7¥y reads 


(2) do (Daf?(a))a® = SY) (Dag?(a))a* 


ja|=k jaj=k 


k=0, 1,...,7r. Since a’ are arbitrary, (2) implies that all partial derivatives up 
to order r of f? and g” coincide at x. 


Now we can easily prove that the auxiliary relation 7 ~, 6 can be expressed 
in terms of r-jets. 


Corollary. Two curves 7, 6: R— M satisfy y ~, 6 if and only if j}y = 399. 


Proof. Since x‘ oy and x‘ 0 6 are the coordinate expressions of y and 6, (1) is 
equivalent to 767 = j§9. 


12.6. Write Ly, = Jj(R™,R”)o. By proposition 12.5, the elements of Lf, ,, 
can be identified with the r-th order Taylor expansions of the generating maps, 
i.e. with the n-tuples of polynomials of degree r in m variables without absolute 


term. Such an expression 
P n@ 
y alr 


1<|al<r 


will be called the polynomial representative of an r-jet. Hence Ly, ,, is a nu- 


merical space of the variables a. Standard combinatorics yields dim Lj, , = 


n{(™*") — 1]. The coordinates on Linn Will sometimes be denoted more explic- 


m 
itly by a?, af;,..-,@), 4, Symmetric in all subscripts. The projection 1f: Li, n 


— L*,, consists in suppressing all terms of degree > s. 

The jet composition Li, x Lig 2 Ling 18 evaluated by taking the composi- 
tion of the polynomial representatives and suppressing all terms of degree higher 
than r. Some authors call it the truncated polynomial composition. Hence the 
jet composition Li, X Lig 2 Ling is a polynomial map of the numerical spaces 
in question. The sets LY, ,, can be viewed as the sets of morphisms of a category 
L” over non-negative integers, the composition in which is the jet composition. 

The set of all invertible elements of L’,,, with the jet composition is a Lie 
group G7? called the r-th differential group or the r-th jet group in dimension m. 
For r = | the group G1, is identified with GL(m,R). That is why some authors 
use G'L"(m,R) for G’,. 

In the case M = R™, we can identify every X € J"(R’™,R"”) with a triple 
(aX, (igxtax) o Xo (jhtax), 8X) € R™ x Lr, x R", where t, means the 
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translation on R™ transforming 0 into x. This product decomposition defines 
the structure of a smooth manifold on J’(R”,R”) as well as the structure of 
a fibered manifold 7G: J’(R™,R”") — R™ x R”. Since the jet composition in 
L” is polynomial, the induced map J"(f,g) of every pair of diffeomorphisms 
f: R™ — R” and g: R” — R” is a fibered manifold isomorphism over (f,g). 
Having two manifolds M and N, every local charts y: U — R™ and wv: V — R” 
determine an identification (17,)~1(U x V) & J7(R™, R”). Since the chart chang- 
ings are smooth maps, this defines the structure of a smooth fibered manifold on 
mo: J"(M,N) — M x N. Now we see that J” is a functor M fm x Mf — FM. 
Obviously, all jet projections 77 are surjective submersions. 


12.7. Remark. In definition 12.2 we underlined the geometrical approach to 
the concept of r-jets. We remark that there exists a simple algebraic approach 
as well. Consider the ring C'?°(M,R) of all germs of smooth functions on a 
manifold M at a point x and its subset M(M,~) of all germs with zero value 
at a, which is the unique maximal ideal of C9°(M,R). Let M(M,x)* be the 
k-th power of the ideal M(M,.) in the algebraic sense. Using coordinates one 
verifies easily that two maps f, g: M — N, f(x) = y = g(a), determine the 
same r-jet if and only if yo f —yog € M(M,x)'*? for every py € CH°(N,R). 


12.8. Velocities and covelocities. The elements of the manifold T7M := 
Ji (R*, M) are said to be the k-dimensional velocities of order r on M, in short 
(k,r)-velocities. The inclusion T7M Cc J"(R™,M) defines the structure of a 
smooth fiber bundle on TM — M. Every smooth map f: M — N is extended 
into an FM-morphism Ty f: TM — TiN defined by T/f(j}9) = jb(f © g)- 
Hence Ty is a functor Mf — FM. Since every map R* — M, x Mg coincides 
with a pair of maps R* — M, and R® — Mb, functor Tj, preserves products. 
For k =r = 1 we obtain another definition of the tangent functor T = T}. 

We remark that we can now express the contents of definition 12.2 by saying 
that 72 f = jrg holds if and only if the restrictions of both 77 f and TYg to 
(Ti M), coincide. 

The space T7* M = J"(M,R*)o is called the space of all (k,r)-covelocities on 
M. In the most important case k = 1 we write in short T7/* = T’*. Since R¥ is a 
vector space, Ty*M — M is a vector bundle with jip(u) + j2a(u) = 72 (y(u) + 
w(u)), wu € M, and kyr y(u) = jr ky(u), k € R. Every local diffeomorphism 
f: M — N is extended to a vector bundle morphism T/*f: T/*M — T/*N, 
pre Fea o f~+), where f~! is constructed locally. In this sense T?* is a 
functor on Mf,,. For k = r = 1 we obtain the construction of the cotangent 
bundles as a functor T}/* = T* on Mf. We remark that the behavior of T, Lon 
arbitrary smooth maps will be reflected in the concept of star bundle functors 
we shall introduce in 41.2. 


12.9. Jets as algebra homomorphisms. The multiplication of reals induces 
a multiplication in every vector space T7* M by 

(3r9(U))G2V(4)) = Ie(e(u)Y(u)), 
which turns T’*M into an algebra. Every jf € J?(M,N), defines an algebra 
homomorphism hom(j;f): Ty*N — T7*M by jjp +> j(yo f). To deduce 
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the converse assertion, consider some local coordinates x on M and y? on N 
centered at x and y. The algebra T/*N is generated by jjy?. If we prescribe 
quite arbitrarily the images Bir yr) in T7*M, this is extended into a unique 
algebra homomorphism ©: T/*N — Ty*M. The n-tuple ®(jjy’) represents 
the coordinate expression of a jet X € JZ(M,N), and one verifies easily ® = 
hom(X). Thus we have proved 


Proposition. There is a canonical bijection between J,(M,N)y and the set of 
all algebra homomorphisms Hom(T,* N,T;*M). 


For r = 1 the product of any two elements in T* M is zero. Hence the algebra 
homomorphisms coincide with the linear maps TN — TM. This gives an 
identification J'(M,N) = TN @ T*M (which can be deduced by several other 
ways as well). 


12.10. Kernel descriptions. The projection 7?_,: T’*M — T’-'*M isa 
linear morphism of vector bundles. Its kernel is described by the following exact 
sequence of vector bundles over MZ 


(1) 03 9M oT MSM 0 


where S” indicates the r-th symmetric tensor power. To prove it, we first con- 


struct a map p: x T*M => T™M. Take r functions fi,.--,f, on M with 
values zero at x and construct the r-jet at x of their product. One sees directly 
that j7(fi...f-) depends on jifi,... , ji f- only and lies in ker(77_,). We have 
i(fi--- fr) = Gift O-+:O gif, where © means the symmetric tensor prod- 
uct, so that p is uniquely extended into a linear isomorphism of S"T*M into 
ker(n? Tp 1): 

Next we shall use a similar idea for a geometrical construction of an iden- 
tification, which is usually justified by the coordinate evaluations only. Let 4 
denote the constant map of M into y € N. 


Proposition. The subspace (m?_,)~'(j2~'g) C JZ(M, N), is canonically iden- 
tified with T,N ® S°T*M 


Proof. Let B € T,N and jif, € TSM, p = 1,...,r. For every Jye © Ty*N, 
take the value By € R of the derivative of y in direction B and construct a 
function (By) fi(u)... fr(u) on M. It is easy to see that jyp > J, ((By) fi... fr) 
is an algebra homomorphism T/*N — T7*M. This defines a map p: TyN x 


r-times 


T3Mx...xT3M — JZ(M, N),. Using coordinates one verifies that p generates 
linearly the required identification. 


For r = 1 we have a distinguished element j14 in every fiber of J4(M,N) > 
M x N. This identifies J'(M, N) with TN @ T*M. 

In particular, if we apply the above proposition to the projection 
m_4:(TfM)z > (Ty-'M)q, x € M, we find 


r 


(2) (n7_,) (2-14) = TM @ S’R™. 
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12.11. Proposition. 7?_,: J"(M,N) — J’~1(M,N) is an affine bundle, 
the modelling vector bundle of which is the pullback of TN © S’T*M over 
J™-1(M,N). 


Proof. Interpret X € J2(M,N), and A€T,N @S’TSM C JP(M,N), as alge- 
bra homomorphisms T)*N — T7*M. For every ® € T]*N we have m_,(A(®)) 
= 0 and 7)(X(®)) = 0. This implies X(®)A(W) = 0 and A(®)A(W) = 0 
for any other UV € T/*N. Hence X(®W) + A(@W) = X(®)X(V) = (X(®) + 
A(®))(X(W) + A(W)), so that X + A is also an algebra homomorphism T/* N — 
T,*M. Using coordinates we find easily that the map (X,A) +> X + A gives 
rise to the required affine bundle structure. 


Since the tangent space to an affine space is the modelling vector space, we ob- 
tain immediately the following property of the tangent map T7x!_,: TJ"(M, N) 
= TJ"-1(M,N). 


Corollary. For every X € Ji(M,N)y, the kernel of the restriction of T1/_, to 
Tx J"(M,N) is T,N @ S"’TSM. 


12.12. The frame bundle of order r. The set P’M of all r-jets with source 
0 of the local diffeomorphisms of R™ into M is called the r-th order frame 
bundle of M. Obviously, P’M = invT’ (M) is an open subset of T7,(M), 
which defines a structure of a smooth fiber bundle on P"M — M. The group 
G7, acts smoothly on P’M on the right by the jet composition. Since for 
every J, jo? € P"M there is a unique element 73(y 1 ow) € GT, satisfying 
(93%) 0(35(y-tow)) = 7h, P’M is a principal fiber bundle with structure group 
G",. For r = 1, the elements of invJj(R™,M). are identified with the linear 
isomorphisms R™ — T,M and Gi, = GL(m), so that P!M coincides with the 
bundle of all linear frames in TM, i.e. with the classical frame bundle of M. 

Every velocities space TM is a fiber bundle associated with P"M with stan- 
dard fiber Lj, ,,,. The basic idea consists in the fact that for every jh f € (Ti M)z 
and jipy € P?M we have jj(y-to f) € Li, m and conversely, every j9g € Lim 
and jjy € Pl M determine j§(yog) € (17M). Thus, if we formally define a left 
action Gr, x Lim 2 Lim by (Joh, 559) > Jo(h og), then Tf M is canonically 
identified with the associated fiber bundle P"M [LT om: 

Quite similarly, every covelocities space T7*M is a fiber bundle associated 
with P’M with standard fiber L7, ,, with respect to the left action Gf, x Li, , > 
Lr (56h, 569) > J6(g°h7"). Furthermore, P’M x P'N is a principal fiber 
bundle over M x N with structure group Gt, x Gt. The space J"’(M,N) is a 
fiber bundle associated with PM x P’N with standard fiber 7, ,, with respect 
to the left action (Gt, x G2) X Lhyy > Loans (G5¥, IY) HL) > JB(o fown?). 

Every local diffeomorphism f: M — N induces a map P”’f: P>M — P™N 
by P’f(j6¢) = 56(f oy). Since GF, acts on the right on both P’M and P'N, 
P’f is a local principal fiber bundle isomorphism. Hence P" is a functor from 
Mfm into the category PB(G7,). 

Given a left action of G7, on a manifold S, we have an induced map 


{P" f,idg}: P’M[S] > P"N[S] 
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between the associated fiber bundles with standard fiber S', see 10.9. The rule 
M+ P'M[S), fr {P'f,ids} is a bundle functor on Mf, as defined in 14.1. A 
very interesting result is that every bundle functor on M f,, is of this type. This 
will be proved in section 22, but the proof involves some rather hard analytical 
results. 


12.13. For every Lie group G, 77G is also a Lie group with multiplication 
G8 Ff(w))(s9(u)) = J6(F(w)g(u)), w € RE, where f(u)g(u) is the product in 
G. Clearly, if we consider the multiplication map uw: G x G — G, then the 
multiplication map of T7G is Tf: T7G x T7G — TPG. The jet projections 
ma: TfG — TRG are group homomorphisms. For s = 0, there is a splitting 
:G — TiG of mj = 6: TfG — G defined by u(g) = j§g, where g means the 
constant map of R* into g € G. Hence T/G is a semidirect product of G and of 
the kernel of 8: T7G— G. 
If G acts on the left on a manifold M, then T7G acts on Ty M by 


(Jo f(u))Go9(u)) = 56 (F(u)(9(u))), 


where f(u)(g(u)) means the action of f(u) € G on g(u) € M. If we consider 
the action map ¢: G x M — M, then the action map of the induced action is 
Trl: T£G x TM — Ty M. The same is true for right actions. 


12.14. r-th order tangent vectors. In general, consider the dual vector 
bundle Ty" M = (T{*M)* of the (k, r)-covelocities bundle on M. For every map 
f: M —N the jet composition At Ao (j7f), x € M, A € (Tf*N) pq) defines 
a linear map Aji f): (TE"N) pa) > (TE M)«. The dual map (A(jzf))* =: 
(Tr fa: (Ty-M)2 — (TEN) ¢(w) determines a functor T7- on M f with values 
in the category of vector bundles. For r > 1 these functors do not preserve 
products by the dimension argument. In the most important case k = 1 we shall 
write T7 = T") (in order to distinguish from the r-th iteration of T). The 
elements of T’) M are called r-th order tangent vectors on M. We remark that 
for r = 1 the formula TM = (T*M)* can be used for introducing the vector 
bundle structure on TM. 
Dualizing the exact sequence 12.10.(1), we obtain 


(1) 0—-T’-UM —=TM > S'TM > 0. 


This shows that there is a natural injection of the (r—1)-st order tangent vectors 
into the r-th order ones. Analyzing the proof of 12.10.(1), one finds easily that 
(1) has functorial character, i.e. for every map f: M — N the following diagram 
commutes 


‘ TO) MT M —— s°rM ——+0 
(2) [re f |r f [srr f 


6——_—3 TV —__.7°) N —__ +5" TN ——_+0 
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12.15. Contact elements. Let N be an n-dimensional submanifold of a man- 
ifold M. For every local chart y: N — R”, the rule + y~1(2) considered as a 
map R” — M is called a local parametrization of N. The concept of the contact 
of submanifolds of the same dimension can be reduced to the concept of r-jets. 


Definition. Two n-dimensional submanifolds N and N of M are said to have 
r-th order contact at a common point z, if there exist local parametrizations 
w: R" = M of N andy: R" > M of N, (0) = a = (0), such that joa) = jaw. 

An equivalence class of n-dimensional submanifolds of M will be called an 
n-dimensional contact element of order r on M, in short a contact (n, r)-element 
on M. We denote by K)M the set of all contact (n,r)-elements on M. We have 
a canonical projection ‘point of contact’ KM — M. 

An (n,r)-velocity A € (TM), is called regular, if its underlying 1-jet corre- 
sponds to a linear map R” — T,,M of rank n. For every local parametrization 
w of an n-dimensional submanifold, j}w is a regular (n,1r)-velocity. Since in 
the above definition we can reparametrize 7 and y in the same way (i.e. we 
compose them with the same origin preserving diffeomorphism of R”), every 
contact (n,r)-element on M can be identified with a class Ao G!,, where A is 
a regular (n,1r)-velocity on M. There is a unique structure of a smooth fibered 
manifold on kK? M — M with the property that the factor projection from the 
subbundle regT M CT’ M of all regular (n,1r)-velocities into A? M is a surjec- 
tive submersion. (The simplest way how to check it is to use the identification 
of an open subset in A7,R™ with the r-th jet prolongation of fibered manifold 
R” x R™—” => R", which will be described in the end of 12.16.) 

Every local diffeomorphism f: 1 — M preserves the contact of submanifolds. 
This induces a map K" f: K’ M > K" M, which is a fibered manifold morphism 
over f. Hence K" is a bundle functor on M f,,. For r = 1 each fiber (KM), 
coincides with the Grassmann manifold of n-planes in T,,M, see 10.5. That is 
why K1M is also called the Grassmannian n-bundle of M. 


12.16. Jet prolongations of fibered manifolds. Let p: Y — M bea fibered 
manifold, dim M =m, dim Y = m-+n. The set J’Y (also written as J"(Y — M) 
or J’(p: Y — M), if we intend to stress the base or the bundle projection) of 
all r-jets of the local sections of Y will be called the r-th jet prolongation of Y. 
Using polynomial representatives we find easily that an element X € J%(M,Y) 
belongs to J’Y if and only if (73xp)oX = ji (id). Hence J"Y C J"(M,Y) isa 
closed submanifold. For every section s of Y + M, j"s is asection of J"Y — M. 

Let x’ or y? be the canonical coordinates on R™ or R", respectively. Every 
local fiber chart y: U + R™*” on Y identifies (7})~1(U) with J’(R™, R”). This 
defines the induced local coordinates y2 on J'Y, 1 < Jal <r, where a is any 
multi index of range m. 

Let gq: Z — N be another fibered manifold and f: Y — Z be an FM- 
morphism with the property that the base map fo: M — N is a local dif- 
feomorphism. Then the map J"(f, fo): J"((M,Y) — J"(N, Z) constructed in 
12.4 transforms J"Y into J"Z. Indeed, X € J’Y, GX = y is characterized 
by (jjp) 0X = jrida, = p(y), and qo f = foo p implies (j4(,)¢) ° ((syf) © 
Xo (nfo )) = (j2fo) © (gp) 0 X 0 Fyocayfo = Jf,(n)idw- The restricted 
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map will be denoted by J’f: J7Y — J"Z and called the r-th jet prolongation 
of f. Let FM,, denote the category of fibered manifolds with m-dimensional 
bases and their morphisms with the additional property that the base maps are 
local diffeomorphisms. Then the construction of the r-th jet prolongations can 
be interpreted as a functor J": FM», — FM. (If there will be a danger of 
confusion with the bifunctor J” of spaces of r-jets between pairs of manifolds, 
we shall write Jf, for the fibered manifolds case.) 

By proposition 12.11, m?_,: J"(M,Y) — J"~1(M,Y) is an affine bundle, 
the associated vector bundle of which is the pullback of TY @ S’T*M over 
J™-1(M,Y). Taking into account the local trivializations of Y, we find that 
m_,: J7Y — J’—'Y is an affine subbundle of J’(M, Y) and its modelling vector 
bundle is the pullback of VY @ S™Z*M over J™~!Y, where VY denotes the 
vertical tangent bundle of Y. For r = 1 it is useful to give a direct description 
of the affine bundle structure on J'Y — Y because of its great importance in 
the theory of connections. The space J'(M, Y) coincides with the vector bundle 
TY @T*M =L(TM,TY). A 1-jet X: T,M — T,Y, x = p(y), belongs to J'Y 
if and only if [po X = idp, yy. The kernel of such a projection induced by T'p is 
V,Y ®T3M, so that the pre-image of idp, 7 in TyY ® TM is an affine subspace 
with modelling vector space V,Y @ TM. 

If we specialize corollary 12.11 to the case of a fibered manifold Y, we deduce 
that for every X € J’Y the kernel of the restriction of Ta%_,: TJ"Y — TJ"-1Y 
to Tx J"Y is Vax Y @ STS, M. 

In conclusion we describe the relation between the contact (n,7)-elements 
on a manifold M and the elements of the r-th jet prolongation of a suitable 
local fibration on M. In a sufficiently small neighborhood U of an arbitrary 
xz € M there exists a fibration p: U — N over an n-dimensional manifold N. 
By the definition of contact elements, every X € KM transversal to p (i.e. 
the underlying contact 1-element of X is transversal to p) is identified with an 
element of J’(U — N) and vice versa. In particular, if we take U = R" x R™~", 
then the latter identification induces some simple local coordinates on K7,M. 


12.17. If E — M is a vector bundle, then J”E — M is also a vector bundle, 
provided we define j?51(u) + j%s2(u) = j2(s1(u) + 52(u)), where u belongs to a 
neighborhood of « € M, and kj"'s(u) = jr ks(u), k ER. 

Let Z — M be an affine bundle with the modelling vector bundle E — M. 
Then J”Z — M is an affine bundle with the modelling vector bundle J7E — M. 
Given js € J’Z and jlo € JE, we set j”s(u)+jro(u) = 7% (s(u)+o(u)), where 
the sum s(u) + o(u) is defined by the canonical map Z xy E — Z. 


12.18. Infinite jets. Consider an infinite sequence 
(1) A, Ao,.--,Ar,--- 


of jets A; € J'(M,N) satisfying A; = mitt (Aiy1) for alli = 1,.... Sucha 
sequence is called a jet of order co or an infinite jet of M into N. Hence the set 
J~(M, N) of all infinite jets of M into N is the projective limit of the sequence 


3 r r+1 


PUL E_ PON) Se FUN Sc, 
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We denote by 72°: J°(M,N) — J"(M,N) the projection transforming the 
sequence (1) into its r-th term. In this book we usually treat J°°(M,N) as a 
set only, i.e. we consider no topological or smooth structure on J°(M, N). (For 
the latter subject the reader can consult e.g. [Michor, 80].) 

Given a smooth map f: M — N, the sequence 


jul gl el 


x € M, which is denoted by j&° f or 7° f(x), is called the infinite jet of f at 
x. The classical Borel theorem, see 19.4, implies directly that every element of 
J~(M, N) is the infinite jet of a smooth map of M into N, see also 19.4. 

The spaces T° M of all k-dimensional velocities of infinite order and the infi- 
nite differential group G°° in dimension m are defined in the same way. Having 
a fibered manifold Y — M, the infinite jets of its sections form the infinite jet 
prolongation JY of Y. 


12.19. Jets of fibered manifold morphisms. If we consider the jets of mor- 
phisms of fibered manifolds, we can formulate additional conditions concerning 
the restrictions to the fibers or the induced base maps. In the first place, if we 
have two maps f, g of a fibered manifold Y into another manifold, we say they 
determine the same (r, s)-jet at ye Y, s>7r, if 


(1) dy f = dyg and jy(f|¥x) = jy (9|¥e), 


where Y, is the fiber passing through y. The corresponding equivalence class will 
be denoted by 37° f. Clearly (7, s)-jets of FM-morphisms form a category, and 
the bundle projection determines a functor from this category into the category 
of r-jets. We denote by J"°(Y,Y) the space of all (r,s)-jets of the fibered 
manifold morphisms of Y into another fibered manifold Y. 

Moreover, let g > r be another integer. We say that two FM-morphisms 
f.g: Y ~Y determine the same (r,s, q)-jet at y, if it holds (1) and 


(2) HBS = j2Bg, 


where Bf and Bg are the induced base maps and z is the projection of y to the 
base BY of Y. We denote by j,’°7 f such an equivalence class and by J™*7(Y, Y) 
the space of all (r,s,q)-jets of the fibered manifold morphisms between Y and 
Y. The bundle projection determines a functor from the category of (r, s, q)-jets 
of #M-morphisms into the category of q-jets. Obviously, it holds 


(3) PUY Y= J (YY) Xaver oer, BY) 


where we consider the above mentioned projection J™*(Y,Y) — J’(BY, BY) 
and the jet projection 72: J7(BY, BY) > J'(BY, BY). 


12.20. An abstract characterization of the jet spaces. We remark that 
[Kolaz, 93b] has recently deduced that the r-th order jets can be characterized as 
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homomorphic images of germs of smooth maps in the following way. According 
to 12.3, the rule 7” defined by 


J’ (germs f) = inf 


transforms germs of smooth maps into r-jets and preserves the compositions. 
By 12.6, J"(M, N) is a fibered manifold over M x N for every pair of manifolds 
M, N. So if we denote by G(M, N) the set of all germs of smooth maps of M 
into N, j” can be interpreted as a map 


7 =itew: G(M,N) — J"(M, N). 


More generally, consider a rule F’ transforming every pair M, N of mani- 
folds into a fibered manifold F'(M,N) over M x N and a system y of maps 
pm,n: G(M,N) — F(M, N) commuting with the projections G(M, N) — M x 
N and F(M,N) — Mx N for all M, N. Let us formulate the following require- 
ments I-IV. 

I. Every pun: G(M,N) — F(M,N) is surjective. 

Il. For every pairs of composable germs B,, Bz and B,, Bz, p(B) = y(Bi) 
and (Bz) = y(B2) imply p(B2 0 Bi) = y(B2 0 B:). 

By I and II we have a well defined composition (denoted by the same symbol 
as the composition of germs and maps) 


Xo fe) Xy => p( Bo e} By) 


for every X; = p(Bi) € F,(M,N)y and X2 = y(B2) € F,(N, P),. Every local 
diffeomorphism f: MM — M and every smooth map g: N — N induces a map 
F(f,g): F(M, N) — F(M,N) defined by 


F(f,9)(X) = p(germyg) o X o y((germ,f)~*), X € F,(M,N),. 


III. Each map F(f,g) is smooth. 

Consider the product Nj, 2) oN, x No “+ No of two manifolds. Then 
we have the induced maps F(idy,pi) : F(M,Ni x No) — F(M,N;1) and 
F(idy,p2): F(M, Ni x No) — F(M,N2). Both F(M,N,) and F'(M, No) are 
fibered manifolds over M. 

IV. F(M, Ni x No) coincides with the fibered product F'(M, N1) x F(M, No) 
and F'(idy,p1), F'(idys,p2) are the induced projections. 


Then it holds: For every pair (Fy) satisfying I-IV there exists an integer 
r > 0 such that (F,y) = (J",j"). (The proof is heavily based on the theory of 
Weil functors presented in chapter VIII below.) 


13. Jet groups 


In spite of the fact that the jet groups lie at the core of considerations concern- 
ing geometric objects and operations, they have not been studied very exten- 
sively. The paper [Terng, 78] is one of the exceptions and many results presented 
in this section appeared there for the first time. 


128 Chapter IV. Jets and natural bundles 


13.1. Let us recall the jet groups G*, = invJ*(R™, R™)o with the multiplication 
defined by the composition of jets, cf. 12.6. The jet projections mrt define the 
sequence 


(1) Gr C ee Gin L 


and the normal subgroups B; = ker z/' (or BF if more suitable) form the filtration 


(2) G® = By > By D+ +: > By-1 D By = 1. 


Since we identify J*(R™,R™) with the space of polynomial maps R™ — R™ of 
degree less then or equal to k, we can write Gk, ={f = fitfot---+fe; fi 
J ihe), 1<i<k,and f; € GL(m) = G1,}, where Lin (R™ IR) is the 
space of all homogencous polynomial maps R™” —> R” of degree i. Hence G*, is 
identified with an open subset of an Euclidean space consisting of two connected 
components. The connected component of the unit, i.e. the space of all invertible 
jets of orientation preserving diffeomorphisms, will be denoted by G*,+. It 
follows that the Lie algebra g*, is identified with the whole space J*(R™,R™)o, 
or equivalently with the space of k-jets of vector fields on R™ at the origin that 
vanish at the origin. Since each j*X, X € X(R™), has a canonical polynomial 
representative, the elements of g*, can also be viewed as polynomial vector fields 
X= Lae sae Here the sum goes over 7 and all multi indices w with 1 < 
|u| < k. 

For technical reasons, we shall not use any summation convention in the rest of 
this section and we shall use only subscripts for the indices of the space variables 
x € R”, ie. if (71,...,2,) € R”, then x? always means 271.21, etc. 


13.2. The tangent maps to the jet projections turn out to be jet projections 
as well. Hence the sequence 13.1.(1) gives rise to the sequence of Lie algebra 
homomorphisms 


k- 2 
k-2 ust 


ke 
a Im eo d, 0 


and we get the filtration by ideals 6; = ker 7} (or 6/° if more suitable) 


gk, = bo > by Jorn > by 1 > by, = 0. 


Let us define g» C g*,, 0 < p< k—1, as the space of all homogeneous polynomial 
vector fields of degree p+1, i.e. gp = L?*1(R™,R™). By definition, g, is identified 


sym 


with the quotient 6,/b,+1 and at the level of vector spaces we have 


(1) gf, =90 0 g1 OO ge-1. 


For any two subsets £1, Lz in a Lie algebra g we write [L, Lo] for the linear 
subspace generated by the brackets [l,,l2] of elements 1; € Ly, ly € Lo. A 
decomposition g = go@gi®... of a Lie algebra is called a grading if [gi, 93] C git; 
for all 0 < i,j < oo. In our decomposition of g*, we take g; = 0 for all i > k. 
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Proposition. The Lie algebra g*, of the Lie group G*, is the vector space 
{j&X ; X © X(R™), X(0) = 0} with the bracket 


(2) [i0-X,50Y] = —Jo[X, Y] 

and with the exponential mapping 

(3) exp(ioX) =JoF, — i9X € am. 

The decomposition (1) is a grading and for all indices 0 < i,j < k we have 


(4) [92,95] = Git; ifm > 1, orifm=1 andi¥ j. 


Proof. For every vector field X € X(R™), the mapt jf F ie is a one-parameter 
subgroup in G®, and the corresponding element in g*, is 


Belo dd PHY = 96 (Fly FS) = 38-X. 
Hence exp(t.j*X) = jk FI, see 4.18. Now, let us consider vector fields X, Y 
on R™ vanishing at the origin and let us write briefly a := GEX, b= — jRy. 


According to 3.16 and 4.18.(3) we have 


278 [X, Y] =2t x)= G 


( (Pee oFI, oF IX o ri’) 


[ 
= 2 _ FIX, off FIX, off FIX off FIY’) 
0) 


= a (exp(—ta) o exp(—tb) o exp(ta) 0 exp(tb)) 
0 
eS me FIP? o Fif> o FI4Y o FIZ) (e) = 278 X, J8Y]. 


So we ye proved formulas (2 ) and (3). For all polynomial vector fields a = 
yaa an O= U Ca a € g*, the coordinate formula for the Lie bracket of 
vector fields, see 3.4, id. Joanald (2) imply 


[a, b] = S> d ae where 


M44 YOR; 
iy 


5 : i a 
(5) c= S> (Ajb).a), — ejay 01). 


1<j<m 
u+A—1j;=7 


Here 1; means the multi index a with a; = oy and there is no implicit summation 
in the brackets. This formula shows that (1) is a grading. Let us evaluate 
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and consider two degrees p, g,0<p+q<k-1. Ifp#q then for every y with 
ly| =p +q+41 and for every index 1 <i < m, we are able to find some a and 
8 with ja| = p+1, |6]=qtlanda+6=y7+1i, Bi 4 a;. Since the vector 
fields ae, 1<i<m,|y|=p+¢q4+1, form a linear base of the homogeneous 
component g,+9, we get equality (4). If p = q, then the above consideration fails 
only in the case 7; = |y|. But if m > 1, then we can take the bracket 


po pen | age rer 2. — (gt i)gee 4 (2) j#i. 


vj aie.) Ox; Lj Ox 


[t525 Bay? i Oa; 


Since the second summand belongs to [g,, gq] this completes the proof. 


13.3. Let us recall some general concepts. The commutator of elements a1, a2 
of a Lie group G is the element ajaza; ‘ay! € G. The closed subgroup K (54, $2) 
generated by all commutators of elements s; € S,; C G, 82 € So C G is called 
the commutator of the subsets S; and S3. In particular, G’ := K(G,G) is called 
the derived group of the Lie group G. We get two sequences of closed subgroups 


GO =G=Go@ 
GU =(Gr-Yy neEN 
Gin) = K(G,Gi-1)) neN. 


A Lie group G is called solvable if G™ = {e} and nilpotent if Gin) = {e} for 
some n € N. Since always Gin) D G™), every nilpotent Lie group is solvable. 

The Lie bracket determines in each Lie algebra g the following two sequences 
of Lie subalgebras 


g = 9 = go) 
a = [gg] nen 
Gin) =[8;9m—-y] nr EN. 


The sequence g,) is called the descending central sequence of g. A Lie algebra g 
is called solvable if g(") = 0 and nilpotent if Bn) = 0 for some n € N, respectively. 
Every nilpotent Lie algebra is solvable. If b is an ideal in g‘”) such that the factor 
g\”) /6 is commutative, then 6 D g"*+!). Consequently Lie algebra g is solvable 
if and only if there is a sequence of subalgebras g = by D 6b; D--: D b; = 0 
where 6,41 C by is an ideal, 0 < & < J, and all factors 6, /6,41 are commutative. 


Proposition. [Naymark, 76, p. 516] A connected Lie group is solvable, or nilpo- 
tent if and only if its Lie algebra is solvable, or nilpotent, respectively. 


13.4. Let i: GL(m) > G*, be the map transforming every matrix A € GL(m) 
into the r-jet at zero of the linear isomorphism «+> A(x), « € R™. This is a 
splitting of the short exact sequence of Lie groups 


1 
(1) e€ By Gt = Gi —___.e 
i 


so that we have the situation of 5.16. 
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Proposition. The Lie group G*, is the semidirect product GL(m) = B, with 
the action of GL(m) on B, given by (1). The normal subgroup By is connected, 
simply connected and nilpotent. The exponential map exp: 6b; — By, is a global 
diffeomorphism. 


Proof. Since the normal subgroup By, is diffeomorphic to a Euclidean space, 
see 13.1, it is connected and simply connected. Hence B, is also nilpotent, for 
its Lie algebra 6; is nilpotent, see 13.2.(4) and 13.3. By a general theorem, see 
[Naymark, 76, p. 516], the exponential map of a connected and simply connected 
solvable Lie group is a global diffeomorphism. Since our group is even nilpotent 
this also follows from the Baker-Campbell-Hausdorff formula, see 4.29. 


13.5. We shall need some very basic concepts from representation theory. A 
representation m of a Lie group G on a finite dimensional vector space V is a 
Lie group homomorphism 7: G + GL(V). Analogously, a representation of 
a Lie algebra g on V is a Lie algebra homomorphism g — gl(V). For every 
representation 7: G — GL(V) of a Lie group, the tangent map at the identity 
Tx: g — gl(V) is a representation of its Lie algebra, cf. 4.24. 

Given two representations 7; on V; and 72 on V2 of a Lie group G, or a Lie 
algebra g, a linear map f: V; — V4. is called a G-module or g-module homo- 
morphism, if f(m(a)(x)) = m2(a)(f(x)) for alla € Goraegandallz eV, 
respectively. We say that the representations 7; and 72 are equivalent, if there 
is a G-module isomorphism or g-module isomorphism f: V; — V2, respectively. 

A linear subspace W Cc V in the representation space V is called invariant if 
m(a)(W) C W for all a € G (or a € g) and 7 is called irreducible if there is no 
proper invariant subspace W CV. A representation 7 is said to be completely 
reducible if V decomposes into a direct sum of irreducible invariant subspaces. 
A decomposition of a completely reducible representation is unique up to the 
ordering and equivalences. A classical result reads that the standard action of 
GL(V) on every invariant linear subspace of @?V @@¢V* is completely reducible 
for each p and q, see e.g. [Boerner, 67]. 

A representation 7 of a connected Lie group G is irreducible, or completely 
reducible if and only if the induced representation T7 of its Lie algebra g is 
irreducible, or completely reducible, respectively, see [Naymark, 76, p. 346]. 

A representation 7: GL(m) — GL(V) is said to have homogeneous degree r if 
T(t.idgm) = t’idy for all t € R\ {0}. Obviously, two irreducible representations 
with different homogeneous degrees cannot be equivalent. 


13.6. The GL(m)-module structure on 6; C g*,. Since B, C GE, isa 
normal subgroup, the corresponding subalgebra 6; = g; @---@ gx—1 is an ideal. 
The (lower case) adjoint action ad of go = gl(m) on by and the adjoint action 
Ad of GL(m) = G!, on 6; determine structures of a go-module and a GL(m)- 
module on b;. As we proved in 13.2, all homogeneous components g; C 61 are 
go-submodules. 

Let us consider the canonical volume form w = dx, A --: A dzm on R”™ and 
recall that for every vector field X on R” its divergence is a function divX on 


R”™ defined by Lyw = (divX)w. 
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In coordinates we have div()- €'0/0x;) = >> O£'/Ox; and so every k-jet j& X € 
g*, determines the (k — 1)-jet j~'(divX). Hence we can define div(j¥X) = 
jh? (divX ) for all j&X € g*. If X is the canonical polynomial representative 
of j¢X of degree k, then divX is a polynomial of degree k — 1. Let CT C gy be 
the subspace of all elements j* X € g, with divergence zero. By definition, 


l div[X, Y]w = Lixy|e = Lxlyw = Ly Lxw 
et) = (X(divY) — Y(divX))w. 

Since every linear vector field X € go has constant divergence, C] C g, is a 
gl(m)-submodule. In coordinates, 


diana € CT if and only if Sree ~0, 


ie. D0;(Hi + 1at,44, = 0 for each p with |p| =r. 

Further, let us notice that the Lie bracket of the field Yo = 7, 5 5e with 
any linear field X € go is zero. Hence, also the subspace C3 of all vector fields 
Y €g, of the form Y = fYo with an arbitrary polynomial f = > fx of degree 
r is go-invariant. Indeed, it holds [X, fYo] = —(Xf)Yo. 

Since div( fYo) = 30, (a; +1) far, we see that g, = Cf C3. In coordinates, 
we have linear generators of CZ 


(2) Xq => tex), lal =r, 
k 


and if m > 1 then there are linear generators of CT 


a a lee 
Xa,k = 7% ((ox t 121 Bay (ay t 1)xp, 2) Kes on 


Yur = ose, k=1,...,m, |p) =rt1, uw, =0. 


We shall write C) = CL@C?@---@Ch' and CG, =Clocee:---ecyt. 
According to (1), Cy C 61 is a Lie subalgebra. Since for smooth functions f, g on 
R”™ we have [fX, 9X] = (g(Xf)+ f(Xg))X, Co C by is a Lie subalgebra as well. 
So we have got a decomposition 6; = C1 @ C2. According to the general theory 
this is also a decomposition into G},+-submodules, but as all the spaces CF are 
invariant with respect to the adjoint action of any exchange of two coordinates, 
the latter spaces are even G'L(m)-submodules. 


Proposition. If m > 1, then the GL(m)-submodules CT, C3 in gy, 1<r< 
k — 1, are irreducible and inequivalent. Form = 1, C[ =0,1<r<k-—1, and 
all C3 are irreducible inequivalent G'L(1)-modules. 


Proof. Assume first m > 1. A reader familiar with linear representation the- 
ory could verify that the modules C3 are equivalent to the irreducible modules 
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det~"C(y,...,r0)> Where the symbol C7; 9) corresponds to the Young’s dia- 
gram (r,...,7,0), while CT are equivalent to det OO OR a pyc 1.03 see €.g. 
[Dieudonné, Carrell, 71]. We shall present an elementary proof of the proposi- 
tion. 

Let us first discuss the modules C3. Consider one of the linear generators Xq 
defined in (2) and a linear vector field age € gl(m). We have 


(4) [-wisk, (So rege)] = aaa?" SO (ang). 
k 


k 


If 7 = i, we get a scalar multiplication, but in all other cases the index a; 
decreases while a; increases by one and if a; = 0, then the bracket is zero. 
Hence an iterated action of suitable linear vector fields on an arbitrary linear 
combination of the base elements X, yields one of the base elements. Further, 
formula (4) implies that the submodule generated by any Xq is the whole C5. 
This proves the irreducibility of the GL(m)-modules C3. 

In a similar way we shall prove the irreducibility of CT. Let us evaluate the 
action of Z;,; = @i ge on the linear generators Xo,4, Yu,k- 

[-Zi,j Xa] = (ae + 1)(ay + 6}) at Be 
— (a1 + 1)(ay + farther 3 


— Si(an + Lath oF + Selon + Lathe oe 


_7.. iy pt tye, oe eB 
[-2i.5, Yue] = wget 9 ao — Opa a 


In particular, we get 


[-Zi1, Yi1] =0 
+ 1)Xo41,- if ee 
[—Zi1, Xa,k] = { (a1 + 1) +1i-lk ay # if 
. . (ax 1 OL )Yo+t; 1 if a= 0, 1 # 1 
Mg Yy-1j+1ik ifitk 
[Fig Yaa] = 9 Xu-ay.9 ifi=k, wy £0 
Xp ifi=k, pj =0. 


Hence starting with an arbitrary linear combination of the base elements, an 
iterated action of suitable vector fields leads to one of the base elements Y,,,x. 
Then any other base element can be reached by further actions. Therefore also 
the modules C3 are irreducible. 

If m = 1, then all C] = 0 by the definition and for all 0 <r < k— 1 we have 
C5 = g, = R with the action of go given by [ax 2, ba’ +12) = —raba"™*1 2. 

The submodules CT and CZ cannot be equivalent for dimension reasons. The 
adjoint action Ad of GL(m) on g*, is given by Ad(a)(jXX) = j(a0 X oa7!). 
So each irreducible component of g, has homogeneous degree —r. Therefore the 
modules Cy with different 7 are inequivalent. 
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13.7. Corollary. The normal subgroup B, C G*, is generated by two closed 
Lie subgroups D,, D2 invariant under the canonical action of Gl,. The group 
Dy, is formed by the jets of volume preserving diffeomorphisms and D2 consists 
of the jets of diffeomorphisms keeping all the one-dimensional linear subspaces 
in R™. The corresponding Lie subalgebras are the subalgebras with grading 
Ci =Ci®::-® Cr and C2 = Ci @-:-@ os where all the homogeneous 
components are irreducible GL(m)-modules with respect to the adjoint action 
and 6; = C, 6 C4. 


Let us point out that an element jf € G*, belongs to D; or Do if and 
only if its polynomial representative is of the form f = idg,, + fo +--+ + fr 
with fj € Cy 9 Li,,,(R™,R™) = CT? or f, € C2N Li,,(R™,R™) = Ch”, 
respectively. 

13.8. Proposition. Ifm > 2 andI> 1, orm=1 and1> 2, then there is no 
splitting in the exact sequence e > B, > Gk, > G!, = e. In dimension m = 1, 
there is the exceptional projective splitting G? — G* defined by 


b ye 
(1) ax + ba? a(x ge+---4 o). 


Proof. Let us assume there is a splitting 7 in the exact sequence of Lie algebra 
homomorphisms 0 b; at a, 0,1> 1. So j:g00-::@® gi —- 
Go ®--: ® ge_-1 and the restrictions tee of the components j,: go Gq to 


the go-submodules CP in the homogeneous component g, are morphisms of go- 
modules. Hence jf, = 0 whenever p 4 q. Since j is a splitting the maps j?,, are 
the identities. 

Assume now m > 1. Since [g;-1, 91] equals g; in g®, but at the same time this 
bracket equals zero in g!,, we have got a contradiction. 

If m = 1 andI > 2 the same argument applies, but the inclusion 7: go ® gi — 
Bo Ogi 0+: Pgx_-1 is a Lie algebra homomorphism, for in g¥ the bracket [g1, 91] 
equals zero. Let us find the splitting on the Lie group level. The germs of 
transformations fy,3(v) = aaa GB # 0, are determined by their second jets, 
so we can view them as elements in G?. Since the composition of two such 
transformations is a transformation of the same type, they give rise to Lie group 
homomorphisms G7 — G% for all r € N. One computes easily the derivatives 


f£(0) = (-1)""!nla"-18-. Hence the 2-jet ax+bx? corresponds to fag with 
a =—ba~*, 3=a7!. Consequently, the homomorphism G? — G7 has the form 


(1) and its tangent at the unit is the inclusion j. 


We remark that a geometric definition of the exceptional splitting (1) is based 
on the fact that the construction of the second order jets determines a bijection 
between G7 and the germs at zero of the origine preserving projective transfor- 
mations of R. 


13.9. Proposition. The Lie group G* is solvable. Its Lie algebra g* can be 
characterized as a Lie algebra generated by three elements 


Xo=tteg, Ma=Pten, X.=x2te ge 
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with relations 


(1) [Xo, X1] = —X1 
(2) [Xo, X2] = —2X2 
(3) (ad(X,))'X2=0 fori>k—2. 


Proof. The filtration g¥ = by D --» D by_1 D O from 13.2 is a descending chain 
of ideals with dim(6;/b6;,1) = 1. Hence g* is solvable. 
Let us write X; = gitid € gj. Since [X1, X;] = (1 — i) Xi41, we have 


(4) = nal) 2Xa fork-1>i>3 
(5) [Xi, Xj] = (@- j)Xi4;- 


Now, let g be a Lie algebra generated by Xo, X1, X2 which satisfy relations 
(1)-(3) and let us define X;, i > 2 by (4). Consider the linear map a: gt — g, 
X;, > X;,0<i<k—-1. Then [X1, Xj] = (1—12)Xi41 and using Jacobi identity, 
the induction on i yields [Xo,X;] = —iX;. A further application of Jacobi 
identity and induction on i lead to [X;, X;] = (i — j)Xi+;. Hence the map a is 
an isomorphism. 


13.10. The group G*, with m > 2 has a more complicated structure. In par- 
ticular G*, cannot be solvable, for [g*,,g*,] contains the whole homogeneous 
component go, so that this cannot be nilpotent. But we have 


Proposition. The Lie algebra g*,, m > 2, k > 2, is generated by go and any 
2 0 


element a € g; with a ¢ C} UCQ. In particular, we can take a = x} 5,-. 

Proof. Let g be the Lie algebra generated by go and a. Since g; = Ci @ Cb is 

a decomposition into irreducible go-modules, gi C g. But then 13.2.(4) implies 
k 

g = Gm: 


13.11. Normal subgroup structure. Let us first describe several normal 
subgroups of Gk. For every r € N, 1 < r < k—1, we define B,, C By, 
Bra = {95f; f = idrm t+ frit + fey feo € CT, fc © Lyn (R™,R™)}. 
The corresponding Lie subalgebra in g*, is the ideal CT 6 gpi1 @--- @ ge-1 
so that B, is a normal subgroup. Analogously, we set B,2 = {jof; f = 
idpm + fr4it:--+fe, fro € Co, fi € Lt a RR) } with the corresponding 
Lie subalgebra C3 @g,410---Pge—1. We can characterize the normal subgroups 
B,,; as the subgroups in B, with the projections 7*,,(B,,;) belonging to the 
subgroups D;C Gi, 7 = 1,2, cf. 12.7. 

k 


m? 


Proposition. Every connected normal subgroup H of G*,, m > 2, is one of the 
following: 
(1) {e}, the identity subgroup, 


(2) By, 1<r<k, the kernel of the projection r*: Gk, > G",, 


m 
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(3) Bra, 1 <r <k, the subgroup in B, of jets of diffeomorphisms keeping 
the standard volume form up to the order r + 1 at the origin, 

(4) Br2, 1< 1 <k, the subgroup in B, of jets of diffeomorphisms keeping 
the linear one-dimensional subspaces in R™ up to the order r+ 1 at the origin, 

(5) N x By, where N is a normal subgroup of GL(m) = G1.. 
k 


m) 


Proof. Since we deal with connected subgroups H Cc G 
proposition on the Lie algebra level. 

Let us first assume that H C B,. Then it suffices to prove that the ideal in 
g*, generated by Cr. j = 1,2, is the whole Cr 6,41. But the whole algebra g*, 
is generated by go and X; = rie, and [g1,9:] = gi+1 for all2 <<i<k. That 
is why we have only to prove that g,41 is contained in the subalgebra generated 
by go, X1 and C? for both j = 1 and j = 2. Since Ce are irreducible go- 
submodules, it suffices to find an element Y € CF such that [X1,Y] ¢ CT +1 and 
at the same time [X1,Y] ¢ C37". 

Let us take first 7 = 2, ie. Y = fYo for certain polynomial f. Since 
[f¥o, X14] = (Xi f)Yo + F[Yo, X11] = (X1f)¥o — f Xi, the choice f(x) = —25 gives 
[Y, Xa] = 5a} ge which does not belong to C{*! U C3*", for its divergence 
equals to 27,25 #0, cf. 13.5. 

Further, consider Y = ote € CT and let us evaluate [7p 52, ai 5] = 
—2n,05'1 52. Since the divergence of the latter field does not vanish, [Y, Xo] ¢ 
Crt! U C3*+ as required. Hence we have proved that all connected normal 
subgroups H Cc G*, contained in B, are of the form (1)—(4). 

Consider now an arbitrary ideal ) in g*, and let us denote n = hNgo C go. By 
virtue of 13.2.(4), if h contains a vector which generates g; as a go-module, then 
b; Ch. We shall prove that for every X € go any of the equalities [X,C}] = 0 
and [X, C4] = 0 implies X = 0. Therefore either h D 6; or n = 0 which concludes 
the proof of the proposition. 

Let X = 97, ; bets € go and Y = Bie Dy Bi Bes € Ck. Then [X,Y] = 
—(S0; b%j%;) Yo. Hence [X, C3] = 0 implies X = 0. Similarly, for Y = a? 5 € 
Ci and X € go, the equalities [X,Y] = 0 for all k £1 yield X = 0. The simple 
computation is left to the reader. 


we can prove the 


13.12. G*-modules. In the next sections we shall see that the actions of 
the jet groups on manifolds correspond to bundles of geometric objects. In 
particular, the vector bundle functors on m-dimensional manifolds correspond 
to linear representations of G*,, i.e. to Gk,-modules. Since there is a well known 
representation theory of GL(m) which is a subgroup in G*,, we should try to 
describe possible extensions of a given representation of GL(m) on a vector 
space V to a representation of G*,. A step towards such description was done 
in [Terng, 78], we shall present only an observation showing that the study 
of geometric operations on irreducible vector bundles restricts in fact to the 
case of irreducible GL(m)-modules (with trivial action of the normal subgroup 
B,). According to 5.4, there is a bijective correspondence between Lie group 
homomorphisms from B, to GL(V) and Lie algebra homomorphisms from 6, to 
gl(V), for By is connected and simply connected. Further, there is the semidirect 
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product structure g*, = gl(m) x 6; with the adjoint action of gl(m) on 6; which 
is tangent to the adjoint action of GL(m) and every representation of GL(m) on 
V induces a GL(m)-module structure on gl(V) via the adjoint action of GL(V) 
on gl(V). This implies immediately 


Proposition. For every representation p: GL(m) > GL(V) there is a bijection 
between the representations p: Gk, + GL(V) with p|GL(m) = p and the set 
of mappings T: 6; — gl(V) which are both Lie algebra homomorphisms and 
homomorphisms of GL(m)-modules. 


13.13. A G-module is called primary if it is equivalent to a direct sum of copies 
of a single irreducible G-module. 


Proposition. If V is a G*,-module such that the induced GL(m)-module is 
primary, then the action of the normal subgroup B, C G*, is trivial. 


Proof. Assume that the GL(m)-module V equals sW, where W is an irre- 
ducible GL(m)-module. Then each irreducible component of the GL(m)-module 
gl(V) = V @ V* has homogeneous degree zero. But all the irreducible compo- 
nents of 6; have negative homogeneous degrees. So there are no non-zero ho- 
momorphisms between the GL(m)-modules 6; and gl(V) and 13.12 implies the 
proposition. 


13.14. Proposition. Let p: Gk, + GL(V) be a linear representation such 
that the corresponding GL(m)-module is completely reducible and let V = 
Soy, iVi, where V; are inequivalent irreducible GL(m)-modules ordered by 
their homogeneous degrees, i.e. the homogeneous degree of V; is less than or equal 
to the homogeneous degree of V; whenever i < j. Then W = ae; niVi) @ nV, 
isa G* -submodule of V for all 1 <l<randn<n. 


Proof. By definition, oo niVi) ® nV, is a GL(m)-submodule. Since every ir- 
reducible component of the GL(m)-module 6; has negative homogeneous degree 
and for all 1 < i <1 the homogeneous degree of L(V;, V;) is non-negative, we get 


t-1 


t-1 
Tep(X)((S_ raVi) @ Vi) CS miVi 


i=1 


for all n < m and for every X € b;. Now the proposition follows from 13.12 and 
13.5. 


13.15. Corollary. Every irreducible G®,-module which is completely reducible 
as a GL(m)-module is an irreducible GL(m)-module with a trivial action of the 
normal nilpotent subgroup B, C G*.,. 


Proof. Let V be an irreducible G*,-module. Then V is irreducible when viewed 
as a GL(m)-module, cf. proposition 13.14. But then B, acts trivially on V by 
virtue of proposition 13.13. 
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13.16. Remark. In the sequel we shall often work with various subgroups in 
the group of all diffeomorphisms R™ — R™ which determine Lie subgroups in 
the jet groups G*. Proposition 13.2 describes the bracket and the exponential 
map in the corresponding Lie algebras and also their gradings g = go © --: ® 
Gx—1- Let us mention at least volume preserving diffeomorphisms, symplectic 
diffeomorphisms, isometries and fibered isomorphisms on the fibrations R™t” > 
R™. We shall essentially need the latter case in the next chapter, see 18.8. The 
r-th jet group of the category FMinin iS Grin C Ginn and the corresponding 
Lie subalgebra is Cc g*,,, consists of all polynomial vector fields 2 1 yt" 5a 
4. = 0 whenever 7 < m and yj; #0 for some j > m. The arguments from 
the end of the proof of proposition 13.2 imply that even 13.2.(4) remains valid 
in the following formulation. 


with a 


The decomposition ae = go @-+: @ gr-1 is a grading and for every indices 
0<i,j <k it holds 


(1) [9,95] = Git; ifm>1,n>1, or ifi¥ 7s. 


14. Natural bundles and operators 


In the preface and in the introduction to this chapter, we mentioned that 
geometric objects are in fact functors defined on a category of manifolds with 
values in category FM of fibered manifolds. Therefore we shall use the name 
bundle functors, in general. But the best known among them are defined on 
category Mf, of m-dimensional manifolds and local diffeomorphisms and in 
this case many authors keep the traditional name natural bundles. Throughout 
this section, we shall use the original definition of natural bundles including 
the regularity assumption, see [Nijenhuis, 72], [Terng, 78], [Palais, Terng, 77], 
but we shall prove in chapter V that every bundle functor on Mf, is of finite 
order and that the regularity condition 14.1.(iii) follows from the other axioms. 
Since the presentation of these results needs rather long and technical analytical 
considerations, we prefer to derive first geometric properties of bundle functors 
in the best known situations under stronger assumptions. In fact the material of 
this section presents a model for the more general situation treated in the next 
chapter. 


14.1. Definition. A bundle functor on Mfm or a natural bundle over m- 
manifolds, is a covariant functor PF: Mf, — FM satisfying the following con- 
ditions 

(i) (Prolongation) Bo F = Idyyz,,, where B: FM — Mf is the base functor. 
Hence the induced projections form a natural transformation p: F — Idyyy,,. 

(ii) (Locality) If 7: U — M is an inclusion of an open submanifold, then 
FU = pj, (U) and Fi is the inclusion of py/ (U) into FM. 

(iii) (Regularity) If f: Px M — N isasmooth map such that for all p € P the 
maps f, = f(p, ): M — N are local diffeomorphisms, then Ff: PxFM > FN, 
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defined by F f(p, ) = F fo, p € P, is smooth, i.e. smoothly parameterized systems 
of local diffeomorphisms are transformed into smoothly parameterized systems 
of fibered local isomorphisms. 


In sections 10 and 12 we met several bundle functors on M fim. 


14.2. Now let F be a natural bundle. We shall denote by t,: R™ — R™ the 
translation y+ y+ and for any manifold M and point « € M we shall write 
F,M for the pre image pj; (x). In particular, FoR™ will be called the standard 
fiber of the bundle functor F’. Every bundle functor F': Mf, — FM determines 
an action 7 of the abelian group R™ on FR” via tT, = Fy. 


Proposition. Let F: Mfin— FM be a bundle functor on Mf, and let S := 
FoR” be the standard fiber of F'. Then there is a canonical isomorphism R™ x 
S = FR", (a, z) > Ftz(z), and for every m-dimensional manifold M the value 
FM is a locally trivial fiber bundle with standard fiber S. 


Proof. The map 7: FIR™ — R™ x S defined by z + (a2, Ft_.(z)), « = p(z), is 
the inverse to the map defined in the proposition and both maps are smooth ac- 
cording to the regularity condition 14.1.(iii). The rest of the proposition follows 
from the locality condition 14.1.(ii). Indeed, a fibered atlas of FM is formed by 
the values of F’ on the charts of any atlas of M. 


14.3. Definition. A natural bundle F': Mf, — FM is said to be of finite 
order r, 0 <r < , if for all local diffeomorphisms f, g: MM — N and every 
point « € M, the equality 77 f = j£g implies Ff|F,M = Fg|Fr,M. 


14.4. Associated maps. Let us consider a natural bundle F: M fin, — FM 
of order r. For all m-dimensional manifolds 7, N we define the mapping 
Fyn: invJ"(M,N) xu FM > FN, (jt f,y) -@ Ff(y). The mappings Far. 
are called the associated maps of the bundle functor F. 


Proposition. The associated maps are smooth. 


Proof. For m = 0 the assertion is trivial. Let us assume m > 0. Since smooth- 
ness is a local property, we may restrict ourselves to M = N = R™. Indeed, 
chosen local charts on M and N we get local trivializations on F'M and F'N and 
the induced local chart on invJ"(M, N). Hence we have 


~ 


invJ"(R™,R™) xpm FR™ ©: invJ"(U,V) xy FU 22% FV 3 FR™ 


and we can apply the locality condition. 

Now, let us recall that every jet in J’(IR™,R”) has a canonical polynomial 
representative and that this space coincides with the cartesian product of R™ and 
the Euclidean space of coefficients of these polynomials, as a smooth manifold. If 
we consider the map ev: invJ’(R™, R™) x R” > R™, ev. (9 f) = f(x), then the 
associated map Figm zm coincides with the map Fev) appearing in the regularity 
condition. 
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14.5. Induced action. According to proposition 14.4 the restriction € = 
Fipm iam|Gt, x S is a smooth left action of the jet group G7, on the standard 
fiber S. 

Let us define qu = Fam m|invJj(R™,M) x S: P"M x S — FM. For every 
u= jog € invJj(R™, M), s € S and j§ f € G’, we have 


(1) gm (509° jof L(iof-*,8)) = a (509: 8) 


and the restriction (qar)u ‘= di (J6g, ) is a diffeomorphism. Hence q determines 
the structure of the associated fiber bundle P’M[S; 4] on FM, cf. 10.7. 


Proposition. For every bundle functor F: Mfm— FM of order r and every 
m-dimensional manifold M there is a canonical structure of an associated bundle 
P'M{S;@| on FM given by the map qu and the values of the functor F lie in 
the category of bundles with structure group G’,, and standard fiber S. 


Proof. The first part was already proved. Consider a local diffeomorphism 
f: M—N. For every jjg € P"M, s € S we have 


Ff oqm (jog, 8) = F f° Fg(s) = an (io(f © 9), 8). 


So we identify Ff with {P"f,ids}: P"M x@r S— P'N x@_ S. 


14.6. Description of r-th order natural bundles. Every smooth left action 
é of G’, on a manifold S determines a covariant functor L: PB(G?,) = FM, 
LP = P[S;4|, Lf = {f,ids}. An r-th order bundle functor F’ with standard 
fiber S induces an action ¢ of G?, on S and we can construct a natural bundle 
G=LoP": Mfm—- FM. 

We claim that F’ is naturally equivalent to G. For every u = jog € PLM 
there is the diffeomorphism (qaz)u: S — FM which we shall denote Fu. Hence 
we can define maps yyw: GM — FM by 


xm ({u, 8}) = Fu(s) = qu (J09, 8) = F9(s). 


According to 14.5.(1), this is a correct definition, and by the construction, the 
maps x are fibered isomorphisms. Since Gf = {P’f,ids} for every local 
diffeomorphism f: I — N, we have Ff o yu ({jj9,5}) = F(f°9)(s) =xno 
GH({i89,8}). 

From the geometrical point of view, naturally equivalent functors can be 
identified. Hence we have proved 


Theorem. There is a bijective correspondence between the set of all r-th order 
natural bundles on m-dimensional manifolds and the set of smooth left actions 
of the jet group G},, on smooth manifolds. 


In the next examples, we demonstrate on well known natural bundles, that 
the identification in the theorem is exactly what the geometers usually do. 
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14.7. Examples. 

1. The reader should reconsider that in the case of frame bundles P” the 
identification used in 14.6, i.e. the relation of the functor P” to the functor 
G constructed from the induced action, is exactly the usual identification of 
principal fiber bundles (P, p, M,G) with their associated bundles P[G, \], where 
\ is the left action of G on itself. 

2. For the tangent bundle T, the map (qaz)u with u = jig € P!M is just the 
linear map Tog: TyR™ — T,,M determined by jég, i.e. the linear coordinates 
on T;,M induced by local chart g. Hence the tangent bundle corresponds to the 
canonical action of G},, = GL(m,R) on R™. 

3. Further well known natural bundles are the functors Ty of r-th order k- 
velocities. More precisely, we consider the restrictions of the functors defined in 
12.8 to the category Mf. Let us recall that T7 M = J} (R*,M) and the action 
on morphisms is given by the composition of jets. Hence, in this case, for every 
u = jig € PEM the map (qm)u transforms the classes of r-equivalent maps 
(R*,0) — (M,~) into their induced coordinate expressions in the local chart g, 


ie. (qar)a (Jot) = 56(97' 9 f). 


14.8. Vector bundle functors. In accordance with 6.14, a bundle functor 
F: Mfm — FM is called a vector bundle functor on M fm, or natural vector 
bundle, if there is a canonical vector bundle structure on each value F'M and 
the values Ff on morphisms are morphisms of vector bundles. Let F be an 
r-th order natural vector bundle with standard fiber V and with induced action 
£:G,xV—V. Then ¢ is a group homomorphism G?, — GL(V) and so V 
carries a structure of GY,-module. On the other hand, every G?,-module V gives 
rise to a natural bundle F’, see the construction in 14.6, and an application of F’ 
to charts of any atlas on a manifold M yields a vector bundle atlas on the value 
F-M — M. Therefore proposition 14.6 implies 


Proposition. There is a bijective correspondence between r-th order vector 
bundle functors on M f,,, and G?,-modules. 


14.9. Examples. 

1. In our setting, the p-covariant and q-contravariant tensor fields on a man- 
ifold M are just the smooth global sections of FM — M, where F is the vector 
bundle functor corresponding to the GL(m)-module @?R™* @ @YR™, cf. 7.2. 

2. In 6.7 we discussed constructions with vector bundles corresponding to a 
smooth covariant functor F on the category of finite dimensional vector spaces 
and these constructions can be applied to the values of any natural vector bundle 
to get new natural vector bundles, cf. 6.14. There we applied F to the cocycle of 
transition functions. Let us look what happens on the level of the corresponding 
G',-modules. If we apply F to a G?,-module V with action ¢: Gr, — GL(V), 
we get a vector space FV with action 0: G’, — GL(FV), &(g) = F(&(g)), ie. 
a new G? -module FV. Let us assume that G and FG are the natural vector 
bundles corresponding to V and FV. The canonical vector bundle structure on 
(FG)M = P'M xe@r, FV coincides with that on F(GM) by 10.7.(4). Similarly, 
we can handle contravariant functors and bifunctors on the category of vector 
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spaces, cf. 6.7. In particular, the values of natural vector bundles corresponding 
to direct sums of the modules are just fibered products over the base manifolds 
of the individual bundles. Let us also note that C'™ (6'FM) =@! (C™(F,M)). 

3. There are also well known examples of higher order natural vector bun- 
dles. First of all, we recall the functor of r-th order k-dimensional covelocities 
J”( ,R*)o = Tf* introduced in 12.8. If r,k = 1, we get the dual bundles to 
the tangent bundles Jj(R,M) = TM. So the vector bundle structure on the 
cotangent bundle is natural and the tangent spaces are the duals, from our point 
of view. But we can apply the construction of a dual module to any Gt,,-module 
and this leads to dual natural vector bundles according to 14.6. In this way we 
get the r-th order tangent bundles T’”) := (T’*)* or, more general the bundle 
functors Ty = (Ty*)*, see 12.14. 


14.10. Affine bundle functors. A bundle functor F': M fi, — FM is called 
an affine bundle functor on Mf, or natural affine bundle, if each value FM —> 
M is an affine bundle and the values on morphisms are affine maps. Hence the 
standard fiber V of an r-th order natural affine bundle is an affine space and the 
induced action @ is a representation of G7, in the group of affine transformations 
of V. So for each g € G7, there is a unique linear map Q(g): VovV satisfying 
L(g)(y) = &(g) (x) 4 &(g)(y — x) for all x, y € V. It follows that @ is a linear rep- 
resentation of G’, on the vector space V and there is the corresponding natural 
vector bundle F. By the construction, for every m-dimensional manifold M the 
value FM is just the modelling vector bundle to FM and for every morphism 
f: MN, F f is the modelling linear map to Ff. Hence two arbitrary sections 
of FM ‘differ’ by a section of FM. The best known example of a second order 
natural affine bundle is the bundle of elements of linear connections QP! which 


—_ 
we shall study in section 17. The modelling natural vector bundle QP! is the 
tensor bundle T ® T* ® T* corresponding to GL(m)-module R™ @ R”™* @ R™. 


Next we shall describe all natural transformations between natural bundles 
in the terms of G?,-equivariant maps. 


14.11. Lemma. For every natural transformation y: F — G between two 
natural bundles on Mf, all mappings xv: FM — GM cover the identities 
idys- 


Proof. Let x: F — G be a natural transformation and let us write p: FM — M 
and gq: GM — M for the canonical projections onto an m-dimensional manifold 
M. Ify € FM is a point with z := q(vm(y)) 4 p(y), then there is a local 
diffeomorphism f: M — M such that germ,:,)f = germ,iy)idyy and f(z) = 2, 
z # z. But now the localization condition implies goyyoF f(y) 4 qoGfoxar(y), 
for qoGf = f oq. This is a contradiction. 


14.12. Theorem. There is a bijective correspondence between the set of all 
natural transformations between two r-th order natural bundles on M f,, and 
the set of smooth G*-equivariant maps between their standard fibers. 


Proof. Let F and G be natural bundles with standard fibers S and Q and let 
x: F > G be a natural transformation. According to 14.11, we have the restric- 
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tion yym|S: S > Q and we claim that this is G?,-equivariant with respect to the 
induced actions. Indeed, for any jj f € Gi, we get (vam|S)oF f = Gf o(xem|S), 
but Ff: S — S and Gf: Q > Q are just the induced actions of jj f on S and 
Q. Now we have to show that the whole transformation y is determined by the 
map Yre~n|S. First, using translations t,: R™ — R™ we see this for the map 
Xem. Then, if we choose any atlas (U,,uUq) on a manifold M, the maps Fug 
form a fiber bundle atlas on FM and we know xy 0 Fug = Gua ° Xam. Hence 
the locality of bundle functors implies yyr|(p4,)~!(Ua) = Guo © XRm 0 (Fua)t. 

On the other hand, let x9: S — Q be an arbitrary G7,-equivariant smooth 
map. According to 14.6, the functors F’ or G are canonically naturally equivalent 
to the functors Lo P" or K o P”, where L or K are the functors corresponding 
to the induced G?,-actions @ or k on the standard fibers S or Q, respectively. 
So it suffices to define a natural transformation y: Lo P" — KoP". We 
set ym = {idpraz, Xo}. It is an easy exercise to verify that y is a natural 
transformation. Moreover, we have ygm|S' = xo. 


In general, an operator is a rule transforming sections of a fibered manifold 
Y — M into sections of another fibered manifold Y — M. We shall deal with 
the case M = M in this section. Let us recall that CY means the set of all 
smooth sections of a fibered manifold Y — M. 


14.13. Definition. Let Y 2 M, Y % M be fibered manifolds. A local 
operator A: C°Y — CY is a map such that for every section s: M — Y 
and every point « € M the value As(x) depends on the germ of s at x only. 
If, moreover, for certain k € N or k = oo the condition j*s = j*q implies 
As(x) = Aq(x), then A is said to be of order k. An operator A: CY = C~Y 
is called a regular operator if every smoothly parameterized family of sections of 
Y is transformed into a smoothly parameterized family of sections of Y. 


14.14. Associated maps to an k-th order operator. Consider an operator 
A: C©Y — C®Y of order k. We define a map A: J’Y — Y by A(j*s) = As(z) 
which is called the associated map to the k-th order operator A. 


Proposition. The associated map to any finite order operator A is smooth if 
and only if A is regular. 


Proof. Let A: C°Y — C®Y be an operator of order k. If we choose local fibered 
coordinates on Y, we also get the induced fibered coordinates on J*Y. But 
in these local coordinates, the jets of sections are identified with (polynomial) 
sections. Thus, a chart on J*Y can be viewed as a smoothly parameterized 
family of sections in C'°°Y and so the smoothness of A follows from the regularity. 
The converse implication is obvious. 


14.15. Natural operators. A natural operator A: F ~» G between two 
natural bundles F' and G is a system of regular operators Ay: C°(FM) > 
C™(GM), M € ODM fin, satisfying 
(i) for every section s € C° (FM — M) and every diffeomorphism f: MM — N 
it holds 
An(Ffosof !)=GfoAysof ! 
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(ii) Ay (s|U) = (Ams)|U for every s € C® (FM) and every open submanifold 
UCM. 

In particular, condition (ii) implies that natural operators are formed by local 
operators. 

A natural operator A: F ~ G is said to be of order k, 0 < k < on, if all 
operators Aas are of order k. The system of associated maps Ay: J‘FM —- GM 
to the k-th order operators Aj, is called the system of associated maps to the 
natural operator A. The associated maps to finite order natural operators are 
smooth. 

We can look at condition (i) even from the viewpoint of the local coordinates 
on a manifold M. Given a local chart u: U C M — V C R”, the diffeo- 
morphisms f: V — W Cc R"™ correspond to the changes of coordinates on U. 
Combining this observation with localization property (ii), we conclude that the 
natural operators coincide, in fact, with those operators, the local descriptions 
of which do not depend on the changes of coordinates. 


14.16. Proposition. For every r-th order bundle functor F on Mf, its 
composition with the functor of k-th jet prolongations of fibered manifolds 
Je: FM — FM is a natural bundle of order r + k. 


Proof. Let f: M — N be a local diffeomorphism. Then, by definition of the 
associated maps Fyy,7, we have 


Ff = Fyn ° ((j"f opm) x idem): FM > FN. 


Hence J*(F f) depends on (k + r)-jets of f in the underlying points in M only. 
It is an easy exercise to verify the axioms of natural bundles. O 


14.17. Proposition. There is a bijective correspondence between the set of 
k-th order natural operators A: F ~» G between two natural bundles on M fm 
and the set of all natural transformations a: J* o F > G. 


Proof. Let Aj, be the associated maps of an k-th order natural operator A: F ~ 
G. We claim that these maps form a natural transformation a: Jk‘ F — G. They 
are smooth by virtue of 14.14 and we have to verify Gf oAjyy = Ayo J*Ff for 
an arbitrary local diffeomorphism f: M — N. We have 


An ((J*Ff)(i28)) = An(i*(Ff 0°80 f~')(f(2))) 
= An(Ffoso f*)(f(x)) = Gf o Aus(x) 
= Gfo Am(jis). 


On the other hand, consider a natural transformation a: J*>F — G. We 
define operators Ay: FM ~» GM by Ans(x) = ay(j*s) for all sections 
s € C™~(F'M). Since the maps aj, are smooth fibered morphisms and according 
to lemma 14.11 they all cover the identities idjy, the maps Ajys are smooth sec- 
tions of GM. The straightforward verification of the axioms of natural operators 
is left to the reader. 
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14.18. Let F: Mf, — FM be an r-th order natural bundle with standard 
fiber S and let €: G7, x S — S be the induced action. The identification R™ x S = 
FR™, (a,s) + F(tz)(s), induces the identification C°(R™”,S') = C°(FR™), 
(§: R™ > S) & (s(a) = Ft, (8(x))) € C@(FR™). Hence the standard fiber of 
the natural bundle J*F equals T* S. Under these identifications, the action of 
F on an arbitrary local diffeomorphism is of the form 


Fg(x, s) = (g(x), F(t_g(x) ogo ty)(s)) 


and the induced action ¢*: G7+* x TES — TK S determined by the functor J‘ F 


is expressed by the following formula 


(1) #°G5 9,968) = 0" (95 "9.96 Pte 0 52) 


= jo (F 9° Fty-1(2) 0 5(g""(a))) JG FR™ 
=i Figo Fos Pig-1s) 0 &(g~(a))) aa US) 
= io (C(i6 (ta O"go tg-1(2))> 5(g~'()))) ‘ 


In particular, if a = j3**g € Gl, Cc GT+*, ie. g is linear, then 


(2) l(a, j05) = jo (L509, 8° 9" *(@))) = Jo(la 0 50g"). 


As a consequence of the last two propositions we get the basic result for 
finding natural operators of prescribed types. Consider natural bundles F' or F’ 
on Mf, of finite orders r or r’, with standard fibers S' or S’ and induced actions 
£ or ' of G", or cule respectively. If g = max{r +k,r’} with some fixed k € N 
then the actions ¢* and @’ trivially extend to actions of G2, on both T*,9 and 
S’ and we have 


Theorem. There is a canonical bijective correspondence between the set of 
all k-th order natural operators A: F ~» F”’ and the set of all smooth G4,- 
equivariant maps between the left G4,-spaces T* S$ and S". 


14.19. Examples. 

1. By the construction in 3.4, the Lie bracket of vector fields is a bilinear 
natural operator [ , ]}: J ®T ~ T of order one, see also corollary 3.11. The 
corresponding bilinear G?,-equivariant map is 


b= (0',...,0™: TLR” & TL R™ = R™ 
CRYO Yaa are. 


Later on we shall be able to prove that every bilinear equivariant map b’: 77”, R™ x 
TR” — R™ is a constant multiple of b composed with the jet projections and, 
moreover, every natural bilinear operator is of a finite order, so that all bilinear 
natural operators on vector fields are the constant multiples of the Lie bracket. 
On the other hand, if we drop the bilinearity, then we can iterate the Lie bracket 
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to get operators of higher orders. But nevertheless, one can prove that there are 
no other G?,-equivariant maps b!: TLR™ x TLR™ — R™ beside the constant 
multiples of b and the projections TLR” x R™ — R™. This implies, that the 
constant multiples of the Lie bracket are essentially the only natural operators 
TOT ~T of order 1. 

2. The exterior derivative introduced in 7.8 is a first order natural oper- 
ator d: AFT* ~+ A®+17T*. Formula 7.8.(1) expresses the corresponding G?,- 
equivariant map 


Ph AO her igre 


j+1 
(Pig ..ins Pir..én sings) i=? De a Piety tena 
j 


where the hat denotes that the index is omitted. We shall derive in 25.4 that 
for k > 0 this is the only G?,-equivariant map up to constant multiples. Con- 
sequently, the constant multiples of the exterior derivative are the only natural 
operators of the type in question. 


14.20. In concrete problems we often meet a situation where the representa- 
tions of GT, are linear, or at least their restrictions to GL, Cc G", turn the 
standard fibers into GL(m)-modules. Then the linear equivariant maps between 
the standard fibers are GL(m)-module homomorphisms and so the structure of 
the modules in question is often a very useful information for finding all equi- 
variant maps. Given a G! -module V and linear coordinates y? on V, there are 
the induced coordinates y? = ai on T£V, where x’ are the canonical coor- 
dinates on R™ and 0 < Ja| < k. Then the linear subspace in TEV defined by 
y?, = 0, |a| #2, coincides with V @ S*R™*. Clearly, these identifications do not 
depend on our choice of the linear coordinates y?. Formula 14.18.(2) shows that 
TKV =Voe---6V @S*R™ is a decomposition of T*V into Gl-submodules 
and the same formula implies the following result. 


Proposition. Let V be a Gi, -invariant subspace in @?R™ @ @IR™* and let us 
consider a representation 0: Gt, — Diff(V) such that its restriction to G1, C GT, 
is the canonical tensorial action. Then the restriction of the induced action ¢* 
of Gr+*® on TEV =V @---®V @S*R™ to G1, C Gtt* is also the canonical 
tensorial action. 


14.21. Some geometric constructions are performed on the whole category M f 
of smooth manifolds and smooth maps. Similarly to natural bundles, the bundle 
functors on the category Mf present a special case of the more general concept 
of bundle functors. 


Definition. A bundle functor on the category Mf is a covariant functor FP’: M f 
— FM satisfying the following conditions 

(i) BoF =Idf, so that the fiber projections form a natural transformation 
p: F — Id. 

(ii) If i: U  M is an inclusion of an open submanifold, then FU = py; (U) 
and F% is the inclusion of pj; (U) into FM. 
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(iii) If f: P x M — N is a smooth map, then Ff: P x FM — FN, defined 
by Ff(p, ) = F fp, p € P, is smooth. 

For every non-negative integer m the restriction F,,, of a bundle functor F 
on Mf to the subcategory Mf, C Mf is a natural bundle. Let us call the 
sequence S = {So,51,...,5m,...} of the standard fibers of the natural bundles 
Fy, the system of standard fibers of the bundle functor F. Proposition 14.2 
implies that for every m there is the canonical isomorphism R™ x S,, = FR”, 
(z,s) +> Ft,(s), and given an m-dimensional manifold M, py: FM — M isa 
locally trivial bundle with standard fiber S,,. 

Analogously to 14.3 and 14.4, a bundle functor F on Mf is said to be of 
order r if for every smooth map f: M — N and point x € M the restriction 
F'f|E,M depends only on jf. Then the maps Fiy,v: J’(M,N)xwFM — FN, 
Fun(irf,y) = F f(y) are called the associated maps to the r-th order functor 
F. Since in the proof of proposition 14.3 we never used the invertibility of 
the jets in question, the same proof applies to the present situation and so the 
associated maps to any finite order bundle functor on M f are smooth. For every 
m-dimensional manifold M, there is the canonical structure of the associated 
bundle FM ~ P™M[S,,], cf. 14.5. 

Let S = {5o,51,...} be the system of standard fibers of an r-th order bundle 
functor F on Mf. The restrictions 0m, of the associated maps Figm jpn to 
J§(R™,R”)o x Sm have the following property. For every A € Jj(R™,R")o, 
Be J§(R",R”)o and s € S, 


(1) lm,p(Bo A, s) = ln p(B, lmn(A, 5)). 

Hence instead of the action of one group G7, on the standard fiber in the case 
of bundle functors on Mf,,, we get an action of the category L” on S, see 
below and 12.6 for the definitions. We recall that the objects of L” are the 
non-negative integers and the set of morphisms between m and n is the set 
Linn = Jo(R™, R”)o. 

Let S = {50,.51,...} be a system of manifolds. A left action ¢ of the category 
L" on S is defined as a system of maps lmin: Linn X Sm 7 Sn satisfying (1). 
The action is called smooth if all maps £,,,, are smooth. The canonical action of 
L” on the system of standard fibers of a bundle functor F' is called the induced 


action. Every induced action of a finite order bundle functor is smooth. 


14.22. Consider a system of smooth manifolds S = {5So,$1,...} and a smooth 
action ¢ of the category L” on S. We shall construct a bundle functor L deter- 
mined by this action. The restrictions ¢,, of the maps £m to invertible jets 
form smooth left actions of the jet groups G’, on manifolds S,,,. Hence for every 
m-dimensional manifold M we can define LM = P’ M[S;,; €m]. Let us recall the 
notation {u, s} for the elements in P’M x qr, Sm, i.e. {u, s} = {uo A, lm(A~", s)} 
for allu€ P"M, A€ GY, s © Sm. For every smooth map f: M — N we define 
Lf: FM — FN by 


Lf ({u, s}) = {v,Lmn(v-' 0 Aou,s)} 
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where m = dimM, n=dimN,ue P7}M, A=ji f, andve PrayN is an arbi- 
trary element. We claim that this is a correct definition. Indeed, chosen another 
representative for {u,s} and another frame v’ € Pig) SAY {uo B,lm(Bt, s)}, 
and v! = vo C, formula 14.21.(1) implies 


Lf ({uo Bylm(B™t, s)} = 
=lgoU GaniC oo oAsuebt,(B 8) = 
=WwoC, £(C tant “sAeue))\ = 
= {v,lmn(v-'o Aou,s)}. 


One verifies easily all the axioms of bundle functors, this is left to the reader. 
On the other hand, consider an r-th order bundle functor F on Mf and 
its induced action @. Let L be the corresponding bundle functor, we have 
just constructed. Analogously to 14.6, there is a canonical natural equivalence 
x: L — F. In fact, we have the restrictions of y to manifolds of any fixed di- 
mension which consists of the maps giz determining the canonical structures of 
associated bundles on the values F'M, see 14.6. It remains only to show that 
Ffoxm = xn oF f for all smooth maps f: M — N. But given j§g € PIM, 


GRE Pray N and s € S,,, we have 


Ff oxm({io9,5}) =F fo Fg(s) = Fho F(h™ 0 fog)(s) 
= xn (Goh, m.n(Ig(h-* © fo. 9), 8)) = xn oLF({I09, s})- 


Since in geometry we usually identify naturally equivalent functors, we have 
proved 


Theorem. There is a bijective correspondence between the set of r-th order 
bundle functors on Mf and the set of smooth left actions of the category L" on 
systems S = {Sp,S),...} of smooth manifolds. 


14.23. Natural transformations. Consider a smooth action @ or ¢’ of the 
category L” on a system S = {5p,5),...} or S’ = {5),5{,...} of smooth 
manifolds, respectively. A sequence y of smooth maps y;: S; — S! is called a 
smooth L"-equivariant map between ¢ and ¢’ if for every s € Si), A € L",, it 


holds “ 
Pn(lmn(A, §)) = en Oe Ym(s)). 


Theorem. There is a bijective correspondence between the set of natural trans- 
formations of two r-th order bundle functors on Mf and the set of smooth L’- 
equivariant maps between the induced actions of L” on the systems of standard 
fibers. 


Proof. Let x: F — G be a natural transformation, @ or k be the induced action 
on the system of standard fibers S = {So,51,...} or Q = {Qo, Qi,...}, respec- 
tively. As we proved in 14.11, all maps yyw: FM — GM are over identities. Let 
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us define Y,: Sp + Qn as the restriction of yp» to Sp. If 6 f € Linn, § © Sm; 
then 


PnllmnGol,s)) = XRn oF f(s) = Gf o Xp (8) = kmn Got, Pm(s)), 


so that the maps y,,, form a smooth L’-equivariant map between @ and k. More- 
over, the arguments used in 14.11 imply that y is completely determined by the 
MAPS Ym. 

Conversely, by virtue of 14.22, we may assume that the functors F and G 
coincide with the functors Z and K constructed from the induced actions. Con- 
sider a smooth L’-equivariant map y between @ and k. Then we can define for 
all m-dimensional manifolds M@M maps yy: FM — GM by 


xm <= {idpraz, Pm}. 


The reader should verify easily that the maps vy, form a natural transforma- 
tion. 


14.24. Remark. Let F be an r-th order bundle functor on Mf. Its in- 
duced action can be interpreted as a smooth functor Fig: L" + Mf, where 
the smoothness means that all the maps Lj, ,, x Fing(m) — Fine(n) defined by 
(A, x) + Fin¢A(x) are smooth. Then the concept of smooth L"-equivariant maps 
between the actions coincides with that of a natural transformation. Hence we 
can reformulate theorems 14.22 and 14.23 as follows. The full subcategory of 
r-th order bundle functors on M f in the category of functors and natural trans- 
formations is naturally equivalent to the full subcategory of smooth functors 
L” — Mf. Let us also remark, that the L’-objects can be viewed as numerical 
spaces R™, 0 < m < o, with distinguished origins. Then every M f-object is 
locally isomorphic to exactly one L’-object and, up to local diffeomorphisms, 
L” contains all r-jets of smooth maps. Therefore, we can call L” the r-th order 
skeleton of M f. We shall work out this point of view in our treatment of general 
bundle functors in the next chapter. Let us mention that the bundle functors 
on Mf also admit such a description. Indeed, the r-th order skeleton then 
consists of the group G7, only. 


15. Prolongations of principal fiber bundles 


15.1. In the present section, we shall mostly deal with the category PB,,(G) 
consisting of principal fiber bundles with m-dimensional bases and a fixed struc- 
ture group G, with P6(G)-morphisms which cover local diffeomorphisms be- 
tween the base manifolds. So a PB,,(G)-morphism y: (P,p,M) > (P’,p’, M’) 
is a smooth fibered map over a local diffeomorphism yo: M — M’ satisfying 
° Pg = Pp, °¢ for all g € G, where p and p’ are the principal actions on P and 
P'. In particular, every automorphism y: R™ x G — R™ x G is fully determined 
by its restriction @: R” — G, G(x) = preo v(x, e), where e € G is the unit, and 
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by the underlying map yo: R™ — R™. We shall identify the morphism y with 
the couple (yo, #), i.e. we have 


(1) (x, a) = (pox), P(2).a). 


Analogously, every morphism w: R™ x G — P, i.e. every local trivialization of 
P, is determined by wo and ¥ := ¥|(R™ x {e}): R™ > P covering wo. Further 
we define q, = w oo 1 ‘so that 1 is a local section of the principal bundle P, 
and we identify the morphism ~ with the couple (wo, 71). We have 


(2) V(x, a) = (¥1 0 Yo(@)).a 


Of course, for an automorphism y on R™ x G we have ¢ = pr2o &. 


15.2. Principal prolongations of Lie groups. We shall apply the construc- 
tion of r-jets to such a situation. Since all PB,,,(G)-objects are locally isomorphic 
to the trivial principal bundle R™ x G and all PB» (G)-morphisms are local iso- 
morphisms, we first have to consider the group W/.G of r-jets at (0,e) of all 
automorphisms y: R™ x G > R™ x G with yo(0) = 0, where the multiplication 
pis defined by the composition of jets, 


HG" (0, €), 3" ¥(0,€)) = 7" (0 )O, €). 


This is a correct definition according to 15.1.(1) and the inverse elements are 
the jets of inverse maps (which always exist locally). The identification 15.1 of 
automorphisms on R™ x G with couples (wo, ¢) determines the identification 


(1) WnG=GnxITnG, J" (0,e) = (3090, 50¥)- 


Let us describe the multiplication jz in this identification. For every y, w € 


PBm(G)(R™ x G, R™” x G) we have 


Po p(x, a) = ¥(0(2), P(®).4) = (bo © Yo(2), Y(Yo(2)).A(x).@) 
so that given any (A, B), (A’, B’) € GT, x TG we get 
(2) ((A, B), (A’, B’)) = (Ao A’, (Bo A’).B’). 


Here the dot means the multiplication in the Lie group TG, cf. 12.13. Hence 
there is the structure of a semi direct product of Lie groups on W;,G. The Lie 
group W?,G = G?_™«T" G is called the (m,r)-principal prolongation of Lie group 


m 
G. 


15.3. Principal prolongations of principal bundles. For every principal 
fiber bundle (P,p,M,G) € ObPB,,(G) we define 


W'P := {j"¥(0,e); & € PB, (G)(R™ x G, P)}. 
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In particular, W"(R™ x G) is identified with R”™ x W3,G by the rule 
R™ x WG 3 (a, 7" ¢(0,e)) 7" (Tz © y)(0,e) € W"(R™ x G) 
where T, = tz Xidg, and so there is a well defined structure of a smooth manifold 


on W"(R™ x G). Furthermore, if we define the action of W” on PB,,(G)- 
morphisms by the composition of jets, i.e. 

W'x(7"Y(0, €)) = 3"(x 0 ¥)(0,€), 
W” becomes a functor. Now, taking any principle atlas on a principal bundle 
P, the application of the functor W” to the local trivializations yields a fibered 
atlas on W". Finally, there is the right action of W7,G on W’P defined for 
every j"9(0,¢) € WG and j"9h(0,e) € WP by (7"(0,€))(G"9(0,€)) = 7"(Wo 
y)(0,e). Since all the jets in question are invertible, this action is free and 
transitive on the individual fibers and therefore we have got principal bundle 
(W'P,po B,M,W,G) called the r-th principal prolongation of the principal 
bundle (P,p,M,G). By the definition, for a morphism y the mapping W"y 
always commutes with the right principal action of W;,G and we have defined the 
functor W": PBm(G) — PB,,(W;,G) of r-th principal prolongation of principal 
bundles. 
15.4. Every PBm(G)-morphism 7): R™ x G — P is identified with a couple 
(a9, 1), see 15.1.(2). This yields the identification 


(1) W'P=P"MxyJ'P 
and also the smooth structures on both sides coincide. Let us express the corre- 
sponding action of Gr, xT,G on P"M x wJ"P. If (u,v) = (960,97 V1(Wo(0))) € 
P°M xy J"P and (A, B) = (360, 96¢) € Gt, « TG, then 15.2.(2) implies 
po p(a,a) = Y(o(@), P(x)-a) = b1(Ho © Yo(@)).A(x)-a 
= (po (1,80 pp 0 Yo) © (bo © Yo)(z)).a 
where p is the principal right action on P. Hence we have 


(2) (u,v)(A, B) = (uo A,v.(Bo Att ou4)) 


? 


where ’.’ is the multiplication 


m: JI™P xy J"(M,G) > JP, (gro, 908) 72 (po (a,8)). 
The decomposition (1) is natural in the following sense. For every PB,,(G)- 
morphism w: (P,p,M,G) — (P’,p',M,'G), the PB», (W,,G)-morphism W'y 
has the form (P'qo, Jw). Indeed, given y: R™ x G — P, we have (wo y)o = 
dvovo, (Wo y)1 =o Go(voo yo)! =%oy1 0". Therefore, in the category 
of functors and natural transformations, the following diagram is a pullback 


w* ———~+ J" 


| | 


P" o B ——+B 
Here B: PB» (G) — M fim is the base functor, the upper and left-hand natural 
transformations are given by the above decomposition and the right-hand and 
bottom arrows are the usual projections. 
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15.5. For every associated bundle FE = P[S; ¢] to a principal bundle (P, p, M, G) 
there is a canonical left action 2": W,.GxTS—T Sof W,G=G),xTG 
on T”,S. We simply compose the prolonged action T;,@ of T7,G on TY, S, see 
12.13, with the canonical left action of GT, on both T77,G and TY'S, i.e. we set 


(1) £" (57 00, €), 968) = J(2o (Go vo’, 80 yy") 


for every j”(0,e) = (360,569) € Gr, x TG. 


Proposition. For every associated bundle E = P{S;¢], there is a canonical 
structure of the associated bundle W" P[T",S;€"] on the r-th jet prolongation 
JE. 


Proof. Similarly to 14.6, every action £: G x S — S determines the functor L 
on PB,(G), P+ P[S,4| and y + {y,idg}, with values in the category of 
the associated bundles with standard fiber S and structure group G. We shall 
essentially use the identification 


TTS & J5(R™ x 8) ¥ J3((R™ x GIS; 4) 
(2) jh8 > jh (idam,s) > 95{8, 5} 


where é: R™ — R™ x G, é(x) = (a,e). Then the action ” becomes the form 


(3) £" (5 p(0, €), 30 {4, 8}) = J5{E, £0 (Go yo", 80 H')} 
= J" (Lyp)(Jo {é, s}). 


Now we can define a map q: W"P x T”,S — J"’E determining the required 
structure on J'E. Given u = j"¥(0,e) € W"P and B = jjs € T'S, we set 


q(u, B) = J"(Lw) (jo {é, 8}). 
Since the map y is a local trivialization of the principal bundle P, the restriction 
qu = qu, ): TS a Vo(0)E is a diffeomorphism. Moreover, for every A = 


3’ (0, e) € WG, formula (3) implies 


q(u.A, f(A, B)) = J"(L(h 0 y))(J" (Le ") (55 {2 8})) = a(u, B) 


and the proposition is proved. 


For later purposes, let us express the corresponding map T: W"P xy J"E — 
Ty, S. It holds 


T(u, jr8) = Jo(TH o (wo €, 8 0 Wo) 


where Tg: P xy E > Sis the canonical map of FE and u = j"w(0,e) € WIP. 
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15.6. First order principal prolongation. We shall point out some special 
properties of the groups WG and the bundles W'P. Let us start with the group 
T;,G. Every map s: R™ — G can be identified with the couple (s(0), As(9)-1°§), 
and for a second map s’: R™ — G we have (we recall that \, and p® are the left 
and right translations by a in G, yw is the multiplication on G) 


(1) #0 (s‘, s)(x) = s'(0)s'(0)~*s'(x)s(0)s(0)~* s(x) 
= (s’(0)s(0)) (conj,o)-1(s’(0)~*s’(x))) (s(0)~ s(x). 


It follows that TG is the semi direct product G x Jj(R”,G)-. This can be 
described easily in more details in the case r = 1. Namely, the first order jets 
are identified with linear maps between the tangent spaces, so that (1) implies 
T1G=G™(g@R”™) with the multiplication 


(2) (a’, Z').(a, Z) = (a’a, Ad(a~")(Z') + Z), 


where a, a’ € G, Z, Z' € Hom(R™,g). Taking into account the decomposition 
15.2.(1) and formula 15.2.(2), we get 


WG = (GL(m) x G) x (g@ R™) 
with multiplication 
(3) (A’,a’,Z').(A,a,Z) = (A! o A,a’a, Ad(a~!)(Z’) 0 A+ Z). 


Now, let us view fibers P!M as subsets in Hom(R™,T,,M) and elements 
in JP as homomorphisms in Hom(T,M,T,P), y € Pr. Given any (u,v) € 
PIM xu J'P =W'!P and (A,a, Z) € (G1, x G) x (g @ R™), 15.4.(2) implies 


(4) (u,v)(A, a, Z) = (uo A, Tp(v, Tra 0 Zo A7t ou)) 


where p is the principal right action on P. 


15.7. Principal prolongations of frame bundles. Consider the r-th prin- 
cipal prolongation W"(P*M) of the s-th order frame bundle P*M of a manifold 
M. Every local diffeomorphism y: R™ — M induces a principal fiber bundle 
morphism P*y: P*R™ — P*M and we can construct Hto,e.) (P*¥) eWw'(P*M), 
where e, denotes the unit of G*,. One sees directly that this element de- 
pends on the (r + s)-jet jg**~ only. Hence the map jjt*y Jto,e,)(P*¥) 
defines an injection ijy: P™**’M — W"(PSM). Since the group multiplication 
in both G’** and W,",G3, is defined by the composition of jets, the restriction 
ig: GTTS + WG, of igm to the fibers over 0 € R” is a group homomor- 
phism. Thus, the (r+.s)-order frames on a manifold M form a natural reduction 
im: P™*SM — W"(P*M) of the r-th principal prolongation of the s-th order 


frame bundle of M to the subgroup ig(G’**) C W.GS,. 
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15.8. Coordinate expression of ig: Gr+s — W" Gs,. The canonical coordi- 
nates x* on R™ induce coordinates a’,, 0 < jal < r+s, on GTts, al (jot? f) = 

lal pe ‘ : 
4 of (0), and the following coordinates on W/,G5,: Any element j”y(0,e) € 
W;,G§, is given by jgy~o € Gr, and jpg € TGS, see 15.2. Let us denote the 
coordinate expression of @ by bi (x), 0 < |y| < 5, so that we have the coordi- 

; 1 all bh 

nates b) 5, 0 > l7| <s,0<|d]<ron TGs, (IOP) = =F —pz3" (0), and the 
coordinates (a; bi 5), 0 < |B] < r, 0 < |y| < 8, 0 < |6| < r, on W7Gy,. By 


definition, we have 


(1) io(aa) = (a5 04,45). 

In the first order case, i.e. for r = 1, we have to take into account a further 
structure, namely T1G’, = GS, x (g3, @ R™), cf. 15.6. So given ig(7ét' f) = 
(jaf, 36Q, where q: R™ — G3,, we are looking for b = q(0) € Gs, and Z = 
TAp-1 0 Tog € gf, ® R”™. Let us perform this explicitly for s = 2. 

In G2, we have (a5, a5_)~ ‘= (ai, @%,,) with af a = 6j, and Gi, = —aja}, apa? 
Let X = (aj, a4, Ai, Ai,,) € TGZ, and b = (bj, b,) € G2. It is easy to compute 

TAs(X) = (Bi.aF, Bia, + bp ,ab az, DAP, vLAD, +b), Abaz + biat Af). 


ps; ps; 


Taking into account all our identifications we get a formula for ig: G3, — W1.G?, 


; ae i 
io (aj, Qik: Aix) = (ai; ay, ais @ e ay, GO at oc G55 1% + Gig AE 


If we perform the above consideration aD to the first order terms only, we get 
acc, > Wh Cris io(aj O54) = (ai; ai; aya ne 


G7 151 Mp1 


16. Canonical differential forms 


16.1. Consider a vector bundle E = P[V, ¢] associated to a principal bundle 
(P,p, M,G) and the space of all E-valued differential forms 0(M; E). By theo- 
rem 11.14, there is the canonical isomorphism q’ between (M; E) and the space 
of horizontal G-equivariant V-valued differential forms on P. According to 10.12, 
the image ® = g'(y) € OF,,.(P;V)© is called the frame form of y € 0*(M; E). 
We have 


(1) ®(X1,...,X~) =T(u, )ov(TpX1,...,TpXx) 


where X; € 7,,P and 7: P xy E — V is the canonical map. Conversely, for 
every X1,...,Xp € T,M, we can choose arbitrary vectors X,,...,X, € T,P 
with u € P, and TpX; = X; to get 


(2) p(X1,...,Xk) = g(u, )oB(X,,..., Xz) 


where q: Px V — E is the other canonical map. The elements ® € Qnor(P; V)@ 
are sometimes called the tensorial forms of type ¢, while the differential forms 
in 0(P;V)® are called pseudo tensorial forms of type &. 
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16.2. The canonical form on P!M. We define an R’-valued one-form 6 = 
6\¢ on P!M for every m-dimensional manifold M as follows. Given u = jd géE 
P!M and X = jjc € TyP'M we set 


O0u(X) =u! o Tp(X) = jo(g"' opoc) € TyR™ = R™. 


In words, the choice of u € P'M determines a local chart at x = p(u) up to the 
first order and the form 0,4 transforms X € T,,P1M into the induced coordinates 
of TpX. If we insert y = idryy into 16.1.(1) we get immediately 


Proposition. The canonical form 6\, € Q1(P1M;R™) is a tensorial form which 
is the frame form of the 1-form idpyy € Q'(M;TM). 


Consider further a principal connection on P!M. Then the covariant ex- 
terior differential dp@,, is called the torsion form of T. By 11.15, dr@a is 
identified with a section of TM @ A?T*M, which is called the torsion tensor of 
I. If dp@,, = 0, connection T is said to be torsion-free. 


16.3. The canonical form on W!P. For every principal bundle (P, p, M,G) 
we can generalize the above construction to an (IR @ g)-valued one-form on 
W'P. Consider the target projection 3: W!'P — P, an element u = j'7)(0,e) € 
W'P and a tangent vector X = jjc € T,(W'P). We define the form 0 = 6p by 


0(X) =u-! o TB(X) = ji(b7! 0 Boe) € Toe) (R™ x G) =R™ Og. 


Let us notice that if G = {e} is the trivial structure group, then we get P = M, 
W!P=P!M and 6p = Oy. 

The principal action p on P induces an action of G on the tangent space 
TP. We claim that the space of orbits T'P/G is the associated vector bundle 
E = W'P[R”™ @g; 4 with the left action £ of W,,G on Tio,-)(R™ x G) = R™ @g, 
e(0) 


£(j' p(0, e), Jac) = 5o(e opoc). 


Indeed, every P6,,(G)-morphism commutes with the principal actions, so that ¢ 
is a left action which is obviously linear and the map gq: W!P x T(o,c)(R™ x G) > 
E transforming every couple j'~(0,e) € W!P and jgc € Tio,e)(R™ x G) into the 
orbit in TP/G determined by jj (0c) describes the associated bundle structure 
on E. 


Proposition. The canonical form 0p on W'P is a pseudo tensorial one-form 
of type &. 


Proof. We have to prove 0p € Q!(W!P:R™ © g)WmS. Let p and p be the 
principal actions on P and W!P, X = jic € T.W'P, u = j'y(0,e), A = 
j'p(0,e) € WG, a = pre 0 B(A). We have 


Bo p* = pop 
(p4),.X = ja(p4oc)€ TiaW'P 
Op 0 (p*).X = jg(p op oops oc) =jo(ptoy op tofoc). 
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Hence 


l4-1 0 Op(X) = L4-1(74(p7! 0 Boc) = Op o (p4),(X). 


Unfortunately, Op is not horizontal since the principal bundle projection on 
W'P is po8. 


16.4. Lemma. Let (P,p, M,G) be a principal bundle and q: W!P = P!'M xy 
J'P — P!M be the projection onto the first factor. Then the following diagram 
commutes 


Proof. Consider X = joc € TyW'P, u = j'(0,e). Then Tq(X) = j'(qoc) and 
q(u) = feo. It holds 


pri 0 Op(X) = pri(jg(b! 0 Boc)) = ig(¥p po Boc) 
= jo(vo* °Poqoc) = Om oTq(X) 


where p: P!'M — M is the canonical projection. 


16.5. Canonical forms on frame bundles. Let us consider a frame bun- 
dle P’M and the first order principal prolongation W1(P’-!M). We know 
the canonical form 6 € 21(W1(P"-!M);R™ @ g’!)WmGm” and the reduction 
im: P’-M = wi(p"-!M) to the structure group G7, see 15.7. So we can define 
the canonical form 6" on P’M to be the pullback i%,@ € 01(P"M,R™ 6 g?~1). 
By virtue of 16.3 there is the linear action 0 = 00 « where x is the group ho- 
momorphism corresponding to i,z, see 15.7, and 0” is a pseudo tensorial form 
of type @ The form 6” can also be described directly. Given X € T,P’M, 
we set @ = m™_,u, X = Tn™_,(X) € T;P"-1M. Since every u = ji f € P"M 


determines a linear map t = Tio,-)P"~'f: R" @ gr, | > Tjr-1,P"-'M we get 


0" (X) =a 1(X). 

16.6. Coordinate functions of sections of associated bundles. Let us 
fix an associated bundle E = P[S;¢] to a principal bundle (P,p,M,G). The 
canonical map Tg: P x jy & — S determines the so called frame forma: P+ S 
of a section s: M — E, o(u) = Te(u,s(p(u))). As we proved in 15.5, J"E = 
WP(TS; 7], m = dimM, and so for every fixed section s: M — E the frame 
form o” of its r-th prolongation j"s is a map 0”: W’P — TS. If we choose 
some local coordinates (U, y), y = (y?), on S, then there are the induced local 
coordinates y? on (7}) 1(U) c T", $0 < Jal <r, and for every section s: M — 
E the compositions y? oo” define (on the corresponding preimages) the coordinate 
functions a? of j"s induced by the local chart (U,y). We deduced in 15.5 that 
for every u = j"4(0,€) = (Jbvo,5"¥1 (0(0))) € WIP 


o"(u) = joTE (1 © Yo, § ° Yo)- 
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In particular, for the first order case we get 


a?(u) = y? oa(u) 


a (u) = dy? (joTH (#1 © Yo, $0 Wo) O¢) 


where c: R > R™ is the curve t + ta’. 

We shall describe the first order prolongation in more details. Let us denote e;, 
i= 1,...,m, the canonical basis in R™ and let eg, a= m+1,...,m+dimG, be 
a linear basis of the Lie algebra g. So the canonical form @ on W!P decomposes 
into 6 = 6’e; + 6%e,. Let us further write Y,, for the fundamental vector fields 
on S determined by eg and let w® be the dual basis to that induced from é,, 
on VP. Hence if the coordinate formulas for Y, are Yo = mB (y) gan then for 
z€b,, ue Py, X €VuP, y = Te(u, z) we get 


TE 2)eX = —Ya(y)w*(X) = —nh (yw (X) x35. 


The next proposition describes the coordinate functions of j's on W!P by 
means of the canonical form 6 and the coordinate functions a? of s on P. 


Proposition. Let a? be the coordinate functions of a geometric object field 
s: M = E and let a’, a” be the coordinate functions of j's. Then a? = @? o B, 


49 


where 3: W!P — P is the target projection, and 


da? + nP(a2)0% = abd’. 


Proof. The equality a? = a? o 3 follows directly from the definition. We shall 
evaluate da?(X) with arbitrary X € T,,W+P, where u € W!P, u = j+W(0,e) = 
(jav0,3+w1(w0(0))). The frame u determines the linear isomorphism 


“=To.)¥: R” Og > TaP, 


tu = G(u). We shall denote 6’(X) = €', 0°(X) = €°, so that 0(X) = @71(6,X) = 
fe; + €%e,. Let us write X = 3,X = X, +X with X, = ai(€’e;), Xo = ti(E%e,) 
and let c be the curve t té'e; on R™. We have 


da? (X1) = dy?(jg(a 01 © Yo 0 e)) 
= dy? (jg (TH(¥1 © bo, $0 Yo) oc) = az (ue 
da? (X2) = dy? (rB( , s(p(t)))»X2) = —nh (a"(@))E* ser 


1 
0 
1 
0 


Hence 


da? (X) = da?(B.X) = a? (u)O"(X) — nf (a(u))O°(X). 
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17. Connections and the absolute differentiation 


17.1. Jet approach to general connections. The (general) connections on 
any fiber bundle (Y,p, M,S) were introduced in 9.3 as the vector valued 1-forms 
6 Ee O'MY;VY) with 606 = 6 and Im@ = VY. Equivalently, any connection 
is determined by the horizontal projection y = idry — ®, or by the horizontal 
subspaces x(7yY) C TyY in the individual tangent spaces, i.e. by the horizontal 
distribution. But every horizontal subspace (TY) is complementary to the 
vertical subspace V,Y and therefore it is canonically identified with a unique 
element js € J,Y. On the other hand, each jj.s € J,Y determines a subspace in 
TyY complementary to V,Y. This leads us to the following equivalent definition. 


Definition. A (general) connection [ on a fiber bundle (Y,p,/) is a section 
Tr: Y — J'Y of the first jet prolongation 6: J'Y — Y. 

Now, the horizontal lifting y: TM x ,,Y — TY corresponding to a connection 
I is given by the composition of jets, i.e. for every £, = jic € TrM and ye Y, 
p(y) = x, we have 7(&2,y) = ['(y) ° &. Given a vector field €, we get the T- 
lift Té € X(Y), TE(y) = P(y) o €(p(y)) which is a projectable vector field on 
Y — M. Note that for every connection T on p: Y — M and € € T,Y it holds 
x(€) = (Tp(€),y) and ® = idry — x. 

Since the first jet prolongations carry a natural affine structure, we can con- 
sider J+ as an affine bundle functor on the category F. M_mn of fibered manifolds 
with m-dimensional bases and n-dimensional fibers and their local fibered mani- 
fold isomorphisms. The corresponding vector bundle functor is V ® 7* B, where 
B: FMmn — Mfm is the base functor, see 12.11. The choice of a (general) 
connection I on p: Y + M yields an identification of J'Y — Y with VY @7*M. 
Chosen any fibered atlas yy: (R™t" — R™) = (Y — M) with ga (R™*") = Ua, 
we can use the canonical flat connection on R™*” to get such identifications on 
J'U,. In this way we obtain the local sections yy: Ua — (V @T*B)(U.) which 
correspond to the Christoffel forms introduced in 9.7. More explicitly, if we pull 
back the sections yq_ to R’’™” — R™ and use the product structure, then we 
obtain exactly the Christoffel forms. 

In 9.4 we defined the curvature R of a (general) connection by means of the 
Frélicher-Nijenhuis bracket, 2R = [®,®]. It holds R[X1, X2] = ®([y.X1, .X9]) 
for all vector fields X;, X2 on Y. In other words, given two vectors A;, Ao € 
TyY, we extend them to arbitrary vector fields X; and X2 on Y and we have 
R(Aj, Az) = ®([xX1, x¥X2](y)). Clearly, we can take for X; and X2 projectable 
vector fields over some vector fields £;, £2 on M. Then xX; = 7&, 7 = 1,2. This 
implies that R can be interpreted as a map R(y, 1, &2) = ®([7é1, y&2] (y)). Such 
a map is identified with a section Y ~ VY @ A?T*M. Obviously, the latter 
formula can be rewritten as 


R(y, €1, €2) = [v€1, véal(y) — y([&1, €2]) (y)- 


This relation is usually expressed by saying that the curvature is the obstruction 
against lifting the bracket of vector fields. 
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17.2. Principal connections. Consider a principal fiber bundle (P,p, M,G) 
with the principal action r: P x G — P. We shall also denote by r the canonical 
right action r: J}P x G = J'P given by r9(jis) = ji(r9 os) for allg € G 
and jis € J'P. In accordance with 11.1 we define a principal connection T on 
a principal fiber bundle P with a principal action r as an r-equivariant section 
lr: P= J'P of the first jet prolongation J'P - P. 

Let us recall that for every principal bundle, there are the canonical right 
actions of the structure group on its tangent bundle and vertical tangent bundle. 
By definition, for every vector field € € X(M) and principal connection [ the T- 
lift [¢ is a right invariant projectable vector field on P. Furthermore, a principal 
connection induces an identification J'P ~ VP @T*M which maps principal 
connections into right invariant sections. 


17.3. Induced connections on associated fiber bundles. Let us consider 
an associated fiber bundle E = P[S; ¢]. Every local section o of P determines a 
local trivialization of E. Hence the idea of the definition of induced connections 
used in 11.8 gets the following simple form. For any principal connection [ on 
P we define the section Tg: E — J'E by Tef{u,s} = ji{o, 8}, where u € P, 
and s € S are arbitrary, [(u) = jlo and § means the constant map M — S$ 
with value s. It follows immediately that the parallel transport Ptz(c, {u, s}) of 
an element {u,s} € £ along a curve c: R— M is the curve t+ {Pt(c,u,t), s} 
where Pt is the G-equivariant parallel transport with respect to the principal 
connection on P. 

We recall the canonical principal bundle structure (TP, T'p,TM,TG) on TP 
and TE = TP[TS,T¢), see 10.18. The horizontal lifting determined by the 
induced connection I'y is given for every € € ¥(M) by 


(1) Pe€({u, s}) = {Té(u), 0s} € (TE )e(p(uy); 


where 0, € 7,5 is the zero tangent vector. Let us now consider an arbi- 
trary general connection [g on &. Chosen an auxiliary principal connection 
I'p on P, we can express the horizontal lifting yz in the form I'g&({u, s}) = 
{TpE(u), ¥(€(p(u)), s)}. The map 7 is uniquely determined if the action @ is in- 
finitesimally effective, i.e. the fundamental field mapping g — X(.9) is injective. 
Then it is not difficult to check that the horizontal lifting yg can be expressed 
in the form (1) with certain principal connection TI on P if and only if the map 
¥ takes values in the fundamental fields on S. This is equivalent to 11.9. 


17.4. The bundle of (principal) connections. We intend to treat principal 
connections as sections of an appropriate bundle. We have defined them as right 
invariant sections of the first jet prolongation of principal bundles, so that given 
a principal connection [ on (P,p,M,G) and a point x € M, its value on the 
whole fiber P,, is determined by the value in any point from P,. We define QP 
to be the set of orbits J1P/G. Since the source projection a: J'P — M is G- 
invariant, we have the projection QP — M, also denoted by a. Furthermore, for 
every morphism of principal fiber bundles (y, 91): (P,p, M,G) — (P,p, M,G) 
over Y1: G > G it holds 


(a) 


T'pGz(4* © 8)) = Jeo(n) (7? 0 po 80 yp") 
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for all jis € J'P, a € G. Hence the map Jty: J'P — J'P factors to a map 
Qy: QP — QP and Q becomes a functor with values in fibered sets. More 
explicitly, for every j/s in an orbit A € QP the value Qy(A) is the orbit in J'P 
going through J'y(jis). By the construction, we have a bijective correspondence 
between the sections of the fibered set QP — M and the G-equivariant sections 
of J!'P — P which are smooth along the individual fibers of P. It remains to 
define a suitable smooth structure on QP. 

Let us first assume P = R™ x G. Then there is a canonical representative 
in each orbit J1(R™ x G)/G, namely jis with s(x) = (2,e), e € G being 
the unit. Moreover, J'(R™” x G) is identified with R” x Jj(R™,G), jis 
(x, j4(pr2 0° s0t,)). Hence there is the induced smooth structure Q(R™ x G) & 
R™ x Ji(R™,G)- and the canonical projection J1(R™ x G) — Q(R™ x G) 
becomes a surjective submersion. Let P&,, be the category of principal fiber 
bundles over m-manifolds and their morphisms covering local diffeomorphisms 
on the base manifolds. For every PBm-morphism vy: R”™ x G > R™ x G and 
element jis € A € Q(R™ x G) with s(x) = (a, e), the orbit Qy(A) is determined 
by J'y(jis). This means that 


where a = pr2 o y(x,e) and consequently Qy is smooth. 

Now for every principal fiber bundle atlas (U., ~q) on a principal fiber bundle 
P the maps Qyq form a fiber bundle atlas (U.,Qy~a) on QP — M. Let us 
summarize. 


Proposition. The functor Q: PB, — FM, associates with each principal 
fiber bundle (P,p,M,G) the fiber bundle QP over the base M with standard 
fiber J¢(R™,G),. The smooth sections of QP are in bijection with the principle 
connections on P. 


The functor Q is a typical example of the so called gauge natural bundles 
which will be studied in detail in chapter XII. On replacing the first jets by 
k-jets in the above construction, we get the functor Q*: PBm > FM of k-th 
order (principal) connections. 


17.5. The structure of an associated bundle on QP. Let us consider a 
principal fiber bundle (P,p, M,G) and a local trivialization w: R™ x G > P. 
By the definition, the restriction of Qw to the fiber S := (Q(R™ x G))o is a 
diffeomorphism onto the fiber QP,,,(9). Since the functor Q is of order one, this 
diffeomorphism is determined by j1¥)(0,e) € W'P, cf. 15.3. For the same reason, 
every element j'p(0,e) € WG determines a diffeomorphism Qy|S': 5 > S. By 
the definition of the Lie group structure on W,,G, this defines a left action ¢ of 


m 


WG on S. We define a mapping g: W'P x S > QP by 
q(7'¥(0, e), A) = Qy(A). 


Since q(j!(wow)(0,e), Qo 1(A)) = QVoQyoQy7'(A), the map q identifies QP 
with W+P[S; @]. We shall see in chapter XII that the map q is an analogy to our 
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identifications of the values of bundle functors on M f,, with associated bundles 
to frame bundles and that this construction goes through for every gauge natural 
bundle. 

We are going to describe the action @ in more details. We know that 


S = Ji(R™ x G)/G & (R™ x T1G)o/G & JE(R™,G)e & g @R™, 


see 17.4, and W1.G=Gl, x T1G. Moreover, we have introduced the identifica- 
tion TG = Gx(g@R™*) with the multiplication (a, Z)(@, Z) = (aa, Ad(a~!)Z+ 
Z), see 15.6. Let us now express the action ¢ of WjLG = (G1, x G) x (g@R”™*) on 
S = (g@R™). Given (A, a, Z) = j1—p(0,e) € WLG, and Y = jjs € Jg(R™ xG), 
s(0) = (0,e), we have A = jdyo, a = pro o y(0,e), Z = TAg-1 0 ToP and 
Y = 78, where § = proos. By definition, Qy(jds) = jdq and if we require 


q(0) := pr2oq(0) = e we have gq = p : oposop,, where p denotes the principal 


right action of G. Then we evaluate 


= 


G=p* 0p 0($,8)0y_* =conj(a) o p10 (Ag-1 0G, 8) 0 YQ 
Hence by applying the tangent functor we get the action @ in form 
(1) (A,a,Z)(Y) = Ad(a)(Y + Z)o Av}. 


Proposition. For every principal bundle (P,p,M,G) the bundle of principal 
connections QP is the associated fiber bundle W' P[g ® R™*, (| with the action 
£ given by (1). 


Since the standard fiber of QP is a Euclidean space, there are always global 
sections of QP and so we have reproved in this way that every principal fiber 
bundle admits principal connections. 


17.6. The affine structure on QP. In 17.2 and 17.3 we deduced that every 
principal connection on P determines a bijection between principal connections 
on P and the right invariant sections in C°(VP @T*M — P). For every 
principal fiber bundle (P,p,M,G), let us denote by LP the associated vector 
bundle P[{g, Ad]. Since the fundamental field mapping (u, A) + ¢a(u) € VP 
identifies VP with P x g and (ua, Ad(a~+)(A)) + TR? o Ca(u), there is the 
induced identification P{g, Ad] = VP/G. Hence every element in LP can be 
viewed as a right invariant vertical vector field on a fiber of P. Let us now 
consider g ® R™* as a standard fiber of the vector bundle LP ® T*M with the 
left action of the product of Lie groups G x G1, given by 


(1) (a, A)(Y) = Ad(a)(Y) 0 AT. 


At the same time, we can view g ® R”* as the standard fiber of QP with the 
action £ of WG given in 17.5.(1). Using the canonical affine structure on the 
vector space g ® R”*, we get for every two elements Yi, Y2 € g ® R”* 


((A,a, Z),¥i) — €((A, a, Z), Ys) = Ad(a)(Y1 — Yo) 0 A™, 
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cf. 15.6.(3). Hence QP is an associated affine bundle to W1P with the modelling 
vector bundle LP ® T*M = W'P[g@ R™*] corresponding to the action (1) of 
the Lie subgroup G!, x G C W}.G via the canonical homomorphism WL.G — 
G1, x G. Since the curvature R of a principal connection is a right invariant 
section in C°(VP @ A?T*M — P), we can view the curvature as an operator 
R: C®(QP = M) = C®(LP@A?T*M — M). By the definition, R commutes 
with the action of the P6,,(G)-morphisms, so that this is a typical example of 
the so called gauge natural operators which will be treated in chapter XII. 


17.7. Principal connections on higher order frame bundles. Let us con- 
sider a frame bundle P’ M and the bundle of principal connections QP"M. The 
composition Qo P" is a bundle functor on Mf, of order r +1, so that there 
is the canonical structure QP"M & P"t!M[g”, @ R™*], but there also is the 
identification QP" M = W!P'[g”,, @R™*; ¢| described in 17.6. It is an easy exer- 
cise to verify that the former structure of an associated bundle is obtained from 
the latter one by the natural reduction ij: P’*!M — W!P" M, see proposition 
15.7. 

The most important case is r = 1, since the functor QP! associates to each 
manifold M the bundle of linear connections on M. Let us deduce the coordinate 
expressions of the actions of W.G1, and G2, on (gi, @R™*) = Hom(R™, gl(m)). 


Given (A, B, Z) € Ween A= (a‘) € Gia B= A) € Cis Z= (zi,,) € 
(g%, ®R”™), F = (%,) € (gi, @ R™), we have Ad(B)(Z) = (bi,2™ bp), so that 
17.5.(1) implies 

(A,B, Z)(Ujx) = Bin Eni + 21 )anb)- 
The coordinate expression of the homomorphism ig: G2, = WGI, deduced in 
15.8 yields the formula 


t 4 a t pm-~l ~n i ~l~n 
(a5; ain) (Vix) = (QV net; + An AKA; ). 
We remark that the rm ,, introduced in this way differ from the classical Christoffel 
symbols, [Kobayashi, Nomizu, 69], by sign and by the order of subscripts, see 
17315, 

Let us mention briefly the second order case. We have to deal with (A, B, Z) € 
WirGirr A= (ai) © Gh, B= (0), bi.) € Gi, Z = (Zig, Zins) € (Gm @R™). We 
compute 

Ad(B)(Z) 0 AW! = (bia? ,ay"b', bia? ,a"b', 
+b 2P nf BOE + bh,2%, POP EE + bi.28, AP ORR) 
and we have to compose this action with the homomorphism ip: G3, = WL.G?.. 
For every a = (ai, a',,,a4,,) € G},, the formula derived in 15.8 implies 


m? 


a 4 a a m~l~n i x~l~n 
A(T ins VG) = (aj, D7 a,a" F Ania; 5 
ipp ~q~n~m ipp xm~s 1 ip ~n~m~s 
aang ti Ue Aj + nn Gy Aj, + AU ind GG, 


a Ss ~mn~p~n a ~d~m~n <1 ~s ~m 
+ AsV nm 4 a, ay, + Amn" ay a; + Gem Kj A ie 
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17.8. The absolute differential. Let us consider a fixed principal connection 
Tl: P = J'P on a principal fiber bundle (P,p,.M,G) and an associated fiber 
bundle E = P[S;£]. We recall the maps g: Px S > E andr: PxyE — S, see 
10.7, and we denote u: = q(u, ): S — Ej). Hence given local sections 7: M — 
P ands: M — E with a common domain U C M and a point x € U, there is 


the map ¥o,s: US yr a(w)oaly) 05(y) € Ba, ie. Yo, = 4(o(2), oro (0,8). 
In fact we use the local trivialization of E induced by o to describe the local 
behavior of s in a single fiber. If P and (consequently) also F are trivial bundles 
and a(x) = (0,e), then we get just the projection onto the standard fiber. Since 
the principal connection I’ associates to every u € P, a 1-jet T(u) = jlo of a 
section a, for every local section s: M — E and point x in its domain the one 
jet of Yo,s at x describes the local behavior of s at x up to the first order. Our 
construction does not depend on the choice of u € P,, for I is right invariant. 
So we define the absolute (or covariant) differential V s(x) of s at x with respect 
to the principal connection [ by 


Vs(z) = ja%o,s € Ja(M, Ex)s(x) & Hom(T;M, Vaca) E). 


If & is an associated vector bundle, then there is the canonical identification 
V3(a)H = E,. Then we have Vs(x) € Hom(T,M, E,) and we shall see that this 
coincides with the values of the covariant derivative V as defined in section 11. 

We can define a structure of an associated bundle on the union of the man- 
ifolds Ji(M,E,), « € M, where the mappings Vs take their values. Let 
us consider the principal fiber bundle P!M xy P with the principal action 
641592) (ws, ug) = (1.41, U2.a2) of the Lie group G1, x G (here the dots mean 
the obvious principal actions). We define 


tT: (P'M xm P) Xm (UremJ;(M, Ex)) > Ty,S 
7(Gof: 4), Ix?) = Joi" ove f). 
Let us further define a left action £ of G1, x G on TLS by (remember E = P{[S; £]) 
O((doh, a2), 509) = Jo (Cas 04) ojoh. 
One verifies easily that 7 determines the structure of the associated bundle 
E, = (P'M xy P)[T},S;4 and that for every section s: M — E its absolute 


differential Vs with respect to a fixed principal connection [ on P is a smooth 
section of £,. Hence V can be viewed as an operator 


V:C?(B) = C}((P'M xyz P)ITS: 2). 
17.9. Absolute differentiation along vector fields. Let E, P, I be as in 


17.8. Given a tangent vector X, € T,M, we define the absolute differentiation 
in the direction X, of a section s: M — E to be the value Vs(x)(Xz) € Vs(a)E. 
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Applying this procedure to a vector field X € X(M/) we get amap Vxs: M > 
VE with the following properties 


(1) ThOVxS=S8 

(2) VeX+gVS = f[Vxs+ 9Vys 

for all vector fields X, Y € X(M) and smooth functions f, gon M, me: VEC 
TE — E being the canonical projection. 

So every X € X(M) determines an operator Vx: C~(E) — C®(VE) and 
the whole procedure of the absolute differentiation can be viewed as an operator 
V:C8(TM xy E) > C~(VE). 

By the definition of the connection form ®zg of the induced connection Ig, it 
holds 


(3) Vxs=@pf0TsoXx 
(4) Vxs=TsoX—([gX)os. 
17.10. The frame forms. For every vector field X € X(M) and every map 
5s: P > S we define 
Vxs:P3TS, Vxs=Tsolpx 

Vs: P'MxyPoTLS, V3(v,u)=Ts0Toou, 
where ['(u) = jio, 2 = p(u). We call V5 the absolute differential of 3 while Vx 
is called the absolute differential along X. 


Proposition. Let 5: P — S be the frame form of a section s: M — FE. Then 
V5 is the frame form of Vs and for every X € X(M), V x5 is the frame form of 
Vxs. 

Proof. The map V xs is a section of VE = P[T'S] and 3(u) = Tz(u,s 0 p(u)), 
u € P. Farther, for every u € P, with T(u) = jio, we have Vs(x) = ji(tio5oa) € 
Hom(T;M, V.(2)#). Hence for every X € X(M) we get Vxs = TioT(S00)oX 
and since the diffeomorphism T'S — (VE), determined by u € P is just Tu, the 
frame form of Vxs is Vx. 

In order to prove the other equality, let us evaluate 


Vs(x) = {(v,u), Gp(@* op) © U}. 


Since py = 10500, where '(u) = jio, the frame form of Vs is V8. 


17.11. If £ = P[S; @ is an associated vector bundle, then we can use the canon- 
ical identification S = T,,S for each point y € S. Consider a section s: M — E 
and its frame form 5: P + S. Then Vs(x) € J}(M, E,) can be viewed as a 
value of a form Ds € 1(M;E). The corresponding $-valued tensorial 1-form 
Ds: TP — S is defined by Ds = dso xy = (x*d)(8), where x is the horizontal 
projection of gz. Of course, this formula defines the absolute differentiation 
D: OF(P;8) > OF+1(P;S) for all k > 0, cf. section 11. The absolute differ- 
entials of higher order can also be defined in the nonlinear case. However, this 
requires an inductive procedure and we refer the reader to [Kolday, 73 b]. 
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17.12. We are going to deduce a general coordinate formula for the absolute 
differentiation of sections of an arbitrary associated fiber bundle. We shall do it 
in a geometric way, which reduces the problem to the proposition 16.6. For every 
principal connection [: P — J'P the image of the map I defines a reduction 
R(T): P'M xy P > P!M xmI(P)o P!M xy J}P =W'P 
of the principal bundle W'P to the structure group 
Gi xGoG! xT G=G!,x(Gx»(g@R™)). 

Let us write 6 for the restriction of the canonical form 0 on W!P to P!M x yy 
I(P), let w be the connection form of I and 6), will denote the canonical form 
Ou € Q'(P!M; R™). 

Lemma. The following diagram is commutative 
Tp: _T(P!M xy T(P)) + TPM 


aa: 


g< pr2 R™ 4 9 Pri R™ 


Proof. For every u € W'P, u = j+¥(0,e), 3(u) = a, we have the isomorphism 
a: R™ ®g — T,P and for every X € T,W'P, 0(X) = a 1(8,X). If X € 
T(P!M x\I(P)), we denote 0(X) = Y¥, + Yo €ER™ @g. Then &(Y,) = T (a1 © 
Wo)¥1 = x(G.X) and u(Y2) = 6,X — u(Y1) = 6(6,X), where © and x are the 
vertical and horizontal projections determined by [. Since the restriction of u to 
the second factor in R™ @g coincides with the fundamental vector field mapping, 
the commutativity of the left-hand square follows. 

The commutativity of the right-hand one was proved in 16.4. 


17.13. Lemma. Let s: M — E be a section, §: P — S its frame form and 
let 3}: W'P = ToS: be the frame form of j!s. Then for allu € P'M xy P= 
P1M xy IT(P) CW!P it holds 5!(u) = Va(u). 

Proof. If u = j'w(0,e), « = B(u), then T(a@) = jtv1(w0(0)). Since we know 
5*(u) = 79 (TH(v1 © Yo, $0 Yo)), we get V5(u) = J9(5 0 Y1 Yo) = 5*(u). 
17.14. Proposition. Let EL, S, P,1T,w be as before and consider a local chart 
(U,~), » = (y”), on S. Let e;, i =1,...,m be the canonical basis in R™ and éq, 
a=m-+1,...,m-+dimG be a base of Lie algebra g. Let us denote 0), = OV, 6: 
the canonical form on P!M, w = weg, j, and jz be the canonical projections 
on P1M xy P. Further, let us write © = jiw%, 0, = j{0%, and let mB (y) 525 
be the fundamental vector fields corresponding to ey. For a section s: M > E 
let a?, a? be the coordinate functions of Vs on P!M x. P while a? be those of 
s. Then it holds 


da? + nP(a%)@° = ee 


Proof. In 16.6 we described the coordinate functions b?, b? of j+s defined on 
W!P, bP = B*aP, dbP + 7? (b7)0% = bP6". According to 17.13, the functions a?, 
a? are restrictions of b?, b? to P'M xy, P. But then the proposition follows 


from lemma 17.12. 
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17.15. Example. We find it instructive to apply this general formula to the 
simplest case of the absolute differential of a vector field € on a manifold M 
with respect to a classical linear connection [T on M. Since we consider the 
standard action j’ = ay! of GL(m) on R™, the fundamental vector fields 7‘ on 
R™ corresponding to the canonical basis of the Lie algebra of GL(m) are of the 
form Oy! aoe. Every local coordinates (x) on an open subset U C M define 


a section p: U + P'M formed by the coordinate frames ( aor, . +; 2x) and it 


: : > Ox™ 
holds p*64,, = dx’. On the other hand, from the explicite equation 25.2.(2) of P 


we deduce easily that the restriction of the connection form w = (wi) of T to p 


is (—I’,(x)dx*). Thus, if we consider the coordinate expression €' (a) 52> of € in 
our coordinate system and we write V 7é for the additional coordinates of V€, 
we obtain from 17.14 

OO ai gk 

aad tai 

Comparing with the classical formula in [Kobayashi, Nomizu, 63, p. 144], we 
conclude that our quantities rm ,, differ from the classical Christoffel symbols by 
sign and by the order of subscripts. 


Viéi= 


Remarks 


The development of the theory of natural bundles and operators is described 
in the preface and in the introduction to this chapter. But let us come back 
to the jet groups. As mentioned in [Reinhart, 83], it is remarkable how very 
little of existing Lie group theory applies to them. The results deduced in our 
exposition are mainly due to [Terng, 78] where the reader can find some more 
information on the classification of G?,-modules. For the first order jet groups, 
it is very useful to study in detail the properties of irreducible representations, 
cf. section 34. But in view of 13.15 it is not interesting to extend this approach 
to the higher orders. The bundle functors on the whole category Mf were first 
studied by |[Janyska, 83]. We shall continue the study of such functors in chapter 
IX. 

The basic ideas from section 15 were introduced in a slightly modified situation 
by [Ehresmann, 55]. Every principal fiber bundle p: P — M with structure 
group G determines the associated groupoid PP~! which can be defined as the 
factor space P x P/ ~ with respect to the equivalence relation (u,v) ~ (ug, vg), 
u, v € P,g € G. Writing uv! for such an equivalence class, we have two 
projections a, b: PP~! = M, a(uv~') = p(v), b(uv!) = p(u). If E is a fiber 
bundle associated with P with standard fiber S$, then every 6 = uv~! € PP7! 
determines a diffeomorphism q,, ° (q,)~!: Eap — Epo, where q,: S — Eye and 
du: S — Eve are the ‘frame maps’ introduced in 10.7. This defines an action of 
groupoid PP~! on fiber bundle E. The space PP! is a prototype of a smooth 
groupoid over M. In [Ehresmann, 55] the r-th prolongation ®” of an arbitrary 
smooth groupoid ® over M is defined and every action of ® on a fiber bundle 
E — M is extended into an action of ®” on the r-th jet prolongation J" E 


Remarks 167 


of E — M. This construction was modified to the principal fiber bundles by 
[Libermann, 71], [Virsik, 69] and [Kolaz, 71b]. 

The canonical R™-valued form on the first order frame bundle P!M is one 
of the basic concepts of modern differential geometry. Its generalization to r-th 
order frame bundles was introduced by [Kobayashi, 61]. The canonical form 
on W'P (as well as on W"P) was defined in [Kolai, 71b] in connection with 
some local considerations by [Laptev, 69] and [Gheorghiev, 68]. Those canonical 
forms play an important role in a generalization of the Cartan method of moving 
frames, see [Kolai, 71c, 73a, 73b, 77]. 
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CHAPTER V. 
FINITE ORDER THEOREMS 


The purpose of this chapter is to develop a general framework for the theory 
of geometric objects and operators and to reduce local geometric considerations 
to finite order problems. In general, the latter is a hard analytical problem and 
its solution essentially depends on the category in question. Roughly speaking, 
our methods are efficient when we deal with a sufficiently large class of smooth 
maps, but they fail e.g. for analytic maps. 

We first extend the concepts and results from section 14 to a wider class of 
categories. Then we present our important analytical tool, a nonlinear gener- 
alization of well known Peetre theorem. In section 20 we prove the regularity 
of bundle functors for a class of categories which includes Mf, Mfin, FM, 
FMm, FMm.n, and we get near to the finiteness of the order of bundle func- 
tors. It remains to deduce estimates on the possible orders of jet groups acting 
on manifolds. We derive such estimates for the actions of jet groups in the cat- 
egory FM,» so that we describe all bundle functors on FM,,,,. For n = 0 
this reproves in a different way the classical results due to [Palais, Terng, 77] 
and [{Epstein, Thurston, 79] on the regularity and the finiteness of the order of 
natural bundles. 

The end of the chapter is devoted to a discussion on the order of natural 
operators. Also here we essentially profit from the nonlinear Peetre theorem. 
First of all, its trivial consequence is that every (even not natural) local operator 
depends on infinite jets only. So instead of natural transformations between the 
infinite dimensional spaces of sections of the bundles in question, we have to deal 
with natural transformations between the (infinite) jet prolongations. The full 
version of Peetre theorem implies that in fact the order is finite on large subsets 
of the infinite jet spaces and, by naturality, the order is invariant under the 
action of local isomorphisms on the infinite jets. In many concrete situations the 
whole infinite jet prolongation happens to be the orbit of such a subset. Then all 
natural operators from the bundle in question are of finite order and the problem 
of finding a full list of them can be attacked by the methods developed in the 
next chapter. 
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18. Bundle functors and natural operators 


Roughly speaking, the objects of a differential geometric category should be 
manifolds with an additional structure and the morphisms should be smooth 
maps. The following approach is somewhat abstract, but this is a direct modifi- 
cation of the contemporary point of view to the concept of a concrete category, 
which is defined as a category over the category of sets. 


18.1. Definition. A category over manifolds is a category C endowed with a 
faithful functor m: C — Mf. The manifold mA is called the underlying manifold 
of C-object A and A is said to be a C-object over mA. 

The assumption that the functor m is faithful means that every induced map 
ma,p:C(A,B) — C*(mA,mB), A, B € ODC, is injective. Taking into account 
this inclusion C(A,B) C C°(mA,mB), we shall use the standard abuse of 
language identifying every smooth map f: mA > mB in ma,p(C(A, B)) with a 
C-morphism f: A— B. 

The best known examples of categories over manifolds are the categories M fin, 
or Mf, the categories FM, FM», FMm.n of fibered manifolds, oriented man- 
ifolds, symplectic manifolds, manifolds with fixed volume forms, Riemannian 
manifolds, etc., with appropriate morphisms. 

For a category over manifolds m: C — Mf, we can define a bundle functor on 
C as a functor F': C + FM satisfying Bo F =m where B: FM — Mf is the 
base functor. However, we have seen that the localization property of a natural 
bundle over m-dimensional manifolds plays an important role. To incorporate it 
into our theory, we adapt the general concept of a local category by [Eilenberg, 
57] and {Ehresmann, 57] to the case of a category over manifolds. 


18.2. Definition. A category over manifolds m: C + Mf is said to be local, if 
every A € ObC and every open subset U C mA determine a C-subobject L(A, U) 
of A over U, called the localization of A over U, such that 

(a) L(A,mA) = A, L(L(A,U),V) = L(A,V) for every A € ObC and every 
open subsets V CU C mA, 

(b) (aggregation of morphisms) if (U2), a € I, isan open cover of mA and f € 
C™(mA,mB) has the property that every foiy,, isaC-morphism L(A,U,) > B, 
then f is a C-morphism A — B, 

(c) (aggregation of objects) if (U.), a € I, is an open cover of a manifold M 
and (Aq), a € I, is a system of C-objects such that mA, = U, and L(Ag,UaN 
Ug) = L(Ag, Ua Ug) for all a, 6 € I, then there exists a unique C-object A 
over M such that A, = L(A,UQ). 

We recall that the requirement L(A,U) is a C-subobject of A means 

(i) the inclusion iy: U — mA is a C-morphism L(A,U) — A, 

(ii) if for a smooth map f: mB — U the composition iy o f is a C-morphism 
B-— A, then f is a C-morphism B > L(A,U). 

There are categories like the category VB of vector bundles with no localiza- 
tion of the above type, i.e. we cannot localize to an arbitrary open subset of the 
total space. From our point of view it is more appropriate to consider VB (and 
other similar categories) as a category over fibered manifolds, see 51.4. 


170 Chapter V. Finite order theorems 


18.3. Definition. Given a local category C over manifolds, a bundle functor on 
C isa functor F: C — FM satisfying Bo F = m and the localization condition: 
(i) for every inclusion of an open subset iy: U @ mA, F(L(A,U)) is the 
restriction p,'(U) of the value pa: FA — mA over U and Fiy is the 
inclusion p,'(U) @ FA. 

In particular, the projections pa, A € ObC, form a natural transformation 
p: F — m. We shall see later on that for a large class of categories one can 
equivalently define bundle functors as functors F': C — Mf endowed with such 
a natural transformation and satisfying the above localization condition. 


18.4. Definition. A locally defined C-morphism of A into B is a C-morphism 
f: L(A,U) — L(B,V) for some open subsets U C mA, V C mB. A C-object A 
is said to be locally homogeneous, if for every x, y € mA there exists a locally 
defined C-isomorphism f of A into A such that f(a) = y. The category C is called 
locally homogeneous, if each C-object is locally homogeneous. A local skeleton of 
a locally homogeneous category C is a system (C,,), a € I, of C-objects such that 
locally every C-object A is isomorphic to a unique Cy. In such a case we say 
that A is an object of type a. The set I is called the type set of C. A pointed local 
skeleton of a locally homogeneous category C is a local skeleton (C,), a € J, 
with a distinguished point 0g € mCq for each a € I. 

A C-morphism f: A — B is said to be a local isomorphism, if for every 
x € mA there are neighborhoods U of x and V of f(x) such that the restricted 
map U — V is aC-isomorphism L(A,U) — L(B,V). We underline that a local 
isomorphism is a globally defined map, which should be carefully distinguished 
from a locally defined isomorphism. 


18.5. Examples. All the categories Mfin, Mf, #Mmn,F¥Mm, FM are lo- 
cally homogeneous. A pointed local skeleton of the category Mf is the sequence 
(R™,0), m = 0,1,2,..., while a pointed local skeleton of the category FM is 
the double sequence (R™t” — R™,0), m,n =0,1,2.... 


18.6. Definition. The space J"(A, B) of all r-jets of a C-object A into a C- 
object B is the subset of the space J"(mA,mB) of all r-jets of mA into mB 
generated by the locally defined C-morphisms of A into B. If it is useful to 
underline the category C, we write CJ"(A, B) for J”(A, B). 


18.7. Definition. A locally homogeneous category C is called infinitesimally 
admissible, if we have 

(a) J"(A, B) is a submanifold of J’(mA,mB), 

(b) the jet projections mf: J’(A, B) — J*(A, B), 0 < k <r, are surjective 
submersions, 

(c) if X € J’(A, B) is an invertible r-jet of mA into mB, then X is generated 
by a locally defined C-isomorphism. 

Taking into account (c), we write 


invJ"(A, B) = J"(A, B) NinvJ" (mA, mB). 
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18.8. Assume C is infinitesimally admissible and fix a pointed local skeleton 
(Cu, 0a), a € I. Let us write C"(a, 3) = Ji, (Ca,Ca)o, for the set of all r-jets 
of C, into Cg with source 0, and target 0g. Definition 18.7 implies that every 
C"(a, 3) is a smooth manifold, so that the restrictions of the jet composition 
C"(a, 8) x C"(B,y) — C"(a,y) are smooth maps. Thus we obtain a category C” 
over I called the r-th order skeleton of C. 

By definition 18.7, G2, := invJ, (Ca, Ca)o, is a Lie group with respect to the 
jet composition, which is called the r-th jet group (or the r-th differential group) 
of type a. Moreover, if A is a C-object of type a, then PA := inv Jj, (Ca, A) is 
a principal fiber bundle over mA with structure group G7, which is called the 
r-th order frame bundle of A. Let us remark that every jet group G7, is a Lie 
subgroup in the usual jet group G7, m = dimCy. 

For example, all objects of the category FM,» are of the same type, so that 
F Mm» determines a unique r-th jet group G7, , C GT, in every order r. In 


m,n m+n 


other words, G™,,, is the group of all r-jets at 0 € R™*” of fibered manifold 


m,n 
isomorphisms f: (R™+” > R™) — (R™+” — R™) satisfying f(0) = 0. 
18.9. The following assumption, which deals with the local skeleton of C only, 
has purely technical character. 

A category C is said to have the smooth splitting property, if for every smooth 
curve y: R= J"(Cy,Cg), a, 8 € I, there exists a smooth map [: R x mC, > 
mCg such that y(t) = Teal (E ), where c(t) is the source of r-jet y(t). 

Since y(t) is a curve on J"(Cy,Cg), we know that y(t) is generated by a 
system of locally defined C-morphisms. So we require that on the local skeleton 
this can be done globally and in a smooth way. In all our concrete examples 
the underlying manifolds of the objects of the canonical skeleton are numerical 
spaces and each polynomial map determined by a jet of J"(Cy,Cg) belongs to 
C. This implies immediately that C has the smooth splitting property. 


Definition. An infinitesimally admissible category C with the smooth splitting 
property is called admissible. 


18.10. Regularity. From now on we assume that C is an admissible category. 
A family of C-morphisms f: M — C(A,B) parameterized by a manifold M is 
said to be smoothly parameterized, if the map M xmA — mB, (u,x)  f(u)(2), 
is smooth. 


Definition. A bundle functor F: C — FM is called regular, if F transforms 
every smoothly parameterized family of C-morphisms into a smoothly parame- 
terized family of #M-morphisms. 

18.11. Definition. A bundle functor F: C + FM is said to be of order r, 
r €N, if for any two locally defined C-morphisms f and g of A into B, the 
equality 7) f = jg implies that the restrictions of Ff and Fg to the fiber FA 
of FA over x € mA coincide. 

18.12. Associated maps. Anr-th order bundle functor F' defines the so-called 
associated maps 


F4ap: J(A,B) Xma FA FB, Gif y)- Fly) 
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where the fibered product is constructed with respect to the source projection 
J"(A, B) — mA. 

Proposition. The associated maps of an r-th order bundle functor F' on an 
admissible category C are smooth if and only if F is regular. 


Proof. By locality, it suffices to discuss 
Fo.,Cg : J” (Ca; Cg) XmCa FC, md FCs. 


Consider a smooth curve (y(t), 6(t)) on J"(Ca, C3) Xme, FCa, so that po, 6(t) = 
c(t), where c(t) is the source of r-jet y(t). Since C has the smooth splitting 
property, there exists a smooth map [': R x mC, — mC% such that 7(t) = 
Jere (t, ). The regularity of F implies e(t) := F (P(t, ))(6(¢)) is a smooth curve 
on FCg. By the definition of the associated map, it holds Fe, .c, (y(t), 6(#)) = 
e(t). Hence Fo,,c, transforms smooth curves into smooth curves. Now, we can 
use the following theorem due to [Boman, 67] 

A mapping f: R™ — R” is smooth if and only if for every smooth curve 
c: R-— R™ the composition f 0 c is smooth. 

Then we conclude Fo,,c, is a smooth map. The other implication is obvi- 
ous. 


18.13. The induced action. Consider an r-th order regular bundle functor 
F on an admissible category C. The fibers Sq = Fo,,Ca, a € I, will be called the 
standard fibers of F. Write Fg for the restriction of Fo, ¢, to C’(a, 3) x Sy 
53. In the following definition we consider an arbitrary system (5S,), a € I, of 
manifolds with indices from the type set of C. 


Definition. A smooth action of C” on a system (S,), a € I, of manifolds is a 
system Yap: C’(a, 3) x Sq — Sg of smooth maps satisfying 


Yb, Pap (a, 8)) = Pay(b oa, s) 
for alla, 6, y EI, a€C"(a, 8), bE C"(GB,7), 5 € Sa. 
By proposition 18.12, F,g are smooth maps so that they form a smooth action 
of C” on the system of standard fibers. 


18.14. Theorem. There is a canonical bijection between the regular r-th order 
bundle functors on C and the smooth actions of the r-th order skeleton of C. 


Proof. For every regular r-th order bundle functor F' on C, Fug is a smooth 
action of C” on (Fo,Ca), a € I. Conversely, let (Yas) be a smooth action of 
C” on a system of manifolds (S,), a € I. The inclusion G — C"(a,a) gives a 
smooth left action of G7, on S,. For a C-object A of type a we define GA to be 
the fiber bundle associated to P”A with standard fiber S,. For a C-morphism 
f: A— B we define Gf: GA — GB by 
Gf({u, st) = {v, Yop(v-* 2 ted OU, s)} 

xceEemA,ue PrA, ve Pra) B, s € Sy. One verifies easily that G is a well- 
defined regular r-th order bundle functor on C, cf. 14.22. Clearly, if we apply 


the latter construction to the action Fyg, we get a bundle functor naturally 
equivalent to the original functor F’. 
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18.15. Natural transformations. Given two bundle functors Ff, G:C — 
FM, by a natural transformation T: f — G we shall mean a system of base- 
preserving morphisms T'4: FA — GA, A € ODC, satisfying GfoT4 =Tgo Ff 
for every C-morphism f: A — B. (We remark that for a large class of admissi- 
ble categories every natural transformation between any two bundle functors is 
formed by base-preserving morphisms, see 14.11.) 

Given two smooth actions (~ag,Sq) and (Wag, Za), a C™-map 


T: (Yap; Sa) > (Wop, Za) 


is a system of smooth maps Ty: Sq — Za, a € I, satisfying 


Ta(Poa(4, 8)) = aa(4; Ta(s)) 


for all s € Sa, a € C"(a, 8). 


Theorem. Natural transformations F — G between two r-th order regular 
bundle functors on C are in a canonical bijection with the C’-maps between the 
corresponding actions of C". 


Proof. Given T: F — G, we define Ty: Fo,Ca — Go,Ca by Ta(s) = To, (s)- 
One verifies directly that (7) is a C’-map (Fag, Fo,Ca) — (Gag, Go, Ca). Con- 
versely, let (Ta): (Yas,Sa) > (Wag; Za) be a C’-map between two smooth ac- 
tions of C’. Then the induced bundle functors transform A € ObC of type a@ into 
the fiber bundle associated with P"A with standard fibers Sy, and Z, and we 
define [4 = (idpr4,7a). One verifies easily that T is a natural transformation 
between the induced bundle functors. 


18.16. Morphism operators. We are going to generalize the concept of nat- 
ural operator from 14.15 in the following three directions: 1. We replace the 
category Mfim by an admissible category C over manifolds. 2. We consider the 
operators defined on morphisms of fibered manifolds. 3. We study an operator 
defined on some morphisms only, not on all of them. We start with the general 
concept of a morphism operator. 

If Y; — M and Y2 — M are two fibered manifolds, we denote by CR?(%1, Y2) 
the space of all base-preserving morphisms Y; — Y2. Given another pair Z, > 
M and Z — M of fibered manifolds, a morphism operator D is a map D: EC 
CRIM, Yo) > CPP(Z1, Za). In the case Z is a fibered manifold over Yj, i.e. we 
have a surjective submersion g: Z,; — Yi, we also say that D is a base extending 
operator. 

In general, if we have four manifolds Ni, No, N3, N4, amap 7: N3 > N, and 
a subset FE C C™(N,, No), an operator A: E — C®(N3, N4) is called z-local, 
if the value As(x) depends only on the germ of s at a(x) for all s € FE, x € N3. 
Such an operator is said to be of orderk,0<k < ~, if He my81 = Fr (wy 82 implies 
As\(x) = Aso(x) for all 51, so € EB, 2 € N3. We call A regular if smoothly pa- 
rameterized families in F are transformed into smoothly parameterized families 


in C™(N3, Ng). 


174 Chapter V. Finite order theorems 


Assume we have a surjective submersion g: Z, — Y,. Then we have defined 
both local and k-th order operators C97(¥1, Y2) — C%7(Z1, Z2) with respect to 
q. Such a k-th order operator D determines the associated map 


(1) D: Fup, Ye) xy, 71 > Za, (ins, 2) + Ds(z), y=¢(z), 


where Jes Ya) means the space of all k-jets of the maps of CRP(¥1, Yo). If 
D is regular, then D is smooth. Conversely, every smooth map (1) defines a 
regular operator C99(Y1,¥2) ~ Ce?(Z1, Z2), s  D((j*s)oq, ): 2 Za, 
SE Crr(%1, Y2). 


18.17. Natural morphism operators. Let fF, F, Gi, Gz be bundle functors 
on an admissible category C. A natural operator D: (F, Fr) ~ (Gi,G2) is a 
system of regular operators D4: C&°,(F, A, Fy A) - CS, (GA, G2A), A € ObC, 
such that for all s} € Co°,(F\A, FA), 82 € C@,(F\B, F)B) and f € C(A, B) 
the right-hand diagram commutes whenever the left-hand one does. 


Ag op A Gh PAN, oA 
[Far ay las [caf 
Ree — pe 65-2297, 5 


This implies the localization property 


Dya,vy(s\(v"")~*(U)) = (Das)|(p%)*(U) 


for every A € ObC and every open subset U C mA. If q: G; — F, is a natural 
transformation formed by surjective submersions q, and if all operators D4 are 
qa-local, then we say that D is q-local. 

In the special case F, = m we have C®°,(mA, F)A) = C™®(F2A), so that D4 
transforms sections of F2.A into base-preserving morphisms G; A — G24; in this 
case we write D: Fy ~ (Gi,G2). Then D is always p@'-local by definition. If 
we have a natural surjective submersion qyy: G2M — G,M and we require the 
values of operator D to be sections of g, we write D: (Fi, F)) ~ (G2 — Gi) 
and D: Fy ~» (Gg — G}) in the special case F, = m. In particular, if G2 is 
of the form Gz = H o G, where H is a bundle functor on a suitable category, 
and q = p™ is the bundle projection of H, we write D: (F,,F2) ~ HG, and 
D: Fy ~ HG, for Fi, = m. In the case F, = m = Gj, we have an operator 
D: Fy ~ Gp» transforming sections of F)A into sections of G2A for all A € ObC. 
The classical natural operators from 14.15 correspond to the case C = M fin. 

Example 1. The tangent functor T is defined on the whole category Mf. The 
Lie bracket of vector fields is a natural operator [, |]: T @T ~ T, see 3.10 for 
the verification. Let us remark that the naturality of the bracket with respect to 
local diffeomorphisms follows directly from the fact that its definition does not 
depend on any coordinate construction. 

Example 2. Let F be a natural bundle over m-manifolds and X be a vector 
field on an m-manifold M. If we apply F to the flow of X, we obtain the flow 
of a vector field Fj, X on FM. This defines a natural operator F: T ~ TF. 
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18.18. Natural domains. This concept reflects the situation when the oper- 
ators are defined on some morphisms only. 


Definition. A system of subsets E4 C C%,(F\A, F2A), A € ObC, is called a 
natural domain, if 

(i) the restriction of every s € E,4 to L(A,U) belongs to Ez, 4,7) for every 
open subset U C mA, 

(ii) for every C-isomorphism f: A — B it holds f,(£4) = Ep, where f,(s) = 
Fofoso(Fif)7',s€ Es. 

If we replace C', (FA, FA) by a natural domain £4 in 18.17, we obtain the 
definition of a natural operator E ~ (G1, G2). 

Example 1. For every admissible category m: C — Mf we define the C-fields 
on the C-objects as those vector fields on the underlying manifolds, the flows 
of which are formed by local C-morphisms. For every regular bundle functor 
on C there is the flow operator F: T ~» TF defined on all C-fields. Indeed, 
if we apply F' to the flow of a C-field X € X(mA), we get a flow of a vector 
field FX on FA. The naturality of F follows from 3.14. In particular, if C is 
the category of symplectic 2m-dimensional manifolds, then the C-fields are the 
locally Hamiltonian vector fields. For the category C of Riemannian manifolds 
and isometries, the C-fields are the Killing vector fields. If C = FM, we obtain 
the projectable vector fields. 

Example 2. The Frélicher-Nijenhuis bracket is a natural operator [ , |: T @ 
APT* ®@T @®A'T* > T @ A**'T* with respect to local diffeomorphisms by the 
definition. The functors in question do not act on the whole category Mf. 
However, we have proved more than this naturality in section 8. Let us consider 
EE, = O*(M;TM) Cc C%3(@*TM,TM). Then we can view the bracket as 
an operator [, |: (6*T @ @'T,T @T) ~ (@**'T,T) with the natural domain 
(Em = EX, x E\,)meovme and its naturality follows from 8.15. We remark that 
even the Schouten-Nijenhuis bracket satisfies such a kind of naturality, [Michor, 
87b]. 


18.19. To deduce a result analogous to 14.17 for natural morphism operators, 
we shall assume that all C-objects are of the same type and all C-morphisms 
are local isomorphisms. Hence the r-th order skeleton of C is one Lie group 
G" CG, where m is the dimension of the only object C of a local skeleton of 
C. 

Consider four bundle functors Fi, Fh, G1, G2 on C and a gq-local natural 
operator D: (Fi, F2) ~ (Gi,G2). Then the rule 


Ar JE (FLA, FoA) xp AG,A=: HA 


with its canonical extension to the C-morphisms defines a bundle functor H on 
C. Using 18.16.(1), we deduce quite similarly to 14.15 the following assertion 


Proposition. k-th order natural operators D: (F1, Fz) ~ (G1,G2) are in bi- 
jection with the natural transformations H — G3. 


By 18.15, these natural transformations are in bijective correspondence with 
the G*-equivariant maps Hp — (G2)o between the standard fibers, where s is 
the maximum of the orders of Gz and H. 
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If we pose some additional natural conditions on such an operator D, they 
are reflected directly in our model. For example, in the case fF; = m assume 
we have a natural surjective submersion p: Gz — G and require every Ds 
to be a section of p4. Then the k-order operators of this type are in bijection 
with the G*-maps f: (J*F2)o x (G1)o — (G2)o satisfying po o f = pra, where 
po: (G2)o — (Gi)o is the map induced by p. 


18.20. We are going to extend 18.19 to the case of a natural domain E C 
(Ff, Fo). Such a domain will be called k-admissible, if 

(i) the space EX Cc JE ,(F,A, F)A) of all k-jets of the maps from FE, is a 
fibered submanifold of Jk (RA, PLA) > FA, 

(ii) for every smooth curve y(t): R > E# there is a smoothly parametrized 
family s; € Ec such that y(t) = Fea) St» where c(t) is the source of y(t). 

The second condition has a similar technical character as the smooth splitting 
property in 18.9. 

Then the rule 

Aw EX xraGiA=:HA 


with its canonical extension to the C-morphisms defines a bundle functor H on 
C. Analogously to 18.19 we deduce 


Proposition. If FE is a k-admissible natural domain, then k-th order natural 
operators E ~+ (Gi, G2) are in bijection with the natural transformations H > 


Go. 


19. Peetre-like theorems 


We first present the well known Peetre theorem on the finiteness of the order 
of linear support non-increasing operators. After sketching a non-traditional 
proof of this theorem, we discuss the way to its generalization and the most of 
this section is occupied by the proof and corollaries of a nonlinear version of the 
Peetre theorem formulated in 19.7. 


19.1. Let us recall that the support supps of a section s: M — L of a vector 
bundle L over M is the closure of the set {x € M; s(x) 4 0} and for every op- 
erator D: C®(L,) + C™(L2) support non-increasing means supp Ds C supp s 
for all sections s € C™(L4) . 


Theorem, [Peetre, 60]. Consider vector bundles Lj — M and Lz — M over 
the same base M and a linear support non-increasing operator D: C°(L,) > 
C™(L2). Then for every compact set Kk C M there is a natural number r such 
that for all sections s,, s2 € C(L1) and every point x € K the condition 
j’ si(a) = J" 82(x) implies Ds1(x) = Dso(a). 


Briefly, for any compact set K C M, D is a differential operator of some finite 
order r on K. 

We shall see later that the theorem follows easily from more general results. 
However the following direct (but rather sketched) proof based on lemma 19.2. 
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contains the basic ideas of the forthcoming generalization. By the standard 
compactness argument, we may restrict ourselves to M = R™, Li = R™ x R", 
Lz = R”™ x R? and to view D as a linear map D: C*(R™, R") — C*(R™, R®). 


19.2. Lemma. Let D: C®(R™,R”) — C™(R™, R®) be a support non increas- 
ing linear operator. Then for every point x € R™ and every real constant C' > 0, 
there is a neighborhood V of x and an order r € N, such that for ally € V\{z}, 
s€C™(R™,R”) the condition j"s(y) = 0 implies |Ds(y)| < C. 


Proof. Let us assume the lemma is not true for some x and C. Then we can 
construct sequences s;, € C°(R™,R"”) and x, — x, a, # x with j*s;,(a,) = 0 
and |Ds;,(x,)| > C and we can even require |x, — x;| > 4|x, — 2| for all k > 7. 
Further, let us choose maps q, € C™(R™, IR”) in such a way that q,(y) = 0 for 
ly—ax| > 5/2. — 2], germs;,(2%) = germg:(z,), and maxyeam |O%qx(y)| < 27", 
0 < |a| < k. This is possible since j*s;,(x,) = 0 for all k € N and we shall not 
verify this in detail. Now one can show that the map 


q(y) = igo Rely), yeR™, 
is well defined and smooth (note that the supports of the maps gq, are disjoint). It 


holds germ q(x) = germ $94 (%2%) and germ q(%2441) = 0. Since the operator D 
is support non-increasing and linear, its values depend on germs only. Therefore 


|Dq(xoxn+41)| = 0 and |Dq(x2x)| = |Dsex(r2x)| > C > 0 


which is a contradiction with 7, — x and Dg € C®(R™,R?). 


Proof of theorem 19.1. Given a compact subset K we choose C’ = 1 and apply 
lemma 19.2. We get an open cover of KC by neighborhoods V,, « € K, so we can 
choose a finite cover V,,,...,Vz,. Let r be the maximum of the corresponding 
orders. Then the condition j"s(x) = 0 implies |Ds(x)| < 1 for all « € K, 
s € C™(R™,R"), with a possible exception of points 7,...,7, € K. But if 
|Ds(x)| = € > 0, then |D(2s)(x)| = 2. Hence for all « € K \ {x1,... , re}, 
Ds(x) = 0 whenever j"s(”) = 0. The linearity expressed in local coordinates 
implies, that this is true for the points 71,... ,7, as well. 


If we look carefully at the proof of lemma 19.2, we see that the result does 
not essentially depend on the linearity of the operator. Dealing with a nonlinear 
operator, the assertion can be formulated as follows. For all sections s, q, each 
point x and real constant ¢ > 0, there is a neighborhood V of the point « and 
an order r € N such that the values Dq(y) and Ds(y) do not differ more then 
by ¢ for all y € V \ {a} with j”¢(y) = 7"s(y). At the same time, there are two 
essential assumptions in the proof only. First, the operator D depends on germs, 
and second, the domain of D is the whole C°@(R™,R"”). Moreover, let us note 
that we have used only the continuity of the values in the proof of 19.2. But the 
next example shows, that having no additional assumptions on the values of the 
operators, there is no reason for any finiteness of the order. 
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19.3. Example. We define an operator D: C°(R,R) — C°(R,R). For all 
f € C°°(R,R) we put 


co fs d* f 
Df(x) = y 2 (areteoS (0) ; ceR. 
k=0 


The value Df (a) depends essentially on j° f(x). 

That is why in the rest of this section we shall deal with operators with smooth 
values, only. The technique used in 19.2 can be applied to more general types of 
operators. We will study the z-local operators D: E c C®(X,Y) — C™®(Z, W) 
with a continuous map 7: Z — X, see 18.19 for the definition. 

In the nonlinear case we need a general tool for extending a sequence of germs 
of sections to one globally defined section. In our considerations, this role will 
be played by the Whitney extension theorem: 


19.4. Theorem. Let kK Cc R” be a compact set and let fy be continuous 
functions defined on Kk for all multi-indices a, 0 < |a| < oo. There exists a 
function f € C™®(R™) satisfying 0° f|K = f. for all a if and only if for every 
natural number m 


(1) fo(b) = Xya\<m grfat+a(a)(b— a)? +0 (\b—a|™) 


holds uniformly for |b — a| > 0, b, ae K. 


Let us recall that f(x) = o(|z|") means lim,;_.9 f(z)a~™ = 0. 

The proof is rather complicated and technical and can be found in [Whitney, 
34], [Malgrange, 66] or [Tougeron, 72]. If & is a one-point set, we obtain the 
classical Borel theorem. We shall work with a special case of this theorem where 
the compact set K consists of a convergent sequence of points in R™. Therefore 
we shall use the following assumptions on the domains of the operators. 


19.5. Definition. A subset E Cc C™®(X,Y) is said to be Whitney-extendible, or 
briefly W-exrtendible, if for every map f € C°(X,Y), every convergent sequence 
tp — x in X and each sequence fy, € E and fo € E, satisfying germ f(x,) = 
germ f;,(v,), kK EN, j*° fo(x) = 7° f(x), there exists a map g € E and a natural 
number ko satisfying germ g(x,) = germ f;,(2,) for all k > ko. 


19.6. Examples. 

1. By definition E = C°(X,Y) is Whitney-extendible. 

2. Let Bc C™(R™,R™) be the subset of all local diffeomorphisms. Then £ 
is W-extendible. Indeed, we need to join given germs on some neighborhood of x 
only, but the original map f itself has to be a local diffeomorphism around z, for 
j@ f(a) = 7° fo(x) and every germ of a locally defined diffeomorphism on R”™ 
is a germ of a globally defined local diffeomorphism. So every bundle functor F’ 
on Mf, defines a map F: FE + C®(FR™, FR™) which is a ppm-local operator 
with W-extendible domain. 

3. Consider a fibered manifold p: Y — M. The set of all sections EF = C™(Y) 
is W-extendible. Indeed, since we require the extension of given germs on an 
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arbitrary neighborhood of the limit point x only, we may restrict ourselves to a 
local chart R™ x R" — Y. Now, we can work with the coordinate expressions 
of the given germs of sections, i.e. with germs of functions. The existence of the 
‘extension’ f of given germs implies that the germs of coordinate functions satisfy 
condition 19.4.(1), and so there are functions joining these germs. But these 
functions represent a coordinate expression of the required section. Therefore 
the operators dealt with in 19.1 are idjy-local linear operators with W-extendible 
domains. 


19.7. Nonlinear Peetre theorem. Now we can formulate the main result of 
this section. The last technical assumption is that for our 7-local operators, the 
map 7 should be locally non-constant, i.e. there are at least two different points 
in the image 7(U) of any open set U. 


Theorem. Let 7: Z — R”™ be a locally non-constant continuous map and 
let D: E Cc C®(R™,R”") = C™(Z,W) be a z-local operator with a Whitney- 
extendible domain. Then for every fixed map f € E and for every compact subset 
K C Z there exist a natural number r and a smooth function ¢: m(/K) > R which 
is strictly positive, with a possible exception of a finite set of points in 7(K), 
such that the following statement holds. 

For every point z € K and all maps gi, g2 € E satisfying |O°(g; — f)(m(z))| < 
e(m(z)), 7 =1,2,0< |a| <r, the condition 


J’ gi(m(z)) = 5" 92(7(z)) 


implies 
Dgi(z) = Dgoa(z). 


Before going into details of the proof, we present some remarks and corollaries. 


19.8. Corollary. Let X, Y, Z, W be manifolds, 7: Z — X a locally non- 
constant continuous map and let D: E Cc C®(X,Y) — C™®(Z,W) be a m-local 
operator with Whitney-extendible domain. Then for every fixed map f € EF and 
for every compact set K C Z, there exists r € N such that for every x € 1(K), 
g € E the condition j" f(x) = j"g(«) implies 


Df\(a7'(4) N K) = Dg|(n~1(a) NK). 


19.9. Multilinear version of Peetre theorem. Let us note that the classical 
Peetre theorem 19.1 follows easily from 19.8. Indeed, idj,-locality is equivalent to 
the condition on supports in 19.1, the sections of a fibration form a W-extendible 
domain (see 19.6), so we can apply 19.8 to the zero section of the vector bundle 
I, — M. Hence for every compact set kK C M there is an order r € N such that 
Ds(x) = 0 whenever j"s(2) = 0, « € K, s € C™(L), and the classical Peetre 
theorem follows. 

But applying the full formulation of theorem 19.7, we can prove in a similar 
way a ‘multilinear base-extending’ Peetre theorem. 
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Theorem. Let [,,...,L,% be vector bundles over the same base M, L — N 
be another vector bundle and let 7: N — M be continuous and locally non- 
constant. If D: C*°(L1) x-+--x O° (Lp) — C%(L) is a k-linear 1-local operator, 
then for every compact set K C N there is a natural number r such that for every 
x € 1(K) and all sections s, q € C®(L1@---@L,) the condition j" s(x) = 7” q(x) 
implies 

Ds|(n~* (a) NK) = Da|(n7"(2) NK). 


Proof. We may assume L; = R™” x R™, i = 1,...,k. Then all assumptions 
of 19.7 are satisfied and so, chosen a compact set K C N and the zero section 
of Ly ®--- @ Ly, we get some order r and a function ¢: (A) — R. Consider 
arbitrary sections q, s € C~@(L1 ®:-:@ Ly) and a point x € m(K), e(a) > 0. 
Using multiplication of sections by positive real constants, we can arrange that 
all their derivatives up to order r at the point x are less then e(a). Hence if 
j’ q(x) = 7" s(x), then for a suitable c > 0, c € R, it holds 


cS Ds(2) = D(e-s)(z) = D(e-q)(2) = & - Dalz) 


for all z € KM 771(x). According to 19.7, the function ¢ can be chosen in such 
a way that the set {# € m(KX); e(x) = 0} is discrete. So the theorem follows from 
the multilinearity of the operator and the continuity of its values, what is easily 
checked looking at the coordinate description of the multilinear operators. O 


19.10. One could certainly replace the Whitney extendibility by some other 
property, but this cannot be completely omitted. To see this, consider the opera- 
tor constructed in 19.3 and let us restrict its domain to the subset EF C C'*(R, R) 
of all polynomials. We get an operator D: E — C'™(R, R) essentially depending 
on infinite jets. Also the requirement on 7 is essential because dropping it, any 
action of the group of germs of maps f: (R™,0) — (R”™,0) on a manifold should 
factorize to an action of some jet group G7. 

Let us notice that the assertion of our theorem is near to local finiteness of the 
order with respect to the topology on Z and to the compact open C'-topology 
on C™(IR'™, IR"), see e.g. [Hirsch, 76] for definition. It would be sufficient if we 
might always choose a strictly positive function ¢: 7(/) > R in the conclusion 
of the theorem. However, example 19.15 shows that this need not be possible in 
general. On the other hand, if we add a suitable regularity condition, then the 
mentioned local finiteness can be proved. Regularity will mean that smoothly 
parameterized families of maps in the domain are transformed into smoothly 
parameterized families. The idea of the proof is to define a new operator D 
with domain E formed by all one-parameter families of maps, then to perform 
a similar construction as in the proof of 19.7 and to apply theorem 19.7 to D to 
get a contradiction, see [Slovdk, 88]. Therefore, beside the regularity, we need 
that E is also W-extendible. This is not obvious in general, but it is evident if 
E consists of all sections of a fibration. Since we shall mostly deal with regular 
operators defined on all sections of a fibration, we present the full formulation. 
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Theorem. Let Z, W be manifolds, Y — X a fibration, 7: Z — X a locally 
non-constant map and let D: E = C@(Y — X) — C™(Z,W) be a regular 
m-local operator. Then for every fixed map f € E and for every compact set 
K C Z, there exist an order r € N and a neighborhood V of f in the compact 
open C'®-topology such that for every « € m(K) and all g1, go € VN E the 
condition 
J’ g(x) = 7" G2(x) 
implies 
Dgi|(n~*(2) VK) = Dgo\(n-*(x) NK). 


Similar, but essentially weaker, results can also be deduced dealing with op- 
erators with continuous values, see [Chrastina, 87], [Slovak, 87 b]. 

Let us pass to the proof of 19.7. In the sequel, we fix manifolds 7, W, a 
locally non-constant continuous map 7: Z — R™, a Whitney-extendible subset 
Ec C™(R™,R") and a z-local operator D: FE — C®(Z,W). The proof is 
based on two lemmas. 


19.11. Lemma. Let z € Z be a point, xp := 7(z0), f € E, and let us define 
a function e: R™ — R by e(x) = exp(—|a — xo|~+) if a 4 xo and E(x) = 0. 
Then there is a neighborhood V of the point z) € Z and a natural number 
r such that for every z € V — m7'(x9) and all maps 9, go € E satisfying 
O° (9; — f)(m(z))| < e(a(2)), ¢ = 1,2, 0 < Jal <r, the condition j"gi(7(z)) = 
J" g2(m(z)) implies Dg (z) = Dgo(z). 

Proof. We assume the lemma does not hold and we shall find a contradiction. 
If the assertion is not true, then we can construct sequences z, — Zo in Z, 
Lp = 7(Zp~) 4 Xo and maps fr, ge € E satisfying for all k ¢ N 


(1) |O" (fe — f)(te)| <e(ve) — for all O < al <k 
(2) 9 felon) = 7" glee) 
(3) Df (2) # Dox (z%) 


Since all x, are different from x9, by passing to subsequences we can assume 


1 
(4) te+1 — 20 < Flee — Zol- 


Let us fix Riemannian metrics pz or pw on Z or W, respectively, and choose 
further points Z, € Z, Z% — 20, Eh := 7(Zp) and neighborhoods Ux or Vz of wp 
or Z,, respectively, in such a way that for all &k € N the following six conditions 
hold 


(5) |c~ — Zo| <2\a—b| for allacU,UV;, DE UJ UV), k Ag 
(6) |O° (fr — f)(a)| < 2e(a,) for alla € U,UVk, O< lal <k 
(7) O° (gn — f)(a)| < 2e(a,) for alla €U,UVe, O< lal <k 
(8) pw(Dgn (2); Dfk(Zk)) 2 Kez (Zn, 2k) 
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and for all m, k € N, and multi-indices a with |a|+2m < k, a € U;, and b € V;, 
we require 


oa Brae (Dl Feta 09%) - rule] < 5 
|B\|<m 

(10) boar Cs 310" ax(a)(b— a?) — O° f(b) a 
|B|<m 


All these requirements can be satisfied. Indeed, the equalities (5), (6), (7) are 
valid for all points a, b from some suitable neighborhoods W, of the points zx. 
By the Taylor formula, for any fixed k and |a| +m < k, (2) implies 0° gz(a) = 
O° f(a) + o(|a — x|™). Therefore, if we consider only points a, b € Wz such 
that 


(11) |b — 2,,| < 2|b—al, ja — x,| < 2|b—al, 


then under the condition |a| + 2m < k we get ( note that o(|a — x,|") or 
o(|b — x,|"") now implies o(|a — b|”")) 


Se FOP Hea) = SD Fara, (B)(a— b)? + o(la— 2") 
|B|<m °° |B|<m "" 

= Ooe(a) + 0(|b— al”) 
Se GO" Palay(b— a) = SY 50%? fela)(b— a)? + olla —B") 
[Bl<m 0" |B|<m "" 


= 0° f(b) + o(|b — a|™). 


Hence also conditions (9), (10) are realizable if we take U;, V;, in sufficiently small 
neighborhoods W;, of x; in such a way that (11) holds for all a € Ux, b € Ve. By 
virtue of (3), there are also neighborhoods of the points z, in Z ensuring (8). 
Finally, we are able to choose appropriate points Z;, and neighborhoods U;, Vz, 
using the fact that a is continuous and locally non-constant. 

The aim of conditions (1), (4)-(7), (9), (10) is to guarantee the existence of 
a map h € C™®(R™, R”) satisfying 


(12) germh(x,) = germg,(z,) and germh(%;,) = germ fx(Z,). 
Then, by virtue of our requirements on FE, we may assume h € E, provided we 
use (12) for large indices k, only. But applying D to h, the z-locality and (8) 
imply 

pw(Dh(z%), Dh(Zx)) = kpz (Zk; 2) 
for large k’s, and this is a contradiction with Dh € C™(Z,W) and (zx, Z%) > 
(20, 20). 
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So it remains to verify condition 19.4.(1) in the Whitney extension theorem 
with K =, (Ux U Vi) U {20} and fo(x) = 0%, (x) if x € Ue, f(x) = O° f(z) 
if € V, and f.(a9) = O° f (a9). This follows by our construction for all couples 
(a,b) € U, (Ux x Ve), see (9), (10). In all other cases and for all m € N we have 
to use (6) and (7), (5), the Taylor formula, (6) and (7), and (5) to get 


Sac afara(a)(d— 4)? = Diem 4 (O2*9 F(a) + o(lre(a) — 201")) (b— a)? 
= Vials g1O°*" f(a)(b — a)? + o(|b — al) 
= 0° f(b) + o(|b — al”) 
= fab) + O(|@x(o) — Lol") + 0(|b — al”) 
= fa(b) +0(|b— a"). 


19.12. Lemma. Let z € Z be a point, x = 7(z) and f € E. Then there is 
a neighborhood V of z in t~*(a) and a natural number r such that for every 
z € V andall maps g € E the condition j" g(x) = j" f(x) implies Dg(z) = Df (z). 
Proof. The proof is quite similar to that of 19.11, but we first have to prove the 
dependence on infinite jets. Consider gi, g2 € E with j°gi(a) = j™go(x) and 
a point y € m~+(x). Let us choose a sequence y, > y in Z, (yp) =: TE #2 
and neighborhoods U;, of x, satisfying |a — x| > 2|a — b| for all a € Ux, b € U;, 
k #£ 7. Using the Whitney extension theorem 19.4, the Taylor formula, and our 
assumptions on FE we find a map h € EF satisfying for all large k’s 


germ h(x2,) = germ gi (2%) and germ h(xo~41) = germ go(XaK41). 


This implies Dh(yor) = Dgi(yer), Dh(yert1) = Dg2(yer+1) and consequently 


Dgi(y) = Dg2(y)- 
Now, we assume the assertion of the lemma is not true. So we can construct 
a sequence z, — 29, 7(z,) = x and maps gy, € F satisfying for all k € N 


(1) FF (®) = 5" 9e(a) 


We choose further points Z, — 29 in Z, Ep := 7(Z), Ey # x, and neighborhoods 
Vy, of , in such a way that 


(3) pw (Dax (2x), Df (z)) > kpz (Zk, Zk) for alk EN 
(4) la — 2| > 2|a — D for alla € Vy, bE Vi, kK AG 
|O° (gn — F)(a)| 


(5) 


1 
< for alla € Vz, jal +m <k. 
ja — «|™ k 


This is possible by virtue of (1), (2) and the Taylor formula analogously to 19.11. 
Finally, using (4), (5), the Whitney extension theorem and our assumptions, we 
get a map fh € E satisfying 


germ h(Z;,) = germ g,(Z,) and j° h(x) = 7° f(x) 
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for large k’s. Hence (3) and the first part of this proof imply 


pw(Dh(Zx), Dh(ze)) = pw (Don(Zx); Df (zk)) = kpz (Zn, Ze) 


which is a contradiction with Dh € C°(Z,W). 


Proof of theorem 19.7. According to lemmas 19.11 and 19.12, for every point 
z € K we find a neighborhood V, of z, an order r, and a smooth function 
€,: (Vz) — R which is strictly positive with a possible exception of the point 
m(z), such that the conclusion of 19.7 is true for these data. The proof is then 
completed by the standard compactness argument. 


19.13. Let us note that our definition of Whitney-extendibility was not fully 
exploited in the proof of lemma 19.12. Namely, we dealt with ‘fast converging’ 
sequences only. However, we might be unable to verify the W-extendibility for 
certain domains EF Cc C®(X,Y) while the proof of lemma 19.12 might still go 
through. So we find it profitable to present explicit formulations. For technical 
reasons, we consider the case X = R™. 


Definition. A subset FE Cc C™(R™,Y) is said to be almost Whitney-extendible 
if for every map f € C™(R™, Y), sequence f, € E, fo € E and every convergent 
sequence x, — x satisfying for all k EN, |a, —a| > 2|ax~41 — 2], germ f(a,) = 
germ f;,(r~), J~ f(x) = 7° fo(x), there is a map g € FE and a natural number ko 
satisfying germ g(a.) = germ fx(x,) for all k > ko. 


19.14. Proposition. Let 7: Z — R”™ be a locally non-constant continuous 
map, Ec C™®(R™,Y) be an almost Whitney-extendible subset and let D: E > 
C™(Z,W) be az-local operator. Then for every fixed map f € E, point x € R™, 
and for every compact subset K C 1~1(x), there exists a natural number r such 
that for all maps g € E the condition j"g(x) = j" f(x) implies Dg|K = Df|K. 


Proof. The proposition is implied by lemma 19.12 and by the standard com- 
pactness argument. 


At the end of this section, we present an example showing that the results in 
19.7 are the best possible ones in our general setting. 


19.15. Example. We shall construct a simple idg-local operator 
D: C™(R, R) — C™*°(R,R) 


such that if we take f = idp, then for any order r and any compact neighborhood 
K of 0 €R, every function ¢: R > R from 19.7 satisfies <(0) = 0. 
Let g: R? = R be a function with the following three properties 

(1) g is smooth in all points « € R? \ {(0,1)} 

(2) lim SUPz—1 g(0, x) = 00 

(3) g is identically zero on the closed unit discs centered in (—1,1) and (1, 1). 
Further, let a: R? — R be a smooth function satisfying a(t, x) 4 0 if and only if 
|x] >t >0. 
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Given f € C™(R,R), x € R, we define 


_ df d* f 
pita) = (((att-ogo(tx ria) HE(a)) 
The sum is locally finite if go (f x at) is locally bounded. Hence Df is well 


defined and smooth if go (f x 4) is smooth. The only difficulty may happen if 
we deal with some f € C™(R,R) and « € R with f(x) = 0, 4 (2) = 1. However, 
in this case it holds 

Fiy)-1 df 


and the property (3) of g implies go (f x df) = 0 on some neighborhood of z. 
On the other hand, for f = idp, arbitrary « > 0 and order r € N, there are 

functions hy, hg € C™(R, R) such that jh (0) = j”h2(0), |; (ha —ide)(0)| <é 

for allO <k <r, and Dhi(0) 4 Dha(0). This is caused by property (2) of g. 


20. The regularity of bundle functors 


20.1. Definition. A category C over manifolds is called locally flat if C admits 
a local pointed skeleton (Cy, 0a) where each C-object Cy is over some R™® and 
if all translations t, on R™~ are C-morphisms. 


Each local pointed skeleton of a locally flat category will be assumed to have 
this property. 

Every bundle functor F' :C — Mf ona locally flat category C determines the 
induced action 7 of the abelian subgroup R™® C C(Ca,Cx) on the manifold 
FCa, Tc = F(tz). In section 14 we used this action and the regularity of the 
natural bundles to find canonical diffeomorphisms FR™ = R™ x Dan (0). The 
same consideration applies also in our general case, but we have first to prove 
the smoothness of 7. The most difficult and rather technical job is to prove that 
7 is continuous. Therefore we first formulate this result, then we deduce some of 
its consequences including the regularity of bundle functors and only at the very 
end of this section we present the proof consisting of several analytical lemmas. 


20.2. Proposition. Let C be an admissible locally flat category over manifolds 
with almost Whitney-extendible sets of morphisms and with the faithful functor 
m:C + Mf. Let (Cy,0q) be its local pointed skeleton. Let F: C + Mf bea 
functor endowed with a natural transformation p: F — m such that the locality 
condition 18.3.(i) holds. Then the induced actions of the abelian groups R™ © 
on F'C, are continuous. 


The proof will be given in 20.9-20.12. 


20.3. Theorem. Let C be an admissible locally flat category over manifolds 
with almost Whitney-extendible sets of morphisms, (Cq,0q) its local pointed 
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skeleton, and m:C — Mf the faithful functor. Let F:C — Mf be a func- 
tor endowed with a natural transformation p: F — m such that the locality 
condition 18.3.(i) holds. Then there are canonical diffeomorphisms 


(1) mC X Pe. (00) = FCy, (2,2) Ft,(z) 


and for every A € ObC of type a the map py: F'A — A is a locally trivial fiber 
bundle with standard fiber Bo. (0). In particular F’ is a bundle functor on C. 


Proof. Let us fix a type a and write R™ for mC.. By proposition 20.2, the action 
7: R™ x FC — FCg is a continuous action and each map T;: F'Cy — FC, is 
a diffeomorphism. But then a general theorem, see 5.10, implies that this action 
is smooth. It follows that for every z € De. (0.2) the map s: R”™ > FC4, s(x) = 
T(z) is smooth and po, oS = idgm. Therefore po, is a submersion and Pe. (0a) 
is a manifold. Since both the maps (a, z) +> T(x, z) and y+ T(—po, (y),y) are 
smooth, (1) is a diffeomorphism. The rest of the theorem follows now from the 
locality of functor F’. 


20.4. Consider a bundle functor F’ on an admissible category C. Since for every 
C-object A the action of C(A,A) on F'A determined by F can be viewed as a 
pa-local operator, a simple application of our results from section 19 will enable 
us to get near to the finiteness of the order of bundle functors. 

Consider a point « € A and a compact set K C py'(x) C FA. We define 


Qk == Ufeinve(a,a) Ff (XK). 


Lemma. If C(A,A) C C™(mA,mA) is almost Whitney-extendible, then for 
every compact K as above there is an order r € N such that for all invertible 
C-morphisms f, g and for every point y € A the equality jf = j,g implies 


Ff\(Qx pq (y)) = Fol(Qx Npa'(y)). 


Proof. Let us fix the map id4 € C(A, A) and let us apply proposition 19.14 to 
F:C(A, A) — C®(FA, FA), 7 = pa and K. We denote by r the resulting order. 
For every z € Qx there are y € K and g € invC(A, A) with Fg(y) = z. Consider 
fi, fe € invC(A, A) such that 7” fi (a(z)) = 7” fo(a(z)). Then "(fi 0 g)(7(y)) = 
5" (f2°9)(m(y)) and therefore j"(g~* 0 fy * © fz 9)(m(y)) = j”ida(m(y)). Hence 
Ffi(z) =F fio Fgly) = Ff2o Foy) = Ffa(z). 
20.5. Theorem. Let C be an admissible locally flat category over manifolds 


with almost Whitney-extendible sets of morphisms. If all C-morphisms are lo- 
cally invertible, then every bundle functor F on C is regular. 


Proof. Since all morphisms are locally invertible and the functors are local, we 
may restrict ourselves to objects of one fixed type, say a. We shall write (C, 0) for 
(Ca, 0a), MC = R™, p = pc. Let us consider a smoothly parameterized family 
gs € C(C,C) with parameters in a manifold P. For any z € FC, x = p(z), 
f € C(C,C) we have 


(1) F' f(z) = Tf (a) o F(t_ pra) o f ot,) 0 T_(z) 
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and the mapping in the brackets transforms 0 into 0. Since 7 is a smooth action 
by theorem 20.3, the regularity will follow from (1) if we show that for families 
with gs(0) = 0 the restrictions of Fg, to the standard fiber S = p~1'(0) are 
smoothly parameterized. Since the case m = 0 is trivial, we may assume m > 0. 
By lemma 20.4 F is of order co. We first show that the induced action of the 
group of infinite jets GO? = inv J>°(C,C)o on S is continuous with respect to the 
inverse limit topology. 

Consider converging sequences z, — z in S and jf? fn — j>° fo in Go. We 
shall show that any subsequence of F'f,(Z,,) contains a further subsequence con- 
verging to the point Ffo(z). On replacing f, by fn o fo |, we may assume 
fo =idc. By passing to subsequences, we may assume that all absolute values 
of the derivatives of (f,, — idc) at 0 up to order 2n are less then e~". Let us 
choose positive reals c, < e~” in such a way that on the open balls B(0,¢,) 
centered at 0 with diameters ¢, all the derivatives in question vary at most by 
e-”. Let a, := (27",0,... ,0) € R™. By the Whitney extension theorem there 
is a local diffeomorphism f : R™ — R™ such that 


f|B(@2n41,€2n41) =ido and f|B(x2n, €2n) = tea, ° fan 0 t-aon 


for large n’s. Since the sets of C-morphisms are almost Whitney extendible, 
there is a C-morphism h satisfying the same equalities for large n’s. Now 


Ta, OF hO Tx, (Zn) = F fn(Zn) if n is even 


T-2, 0 Fh Tz, (Zn) = Zn if n is odd. 


Hence, by virtue of proposition 20.2, F'fon(zan) converges to z and we have 
proved the continuity of the action of G&° on S as required. 

Now, let us choose a relatively compact open neighborhood V of z and define 
Qv -= (Ufeinverc,cy FP f(V)) OS. This is an open submanifold in S and the 
functor F’ defines an action of the group G°& on Qy. According to lemma 20.4 
this action factorizes to an action of a jet group G7, on Qy which is continuous 
by the above part of the proof. Hence this action has to be smooth for the reason 
discussed in the proof of theorem 20.3 and since smoothness is a local property 
and all C-morphisms are locally invertible this concludes the proof. 


20.6. Corollary. Every bundle functor on FM», is regular. 


We can also deduce the regularity for bundle functors on FM,, using theo- 
rems 20.3 and 20.5. 


20.7. Corollary. Every bundle functor on FM, is regular. 


Proof. The system (R™t” — R™,0), n € No, is a local pointed skeleton of 
FM m. Every morphism f: R™+" — R™** is locally of the form f = hog 
where g = go X idgn: R™*" — R™*” and h is a morphism over identity on R™ 
(90 = fo, hi(a,y) = filfo '(z),y)). So we can deal separately with this two 
special types of morphisms. 
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The restriction F,, of functor F’ to subcategory FM,» is a regular bundle 
functor according to 20.6 and the morphisms of the type go X idrn are FM mn- 
morphisms. 

Hence it remains to discuss the latter type of morphisms. We may restrict 
ourselves to families hyp: R™+" — R™** parameterized by p € R%, for some 
q €N. Let us consider i: R™t” > R™*™ x RY, (2, y) & (2, y,0), h: R™T"TI 
R™+*  h(—,—-,p) = hp. Since all the maps h,» are over the identity, h is a fibered 
morphism. We have hy = ho to) ° 7%, so that Fhp = Fho Ftoo,p) 0 Fi. 
According to theorem 20.3 Fh, is smoothly parameterized. 


20.8. Remarks. Since every bundle functor is completely determined by its 
restriction to a local pointed skeleton, there must be a bijective correspondence 
between bundle functors on categories with a common local pointed skeleton. 
Hence, although the category FM m,o does not coincide with M fm (in the former 
category, there are coverings of m-dimensional manifolds), the bundle functors 
on Mf, and FM,,,o are in fact the same ones. Analogously, the usual local 
skeleton of FMo coincides with that of Mf. So corollary 20.6 reproves the clas- 
sical result on natural bundles due to [Epstein, Thurston, 79] while 20.7 implies 
that every bundle functor defined on the whole category of manifolds is regular. 
For the same reason our results also apply to the category of (m-+n)-dimensional 
manifolds with a foliation of codimension m and morphisms transforming leafs 
into leafs. 

The rest of this section is devoted to the proof of proposition 20.2. Let us fix 
a bundle functor F’ on an admissible locally flat category C over manifolds with 
almost W-extendible sets of morphisms and an object (IR, 0) in a local pointed 
skeleton. We shall briefly write p instead of pgp», 7 for the action of R”™ on FIR™ 
and we denote by B(z,¢) the open ball {y € R™;|y—2| <e} CR”. 

First the technique used in section 19 will help us to get a lemma that seems 
to be near to the continuity of 7 claimed in proposition 20.2. However, the 
complete proof of 20.2 will require a lot of other analytical considerations. 


20.9. Lemma. Let z; © FR”, i =1, 2,..., be a sequence of points converging 
to z € FR™ such that p(z:) 4 p(z). Then there is a sequence of real constants 
€; > 0 such that for any point a € R™ and any neighborhood W of Tq(z) the 
inclusion T(B(a,€;) < {z:}) C W holds for all large i’s. 


Proof. Let us assume that the lemma is not true for some sequence z; — z. 
Then for any sequence ¢; of positive real numbers there are a point a € R™ ,a 
neighborhood W of 7,(z) and a sequence a; € B(a,¢;) such that T(a;, z;) € W 
for an infinite set of indices 1 € Ip C N. Let us denote x; := p(z;), © := p(z). 
Passing to a further subset of indices we can arrange that 2|x; — x;| > |x; — 2| 
for alli, 7 € Ip, 1 # J. If we construct a smooth map f : R™ — R™ such that 


(1) germ f(x;) = germ ta, (x;) 
for an infinite subset of indices 7 € IJ C Ip and 


(2) germ f(x,;) = germt,(a;) 
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for an infinite subset of indices 7 € J C Jp, then using the almost W-extendibility 
of C-morphisms we find some g € C(R™,R") satisfying Fg(zi) = Fta,(zi) = 
T(a;, 2) for large i € I and Fg(z;) = r(a,z;) for large 7 € J. Hence F(t_,) o 
Fg(zi) = T(ai—a, %) for large i € I while F(t_,)oF g(z;) = z; for large j € J and 
this implies F'g(z) = Ta(z) which is in contradiction with F'g(z;) = T(a;, zi) € W 
for large i € I. 

The existence of a smooth map f : R™ — R” satisfying (1), (2) is ensured 
by the Whitney extension theorem (see 19.4) if we choose the numbers ¢; small 
enough. To see this, let us view (1) and (2) as a prescription of all derivatives 
of f on some small neighborhoods of the points x;, i € Ip. Then the condition 
19.4.(1) reads 


lim aioe 0 lim 7 0 lim ; 0 
j,t—0o |zi — x5 i100 |x; — 2| J, 00 |x; —2, | 
GAEL el i€L GES 
for allk EN. 


Let us choose 0 < ej < e7/(lti-))_ Now, if i < j then |a; — a;| < 2e; and 
|x; — x;| > 4|a; — 2| and the first estimate follows. Analogously we get the 
remaining ones. 


The next lemma is necessary to overcome difficulties with constant sequences 
in FR™. 


20.10. Lemma. Let z; €¢ FIR”, j = 1, 2,..., be a sequence of points converg- 
ing to z € FR™. Then there is a sequence of points a; € R™, a; 4 0,7 = 1, 
2,..., converging to 0 € R™ and a subsequence z;, such that Fta,(z;,) — z if 
4— OO. 


Proof. Let us recall that FIR™ has a countable basis of open sets and let Uj, 
j €N, form a basis of open neighborhoods of the point z satisfying Uj+1 C Uj. 
For each number j € N, there is a sequence of points a(j,k) € R™, k € N, such 
that 

LJ F(ta)(U;) = LJ Ftatj,e))(U5)- 


aeR™ keN 
Let b; € R™ be such a sequence that for all k € N, b; 4 a(j,k). Passing 
to subsequences, we may assume z; € U; for all 7 and consequently we get 
F(t, (23) € Open F (taty,ny)(U;) for all j € N. Let us choose a sequence kj € N, 
such that 
F (to; )(23) © F'(ta(j,b;))(Ua) 


for all j € N, and denote a; := b; — a(j,k;). Then a; 4 0 and F(ta,)(z;) € U; 
for all j ¢ N. Therefore F(ta,)(z;) ~ 2 and since a; = p(F'(ta,)(z;)) — p(zj), we 
also have a; — 0 


A further step we need is to exclude the dependence of the balls B(a,¢;) on 
the indices 7 in the formulation of 20.9. 
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20.11. Lemma. Let z; — z be a convergent sequence in FR™, p(z;) 4 p(z), 
and let W be an open neighborhood of z. Then there exist b € R™ and <« > 0 
such that 

T(B(b,e) x {z}) CW, 7(Blb,e) x {a}) CW 


for large i’s. 


Proof. We first deduce that there is some open ball B(y,7) C R™ satisfying 
(1) Bly,n) C {a € R™; F(ta)(z) € Wh. 


Let us apply lemma 20.10 to a constant sequence y; := z. So there is a sequence 
a; € R™, a; £0, a; > 0 such that T,,(z) — z. Now we apply lemma 20.9 to the 
sequence W; := Ta,(z). Since for a = 0 we have 7,(z) € W, there is a sequence 
of positive constants 7; such that 7(B(0,7m) x {wi}) C W for large i’s. Let us 
choose one of these indices, say ip, and put y := aj, 7 ‘= i,- Now for any 
b € Bly, n) we have 7(z) = Toy © Ty(z) = Te-y (wi) C W, so that (1) holds. 

Further, let us apply lemma 20.9 to the sequence z; — z and let us fix a 
neighborhood W of z. Then the conclusion of 20.9 reads as follows. There is 
a sequence of positive real constants ¢; such that for any a € R™ the condition 
Ta(z) € W implies 7(B(a,¢;:) x {z:}) C W for all large i’s. Therefore 


Biy,n) CU ( {a eR": 7(Biaex) x {z:}) C WH. 


kENi>k 


For any natural number k we define 


By= (fa € Bly, n);7 (Bla, ei) x {zi}) C WH. 
i>k 


Since UrenBy = B(y,7), the Baire category theorem implies that there is a 
natural number ko such that int(B,,) 9 B(y,n) 4 0. 

Now, let us choose b € R™ and ¢ > 0 such that B(b,¢) C int(B,,) NM Bly, 7). 
If « € B(b,c) and i > ko, then there is  € B,, with « € B(Z,<¢;) so that we 
have 7T,(z;) € W and (1) implies 7,(z) € W. 


20.12. Proof of proposition 20.2. Let z; — z be a convergent sequence in 
FR”, x; — x a convergent sequence in R™. We have to show 


(1) Tx; (Zi) = F(ta,)(2i1) > F(t) (2) = Te (2). 


Since we can apply the isomorphism F'(t_,), we may assume x = 0. More- 
over, it is sufficient to show that any subsequence of («;, z;) contains a further 
subsequence satisfying (1). That is why we may assume either p(z;) 4 p(z) or 
p(zi) = p(z) for alli EN. 

Let us first deal with the latter case. According to lemma 20.10 there is a 
sequence y; € R™ and subsequence 2, such that ty,(zi;) ~ 2 and yj; — 0, 
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yj #0. But Te,, (z:,) — 2 if and only if Tei,—yj © Ty; (2i;) — 2, so that if we 
consider 2; := Ty,(%,;), 7:= 2 and %; := x;, — yj, we transform the problem to 
the former case. 

So we assume p(z;) 4 p(z) for alli € N and x; — 0. Let us moreover assume 


that Tz,(z:) does not converge to z. Then, for each x € R™, Tz+2,(zi) does not 
converge to 7,(z) as well. Therefore, if we set 


A:= {x € R™;Tx+2,(%) does not converge to 7,(z)} 


we find A = R™. Now we use the separability of FIR™. Let V,, s € N, be a basis 
of open sets in F'R™ and let 


DL, := {a € R"; Tr+2,(zi) € Vs for large 7’s} 


Qs := {x © R™;T2(z) € V, and x ¢ Ls}. 


We know A C UsenQ, and consequently UsenQ, = R”. By virtue of the Baire 
category theorem there is a natural number k such that int(Q;) 4 0. 
Let us choose a point a € Q, Nint(Q;,). Then z € T_4(Vz) and so 


Wis= po (tp(z)—a(int(Qx))) ()7~«(Vi) 


is an open neighborhood of z. According to lemma 20.11 there is an open ball 
B(b,e) C R™ such that 


(2) r(B(b,¢) x {2}) CP (ty(2)—a (int @e))) 


(3) T(B(b,€) x {z}) C T~-a(Ve) 


for all large 2’s. Inclusion (2) implies p(z) + B(b,e) C p(z) — at int(Qz) or, 
equivalently, 


(4) B(b+a,¢) C int(Qz). 
Formula (3) is equivalent to 
7(B(b+a,¢) x {z:}) C Ve 
for large 7’s. Since x; — 0, we know that for any x € B(b+a,¢) also (w+ a;) € 
B(b+a,¢) for large i’s and we get the inclusion B(b+a,¢) C Ly. Finally, (4) 


implies 


B(b+a,e) C Ly Nint(Qz) C (R™ \ Qe) Nint(Qz). 


This is a contradiction. 
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21. Actions of jet groups 


Let us recall the jet group G7, of the only type in the category FM nn 
which we mentioned in 18.8. In this section, we derive estimates on the possible 
order of this jet group acting on a manifold S depending only on dimS. In view 
of lemma 20.4, these estimates will imply the finiteness of the order of bundle 


functors on FM, n- 


21.1. The whole procedure leading to our estimates is rather technical but the 
main idea is very simple and can be applied to other categories as well. Consider 
a jet group G’, of an admissible category C over manifolds acting on a manifold S 
and write BY for the kernel of the jet projection 74: G", + G*. For every point 
y € S, let H, be the isotropy subgroup at the point y. The action factorizes to 
an action of a group G* on S if and only if Bf C Hy for all points y € S. So 
if we assume that the order r is essential, i.e. the action does not factorize to 
G'!, then there is a point y € S such that H, does not contain Br_,. If the 
action is continuous, then H, is closed and the homogeneous space G’,/H, is 
mapped injectively and continuously into S. Hence we have 


(1) dim S > dim(G¢,/Hy) 


and we see that dim S is bounded from below by the smallest possible codimen- 
sion of Lie subgroups in G7, which do not contain Bj. 

A proof of such a bound in the special case C = FM,,» will occupy the rest 
of this section. 


ae 


21.2. Theorem. Let a jet group G),,,,m > 1, n> 0, act continuously on a 
manifold S, dim S = s, s > 0, and assume that r is essential, i.e. the action does 


not factorize to an action of Ce al k <r. Then 
r<2s+1. 
Moreover, if m,n > 1, then 
8 8 8 8 
r < max{ : + 1, ; + 1} 

m—-l1> m n-l'n 

and ifm >1,n=0, then 
8 
r < max{ 3 —+1}. 


All these estimates are sharp for allm >1,n>0,s>0. 


21.3. Proof of the estimate r < 2s+ 1. Let us first assume s > 0. By the 
general arguments discussed in 21.1, there is a point y € S such that its isotropy 
group H,, does not contain the normal closed subgroup By_,. We shall denote 
Ginn: 6,1 and 6 the Lie algebras of Gy, ,,, Br_, and Hy, respectively. Since 


Br_, is a connected and simply connected nilpotent Lie group, its exponential 
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map is a global diffeomorphism of 67_, onto BY_,, cf. 13.16 and 13.4. Therefore 
h does not contain 67_,. In this way, our problem reduces to the determination 
of a lower bound of the codimensions of subalgebras of g},,, that do not contain 
the whole b/_,. 


Since gy, is a Lie subalgebra in gj,,,,,, there is the induced grading 


Bini = 90 O-:*OGr-1 


where homogeneous components g, are formed by jets of homogeneous pro- 
jectable vector fields of degrees p+ 1, cf. 13.16. 

If we consider the intersections of h with the filtration defining the grading 
Ginn = OG, then we get the filtration 


b= Sh S.20) (S0 


and the quotient spaces hy» = 6?/h?*+ are subalgebras in gp». Therefore we can 
construct a new algebra h = ho ®--- @4,~-1 with grading and since 


dim h = dimh/h! + dim! /h? + --- + dimh"~1 = dim, 


both the algebras h and 5 have the same codimension. By the construction, 
b’_, Z bif and only if b,_1 ¥ g,—1, so that h does not contain b?_, as well. That 
is why in the proof of theorem 21.2 we may restrict ourselves to Lie subalgebras 
4 C Ginn With grading h = ho ©---@b,-1 satisfying h; C gi for allO <i<r—1, 
and §,—1 4 Gr-1. 

Now the proof of the estimate r < 2s + 1 becomes rather easy. To see this, 
let us fix two degrees p # q with p+q = r—1 and recall [gp,9q] = gr-1, 
see 13.16. Hence there is either a € g, or a € gg with a ¢ 5, for if not then 
(9p, Gq] = Gr—1 C Or—1. It follows 


codim h > sr —1). 


According to 21.1.(1) we get s > $(r — 1) and consequently r < 2s +1. 

The remaining case s = 0 follows immediately from the fact that given an 
action p: GY, ,, — Diff($) on a zero-dimensional manifold S, then its kernel 
ker p contains the whole connected component of the unit. Since Ginn has two 


components and these can be distinguished by the first order jet projection, we 
see that the order can be at most one. 


Let us notice, that the only special property of g’, ,, among the general jet 
groups which we used in 21.3 was the equality [gp, dq) = Qp+q- Hence the first 
estimate from theorem 21.2 can be easily generalized to some other categories. 

The proof of the better estimates for higher dimensions is based on the same 
ideas but supported by some considerations from linear algebra. We choose some 
non-zero linear form C' on gy—1 with ker C D h,_1. Then given p, g, p+q=r-l, 
we define a bilinear form f : g, x gq — R by f(a,b) = C([a,6]) and we study 
the dimensions of the annihilators. 
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21.4. Lemma. Let V, W, be finite dimensional real vector spaces and let 
f:V x W —R be a bilinear form. Denote by V° or W® the annihilators of V 
or W related to f, respectively. Let M CV, N C W be subspaces satisfying 
f\(M x N) =0. Then 


codim M + codim N > codimV°. 


Proof. Consider the associated form f* : V/W° x W/V® — R and let [M], [N] 
be the images of M, N in the projections onto quotient spaces. Since f* is not 
degenerated, we have 


(1) dim[M] + dim[M]° = codim W°. 


Note that codimV° = codimW®. We know dim[M] = dim(M/MnW?®) = 
dim(M + W°) — dim W?® and similarly for N. Therefore 


dim[M] + dim[N] = 
= dim(M + W°) — dim W® + dim(N + V°) — dimv° 
= codim W° — codim(M + W°) + codim V° — codim(N + V°) 
> codim W° + (codim V° — codim M — codim N). 


(2) 


According to our assumptions N Cc M°®, so that dim[N] < dim[M/]°. But then 
(1) implies 
dim[M] + dim[N] < codim W® 


and therefore the term in the last bracket in (2) must be less then zero. 


If we fix a basis of the vector space R™ then there is the induced basis on 
the vector space g,—; and the induced coordinate expressions of linear forms 
C on g,-1. By naturality of the Lie bracket, using arbitrary coordinates on 
R™ the coordinate formula for the Lie bracket does not change. Since fiber 
respecting linear transformations of R™t” — R" preserve the projectability of 
vector fields, we can use arbitrary affine coordinates on the fibration R™*” — R™ 
in our discussion on possible codimensions of the subalgebras, which is based on 
formula 13.2.(5). 

The coordinate expression of C will be written like C = (C@),i=1,...,m+ 
n, |o| =r. This means C(x). = 3, ,Ceal, if X = Te aha ae © Gr-1, 
where we sum also over repeated indices. For technical reasons we set C? = 0 
whenever i < m and a; > 0 for some j > m. 

If suitable, we also write a = (Q1,...Q@m4n) in the form a = 7, ---i,, where 
r=|a|, 1 <1; < m+n, so that a; is the number of indices 7, that equal 7. 
Further we shall use the symbol (7) for a multiindex a with a; = 0 for alli 4 7, 
and its length will be clear from the context. As before, the symbol 1; denotes 
a multiindex a with a; = Oi. 
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21.5. Lemma. Let C be a non-zero form on g,—1, m > 1, n > 0. Then in 
suitable affine coordinates on the fibration R™*” — R™, the induced coordinate 
expression of C' satisfies one of the following conditions: 
(i) MY) 40 andm>1. 
(ii) cf!) # 0; C? = 0 whenever aj = 0 and1 <j <m; CS Garg (no 
summation) for all |ja| =r—1,1<j<m. 
(iii) One #0, > 1, and C? = 0 whenever j < m. 


GC 0; Ce 0 ify < anor wy = 0; and Co 07"! ine 


summation) for all |ja| =r—1,j7 >m+1. 


Proof. Let C' be a non-zero form on g,—; with coordinates C’* in the canonical 
basis of R”*" — R™. Let us consider a matrix A € GL(m +n) whose first row 
consists of arbitrary real parameters aj = t; 4 0, a} = to,... ,at, =tm, a; =0 
for 7 > m, and let all the other elements be like in the unit matrix. Let a, be the 
elements of the inverse matrix A~!. If we perform this linear transformation, 
we get a new coordinate expression of C’, in particular 


(1) CM = ah .--ah Chirag. 


J 


Hence we get 


Se atoll 
(2) CY) = = ae Lor 
ty 

(3) gO Ot ip 5 tt 1 orl<jyam. 


Formula (2) implies that either we can obtain os ) 40 or Cf? =0 for all multi 
ee a, |a| =r. Let us assume m > 1 and try to get condition (i). According 

o (3), if (i) does not hold after performing any of our transformations, then 
a expression on the right hand side of (3) has to be identically zero for all 
values of the parameters and this implies C* = 0 whenever aj; = 0, |a| = r, 


1 
and Cot! = Ge ’ for all |a| = r—1,1< 7 < m. Hence we can summarize: 


either (i) can be obtained, or (ii) holds, or Ce =0 for alll <7 <™m, jal =r, in 
suitable affine coordinates. 
Analogously, let us take a matrix A € GL(m-+n) whose (m+ 1)-st row 


consists of real parameters t1,... ,tm4n, tm+1 # 0 and let the other elements be 
like in the unit matrix. The new coordinates of C' are obtained as above 
+1 1 
(4) Crt) Sty te, Cmgi 5 
m+1 
(5) amt) Sp sets [Ooi Car ; 
J J an 


Now we may assume C'* = 0 whenever 1 < j < m, for if not then (i) or (ii) could 
be obtained. As before, either there is a basis relative to which Cu # 0 or 
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C&., = 0 for all ja] = r. Further, according to (5) either we can get (iii) or 
C = 0 whenever a; = 0, and ae = a, for all |a| =r—1, 7 >m+1. 
Therefore if both (iii) and (iv) do not hold after arbitrary transformations, then 
all C$ have to be zero, but this is contradictory to the fact that C' is non-zero. 


21.6. Lemma. Let p, q be two degrees withp+q=r—1>O0andp>q>0. 
Letm > 1 andn> 1 orn =0, and let hy, bg be subspaces of gp, gq. Let C bea 
non-zero linear form on g,—1 and suppose (hp, 64] C kerC. IfC’,1<i<m-+n, 
|a| =r, is a coordinate expression of C' satisfying one of the conditions 21.5.(i)- 
(iv), then 


2m —2, if 21.5.(i) holds 

2m, if 21.5.(ii) holds and q > 0 

: . m, if 21.5.(ii) holds and q = 0 

codim h, + codim hy > . — 
2n—2, if 21.5.(iii) holds 

2n, if 21.5.(iv) holds and q > 0 

( 


n, if 21.5.(iv) holds and q = 0. 


Proof. Define a bilinear form 


fi Gp X Gg -R f(a, 6) = C([a, 6) . 


By our assumptions f(h»,6,) = {0}. Hence by lemma 21.4 it suffices to prove 
that the codimension of the f-annihilator of g, in g, has the above lower bounds. 
Let ho be this annihilator and consider elements a € ho, b € gg. We get 


C([a,5])= S$) C#((a,8), =0. 
1<i<m+n 
ja|=r 


Using formula for the bracket 13.2.(5) we obtain 


itA—1; ae fog 

0= So CP (rjbha — ujahdj,) 
1<i,j<m+n 

|w\=q+1 

|A|=p+1 


= B+A-1; UAA-1; ij 
- ¥- (Cc ea ais 
1<i,j<m-tn 


|u|=q+1 
|A|=p+1 


Since b € gg is arbitrary, we have got a system of linear equations for the 
annihilator hg containing one equation for each couple (j, 4), where 1 < j < 
m+n, || =q+1 and py; = 0 whenever i > m and j < m. The (J, /4)-equation 
reads 


(1) yy egg) a a0. 


1<i<m-+n 
|A|=p+1 
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A lower bound of the codimension of ho is given by any number of linearly 
independent (j, 4)-equations and we have to discuss this separately for the cases 
21.5.(i)-(iv). 

Let us first assume that 21.5.(i) holds, i.e. ow #0,m> 1. We denote by FE, 
the (s, (1))-equation, 1 < s < mand by F;,, the (m, (1)+1,)-equation, 1 << k <m 
(note that if g = 0 then (1) +1, = 1,). We claim that this subsystem is of full 
rank. In order to verify this, consider a linear combination 


m-—-1 m—1 
\ aE, +S OF, =0 a? dF ER. 
s=1 k=1 


From (1) we get 


m—1 
(2) S- (> (err, = CUMFA-Li 61 (q a 1))aS+ 


1<i<m+n 
|A|=p+1 


s=l1 


m—-1 
re y og aaa = COT AL (gl g He ap)ye*) ak = 
k=1 


Hence all the coefficients at the variables ai, with 1 <i<m-+n,A=p+1, and 
Aj; = 0 whenever j > m and i < m, have to vanish. Therefore, we get equations 
on reals a®, b*, whenever we choose i and \. We have to show that all these 
reals are zero. 

First, let us substitute A = (1) andi = m. Then (2) implies CY (p+ 1jat =0 
and consequently a! = 0. Now we choose \ = (1) +1,, i= m, with 1 <u<m, 
and we get CMa = 0 so that a* = 0 for 1 < s < m—1. Further, take \ = (1) 
and 1 < i < m to obtain —CY)b' = 0. Finally, the choice i = 1 and \ = (1) 
leads to — CO (qt 1)b' = 0. In this way, we have proved that the chosen 2m — 2 
equations E£, and F;, are independent and this implies the first lower bound in 
216. 

Now suppose 21.5.(ii) takes place and let us denote EF, the (s, (1))-equation, 
1<s <™m, and if q > 0, then Fy, will be the (m,(1) + lm + 1,)-equation, 
1<k<m. As before, we assume 37”, aE, + 77, b* F, = 0 for some reals 
a® and b® and we compare the coefficients at a‘, to show that all these reals are 
zero. But before doing this, we can simplify all (j, 4)-equations with 1 < 7 <m 
using the relations from 21.5.(ii). Indeed, (1) reduces to 


SY) CHPOS (OG — mah + R= 0. 
1<i<m 
|A|=p+1 


where R involves all terms with indices i > m. Consequently E, and F), have 
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the forms 
> CMP-K (A, — (q+ Dah + R= 0 
1<i<m 
|A|=p+1 
Yo CGH tack, — f(g — 1) — df - Sah + R= 0. 
1<i<m 
|A|=p+1 


Assume first g > 0. If we choose 1 < i < m, = (1), then the variables ai do 
not appear in the equations FE, at all. Hence the choice i = m, A = (1) gives 
(see 21.5.(ii)) 0 = —208)*?™ pm = —20( bm; and 1 < i < m, A = (1) now 
yields —CQ)*1™ i = 0. Hence b' = 0 for all 1 < i < m. Further, we take i =m, 
A=(1)+1,+1mn, v 4m (note p> q > 0), so that all the coefficients in F, are 
zero. In particular, v = 1 implies CMa! =0so that a! = 0. Now, ifl1 <u <m, 
then Ctl gu = CM ar = 0 and what remains are a” and b!, only. Taken 
d= (1), i=1, we see 0 = —(¢ + 1)CWa™ — goto! = CM! and, finally, 
the choice i = m and A = (1) +1m+1m gives CW)+1m oqm = 0. This completes 
the proof of the second lower bound in 21.6. 

But if gq = 0 and 21.5.(ii) holds, we can perform the above procedure after 
forgetting all the equations Fj, which are not defined. We have only to notice 
p+q=r-—1>0,so that |A)=p+l=r> 2. 

If nm > 1, then the remaining three parts of the proof are complete recapitu- 
lations of the above ones. This becomes clear if we notice, that we have used 
neither any information on C¥, 7 > m, nor the fact that Cf = 0 if 7 < m and 
a; # 0 for some i > m. That is why we can go step by step through the above 
proof on replacing 1 or m by m+ 1 or m+n, respectively. 

If n = 0, then neither 21.5.(iii) nor 21.5.(iv) can hold. 


21.7. Proposition. Let h be a subalgebra of gy,,,m > 1,n > 0,7 > 2, which 
does not contain b)_,. Then 


(1) codim h > AG —1). 

Moreover, ifm >1,n > 1, then 

(2) codimh > min{r(m— 1), (r—1)m, r(n— 1), (r— 1)n} 
and ifm >1,n=0, then 


(3) codimh > min{r(m— 1), (r — 1)m}. 


Proof. In 21.3 we deduced that we may suppose § is a subalgebra with grading 
b = ho @-:: Pbr-1, bi C gi, br-1 4 Gr—1, and we proved the lower bound 
(1). Let us assume m > 1, n = 0 and choose a non-zero form C' on g,—1 with 
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kerC D §,-1. Then we know [hj,6,—j;-1] C §r—-1 C kerC and by lemma 21.5 
there is a suitable coordinate expression of C’ satisfying one of the conditions 
21.5.(i), 21.5.(ii). Therefore we can apply lemma 21.6. 

Assume first C® satisfies 21.5.(i). Then for all j 


codimh,; + codimh,_j;-1 > 2m — 2 


and consequently 
r-1 


codim h = a codimh; > r(m-— 1). 
j=0 


If 21.5.(ii) holds, then 


codim hy + codim§,_1 > m 


codim h; + codimh,—j;-1 > 2m 


for 1 < 7 <r—2, so that codimh > m+ (r — 2)m = (r —1)m. This completes 
the proof of (3) and analogous considerations lead to the estimate (2) ifn > 1 
and the coordinate expression of C' satisfies 21.5.(iii) or 21.5.(iv). 


21.8. Examples. 
1. Let 6; C gi, m > 1, be defined by 


a 
h= {ax 5511) = 0 for j = 2,...,m,1< |(1)| <r}. 
vi 


One sees immediately that the linear subspace 1 consists just of polynomial 
vector fields of degree r tangent to the line 72 = 73 = --- = Zm = 0, so that 
hi clearly is a Lie subalgebra in g!, of codimension r(m — 1). Consider now the 
subalgebra h C gi, ,, consisting of projectable polynomial vector fields of degree 
r over polynomial vector fields from h;. This is a subalgebra of codimension 
r(m = 1) in Gin,n- 

2. Consider the algebra hz C gi,,.,,7 > 1, defined analogously to the subal- 
gebra hy 


ir 9.5 ; ; 
ba = {ahi m4ry) = Oforlsjsmtn,jAm+l, 1< |(m+1)| <r} 


and define § = b2g;,,,- Since every polynomial vector field in gy, ,, is tangent 
to the fiber over zero, this clearly is a Lie subalgebra with coordinate description 


oe 
b= {a2 55 Gin pr = 0 form+1<jsmtn,1<|(m+1)| <r} 
Ty 


and codimension r(n — 1). 
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3. Let us recall that the divergence div X of a polynomial vector field X € g’, 
can be viewed as the jet jj ‘(div X), see 13.6. So for an element a = aia 52 


Ox; 
we have 
diva = ‘3 Maia, 
1<i<m 
1<|Al<r 
Let M be the line in R™, m > 1, defined by rg = 73 = --- = 4%», = O and 


denote by h3 the linear subspace in g; ®--: @g,—1 (note go is missing!) 


h3 = {ayo 5 91 D--* OGr-1; (div(aye* 5 )) ae = 0}. 
Of course, §3 is not a Lie subalgebra in g?,. Let us further consider the Lie 
subalgebra hy C g’>! consisting of all polynomial vector fields without absolute 
terms and tangent to M, cf. example 1. Let hs = (nt) ba C gt, and let us 
define a linear subspace 


De = (65 1 go) © (03 1 bs). 


First we claim that h3 bs is a subalgebra. Indeed, if X, Y € h3.M hs, then 
either the degree of both of them is less then r or their bracket is zero. But in 
the first case, X and Y are tangent to M and their divergences are zero on M, 
so that 13.6.(1) implies div(LX,Y])|ar = 0. 

Now, consider a polynomial vector field X from the subalgebra hs 1 go and a 
field Y € h3 65. Since every field from go has constant divergence everywhere 
and X is tangent to M, 13.6.(1) implies div([X,Y])|1z = 0. So we have proved 
that he is a subalgebra. In coordinates, we have 


a 0 r j ~ a 
be = {ax > € Omi a) =0, So airy 41,1 + 6;|(1)I) =0 


in. 
% i=l 


for 7 = 2,...,m,1<|(1)|<r-1}. 


Now, we take the subalgebra § in g7,,, consisting of polynomial vector fields 
over the fields from he. The codimension of h is (r — 1)m. 

4. Analogously to example 2, let us consider the subalgebra 67 in g?,4.,,, 
n> I, 


m+n 


a 0 r j a m 
h7 = {aya 5 E Iintni Wm41) = 0 > Gm41)41,(1 + 67"? |(m + 1)|) =0 
i=1 


for j =1,...,m+n, 7 Am+1,1<|(m4+1)|<r- 


and let us define § = 67 gy,.,- Then 


a 0 r j eel a m 
b= {ao E Gani mai) = 9; So amas qi, (1 + 67"|(m + 1)]) = 0 
3 i=m+1 


for j =m+2,...,m+n,1<|(m+1)|<r-1} 
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and we have found a Lie subalgebra in gj, , of codimension (r — 1)n. 


Let us look at the subgroups corresponding to the above subalgebras. In 
the first and the second examples, the groups consist of polynomial fibered iso- 
morphisms keeping invariant the given lines. These are closed subgroups. In 
the remaining two examples, we have to consider analogous subgroups in Ca 
then to take their preimages in the group homomorphism 77_,. Further we con- 
sider the subgroups of polynomial local isomorphisms at the origin identical in 
linear terms and without the absolute ones. Their subsets consisting of maps 
keeping the volume form along the given lines are subgroups. Finally, we take 
the intersections of the above constructed subgroups. All these subgroups are 
closed. 


21.9. Proof of 21.2. The idea of the proof was explained in 21.1 and 21.3. In 
particular, we deduced that the dimension of every manifold with an action of 
Gn: T > 2, which does not factorize to an action of G?71, is bounded from 
below by the smallest possible codimension of Lie subalgebras h = ho®::-@by—1, 
bi C gi, 6--1 A Gr—1, with grading. We also got the lower bound $(r — 1) for 
the codimensions and this implied the estimate r < 2dim$+1. But now, we 
can use proposition 21.7 to get a better lower bound for every m > 1 and n > 1. 


Indeed, 
s=dimS > min{r(m— 1), (r — 1)m,r(n— 1), (r — 1)n} 


and consequently 


s s s 8 
r <max{ T t 1 + 1}. 
m—l1’m 


If n = 0 we get 
s > min{r(m— 1), (r—1)m}, 


so that 
es) 


r< max{ =i 
m—1?>m 


Since all the groups determined by the subalgebras we have constructed in 21.8 
are closed, the corresponding homogeneous spaces are examples of manifolds 
with actions of Gj, ,, with the extreme values of r. 

If m = 1, let us consider h = go @ gs © Gs41 © -*: P Gas—1 C Gi". Since 
[9s,9s] = 0 in dimension one, this is a Lie subalgebra and one can see that the 
corresponding subgroup H in cn is closed (in general, every connected Lie 
subgroup in a simply connected Lie group is closed, see e.g. [Hochschild, 68, p. 
137]). The homogeneous space G?**!/H has dimension s and G?*** acts non 
trivially. Since there are group homomorphisms Gj, ,, > G7, and Gi, , > Gi, 


(the latter one is the restriction of the polynomial maps to the fiber over zero), 
we have found the two remaining examples. 
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Now we will collect the results from the previous sections to get a description 
of bundle functors on fibered manifolds. Let us remark that the bundle functors 
on categories with the same local skeletons in fact coincide. So we also describe 
bundle functors on Mf, and Mf in this way, cf. remark 20.8. In view of 
the general description of finite order regular bundle functors on admissible 
categories and natural transformations between them deduced in theorems 18.14 
and 18.15, the next theorem presents a rather detailed information. As usual 
m: FMmn—- Mf is the faithful functor forgetting the fibrations. 


22.1. Theorem. Let F: FMmn—Mf,m->1,n> 0, be a functor endowed 
with a natural transformation p: F — m and satisfying the localization property 
18.3.(i). Then S := Deca (0) is a manifold of dimension s > 0 and for every 
(Y — M) in ObDFM,,,, the mapping py : FY — Y is a locally trivial fiber 
bundle with standard fiber S, ie. F: FMmn — FM. The functor F is a 
regular bundle functor of a finite order r < 25+ 1. If moreover m > 1, n = 0, 
then 


s s 
< —+1 
r<max{——, ar \ 

and ifm >1,n> 1, then 
r< max{ e ; = + 1, : ee + 1}. 
m—-1 om n-lon 


All these estimates are sharp. 


Proof. Since FMm.n is a locally flat category with Whitney-extendible sets of 
morphisms, we have only to prove the assertion concerning the order. The rest 
of the theorem follows from theorems 20.3 and 20.5. By definition of bundle 
functors, it suffices to prove that the action of the group G of germs of fibered 
morphisms f: R™*"  R™*” with f(0) = 0 on the standard fiber S' factorizes 
to an action of GT, ,, with the above bounds of r depending on s, m, n. 

As in the proof of theorem 20.5, let V C S be a relatively compact open set 
and Qy C S be the open submanifold invariant with respect to the action of G, 
as defined in 20.4. By virtue of lemma 20.4 the action of G on Qy factorizes to 
an action of G*, ,, for some k € N. But then theorem 21.2 yields the necessary 
estimates. Moreover, if we consider the G™, ,,-spaces with the extreme orders 
from theorem 21.2, then the general construction of a bundle functor from an 
action of the r-th skeleton yields bundle functors with the extreme orders, cf. 


18.14. 


22.2. Example. All objects in the category FM,» are of the same type. Now 
we will show that the order of bundle functors may vary on objects of different 
types. We shall construct a bundle functor on Mf of infinite order. 

Consider the sequence of the r-th order tangent functors T) from 12.14. 
These are bundle functors of orders r € N with values in the category VB of 
vector bundles. Let us denote d;, the dimension of the standard fiber of T“™*) R* 
and define a functor F': Mf — FM as follows. 
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Consider the functors A* operating on category VB of vector bundles. For 
every manifold M the value F'M is defined as the Whitney sum over M 


FM= B Ade T(®) M 


1<k<oo 


and for every smooth map f: M — N we set 


Ff= @ avr“: PM FN. 


1<k<oo 


Since A%T() M = M x {0} whenever k > dim M, the value FM is a well 
defined finite dimensional smooth manifold and Ff is a smooth map. The fiber 
projections on T(*) M yield a fibration of FM and all the axioms of bundle 
functors are easily verified. Since the order of A’*T) is at least k the functor 
F is of infinite order. 


22.3. The order of bundle functors on ¥M,,. Consider a bundle functor 
F: FM, — FM and let F, be its restriction to the subcategory FM» C 
FMm. Write S, for the standard fibers of functors fF, and sy, := dim S;,. We 
have proved that functors F,, have finite orders r, bounded by the estimates 
given in theorem 22.1. 


Theorem. Let F: F-M,, — FM be a bundle functor. Then for all fibered 
manifolds Y with n-dimensional fibers and for all fibered maps f, g: Y > Y, 
the condition j;"*' f = j;"*'g implies Ff|F,Y = Fg|F,Y. If dimY < dimY, 
then even the equality of r,-jets implies that the values on the corresponding 
fibers coincide. 


Proof. We may restrict ourselves to the case f, g: R™*” = R™+*, f(0) = g(0) = 
OE R™. 

(a) First we discuss the case n = k. Let us assume jj f = 76g, T = Tn and 
consider families f; = f+tidpm+n, 9: = g+tidpgmin, t € R. The Jacobians at zero 
are certain polynomials in t, so that the maps f; and g; are local diffeomorphisms 
at zero except a finite number of values of t. Since jj f: = j>g+ for all t, we have 
Ffi\S, = Fg:|S, except a finite number of values of t. Hence the regularity of 
F implies F'f|S;, = F'g|Sn. 

Every fibered map f € FM,,(R™t", R™**) over fg: R™ — R™ locally de- 
composes as f = hog where g = fo X idpn: R™+” — R™*” and h= fog! is 
over the identity on R™. Hence in the rest of the proof we will restrict ourselves 
to morphisms over the identity. 

(b) Next we assume n = k+q, q > 0, f, g: R™***+9 — R™*, and let 
jof = jog with r = r,. Consider f = (f, pra), 9 = (g, pre): R™*” — R™™, 
where pry: R™**+4 — R14 is the projection onto the last factor. Since jf = 759, 
f =pr,of and g = pr, 09, the functoriality and (a) imply Ff|Sp = Fg|Sn. 

(c) Ifk = n+1 and if jf = jig with r = rn41, then we consider f, 
g: R™*"+! | R™ "+! defined by f = fopr,, g§ = go pr,. Let us write 
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i: R™*" — R™+*"*! for the inclusion x + (x,0). For every y € R™*"*! with 


pri (y) =0we have j7 f = jyg and since f = foi, g = goi, we get Ff |S, = Fg|Sn. 

(d) Let k=n+q,q > 0, andi: R™™” > R™"*4, gb (z,0). Analogously 
to (a) we may assume that f and g have maximal rank at 0. Hence according 
to the canonical local form of maps of maximal rank we may assume g = i. 

(e) Let us write f = (idgm, ft,...,f*): R™'” — R™*, k > n, and assume 
jof = Joi with r = rp41. We define h: R™*™*+1 — R™+# 

h(x, y) = (idgm, f'(x),...,f"(x),y, f° t?(a),... , f"(x)). 
Then we have 
ho (idan, idgn, f?*) = f 
hot= (idan, f')... 5 $70, fF??? 005 5h"). 
Since jf (idgm,idgn, f"*!) = j§i, part (c) of this proof implies 
F(idgmen, f°*")|Sn = FilSn 
and we get for every z € S;, 
Ff(z) = Fho Fi(z) = F(idpm, f',...,f",0,f,... , f")(2). 
Now, we shall proceed by induction. Let us assume 
Feta) = Flidpie, f pric 5 FO cc Df cof VO); s>l, 


for every z € S,, and j,"*' f = jo"tt4. Let o: R™1"+k — R™+*"+* pe the ma 
y Jo Jo P 
which exchanges the coordinates 2”+! and «7°, ie. 
+1 n+s ak) _ 


o(x,x',..., 0", ¢"71,... a8... 
We get 
PB dipeeat ach POs ht of a) = 


= Foo Flidpayf yes f Oye Of POC) 
= Pidgin, Pf yice5 fh ove 40) FOO oe PP). 


So the induction yields F f(z) = F(idgm, ft,...,f",0,... ,0). Since we always 
have fn+41 > Tn, (a) implies 


Fdginy f 22 4 f° )|S5 = Pidpece |Sy: 
Finally, we get 
PY |S, =P (dws Fyne of" Minx OS 
= F(io (idym, f',...,f"))|Sn = FilSn. 


Theorem 22.3 reads that every bundle functor on FM, is of locally finite 
order and we also have estimates on these ‘local orders’. But there still remains 
an open question. Namely, all values on morphisms with an m-dimensional 
source manifold depend on 1r,,,+41-jets. It is not clear whether one could get a 
better estimate. 
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23. The order of natural operators 


In this section, we shall continue the general discussion on natural operators 
started in 18.16-18.20. Let us fix an admissible category C over manifolds, its 
local pointed skeleton (Ca,0a), a € I, and consider bundle functors on C. 


23.1. The local order. We call a natural domain FE of a natural operator 
D: E ~» (G,G2) W-extendible (or Whitney-extendible) if all the domains E.4 C 
Co (FA, F2A), A € ObC, are W-extendible. We recall that the set of all 
sections of any fibration is W-extendible, so that the classical natural operators 
between natural bundles always have W-extendible domains. 

Let us recall that we can apply corollary 19.8 to each q-local operator D: E C 
C™(¥1, Y2) = C™(Z1, Za), where Y), Y2, 71, Z are smooth manifolds, g: Z, > 
Yj, is a surjective submersion and EF is Whitney-extendible. In particular, D is 
of some order k, 0 < k < oo. Let us consider a mapping s € E, z € Z 
and the compact set AK = {z} Cc Z. According to 19.8 applied to K and s, 
there is the smallest possible order r =: y(j*°s(q(z)),z) € N such that for all 
8 € EF the condition j"s(q(z)) = 3”8(q(z)) implies Ds(z) = Ds(z). Let us write 
E® c J*(¥,,Y2) for the set of all k-jets of mappings from the domain E. The 
just defined mapping y: E° xy, Z, — N is called the local order of D. 

For every -local natural operator D: E ~» (G,,G2) with a natural W- 
extendible domain F, the operators 


Da: Ea Cc Cra (F\A, FA) => (Gy A, G2A) 


are w,4-local. The system of local orders (v4) Acopc is called the local order of 
the natural z-local operator D. 
Every locally invertible C-morphism f: A — B acts on EY Xp, 4 GA by 


PUS32= O° Eas ose hr im), Gif): 


Lemma. Let D: E ~ (Gi, G2) be a natural operator with a natural Whitney- 
extendible domain E. For every locally invertible C-morphism f: A — B and 
every (jo°s,z) € EY Xp,4 GiA we have 


xB(f*(S°s, z)) = XA(GP°S, 2). 


Proof. Since C is admissible and the domain F is natural, we may restrict 
ourselves to A = B = Cy, for some a € J. Assume ya(jS°s,z) = r and 
i UF f(x)) = 7" (Fofoso Fi f-')(A.f(x)) for some x € F\Cy and s,q € Ec,. 
Then j"((Fof)~toqoFi f)(x) = j"s(x) and therefore Do, ((Fof)boqoFif)(z) = 
Do, s(z). We have locally for each s € Ec, 


soF,f-'=Fyf-'o(FofosoF,f—') 
Do,§ = G2f7'o De, (Faf os0 Fi f~')oGif. 


Hence Do, q(Gif(z)) = Gof o Da, s(z) and we have proved yg o f* < xa. 
Applying the action of the inverse f~! we get the converse inequality. 
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23.2. Consider the associated maps 
Deo,,: Ee. XFiCa GiCyg _ GoCy 


determined by a natural z-local operator D with a natural W-extendible domain 
E. We shall write briefly Ef} C EG, for the subset of jets with sources in the 


fiber S, over Og in Fi Cy, and Z, := 1. (Se) Cc G,C,,. By naturality, the whole 
operator D is determined by the restrictions 


Diss ES xX So Le ad GoCy 


of the maps Dc,. Let us write ¥q: ES° Xs, Za — N for the restrictions of yc,. 


Lemma. The maps Yq are G&-invariant and if ya <r, then the operator D is 
of order r on all objects of type a. 


Proof. The lemma follows immediately from the definition of naturality, the 
homogeneity of category C and lemma 23.1. 


23.3. The above lemma suggests how to prove finiteness of the order in concrete 
situations. Namely, theorem 19.7 implies that ‘locally’ yq is bounded and so it 
must be bounded on each orbit under the action of G°°. Assume now F) = Idec, 
ie. we deal with a natural p©1-local operator D: E ~» (G1,G2) with a natural 
W-extendible domain (E4 C C®(F'A)). Then BS Cc T.°°Qa,, where Qa = FoCa 
is the standard fiber and n = dim(mC,). Further assume that the category 
C is locally flat and that the bundle functors F’ and G; have the properties 
asserted in theorem 20.3 (so this always holds if C has almost W-extendible sets 
of morphisms). Consider a section s € Eo, C C%(F'C,) invariant with respect 
to all translations, i.e. F(t,) 0s 0t_z(y) = s(y) for all a € mCg = R", y € Ca 
and denote Z the standard fiber (G1 )oCq. 


Lemma. For every compact set K C Z there is an order r € N and a neigh- 
borhood V Cc ES C TY°Qa of jogos in the C’-topology such that xq <r on 
Vxk. 


Proof. Let us apply theorem 19.7 to the translation invariant section s and a 
compact set K’ x K C Cy x Z = G1Cg, where K' is a compact neighborhood 
of 0g € R”. We get an order r and a smooth function ¢ > 0 except for finitely 
many points y € K’ where e(y) = 0. Let us fix x in the interior of K’ with 
é(a) > 0. Hence there is a neighborhood V of s in the C’-topology on Ec, 
and a neighborhood U C C, of « in K’ such that xu (J7°q, (y, z)) < r whenever 
(y,z) €Ux K andq€ V. Now, let W be a neighborhood of j§°s in C’-topology 
on E& such that ¢t,*W is contained in the set of all infinite jets of sections from 
V. Since we might assume that t, acts on G;C,y = R” x Z by Git = ty x idz 
and we have assumed t,*s = s, the lemma follows from lemma 23.2. 


Under the assumptions of 23.3 we get 


23. The order of natural operators 207 


23.4. Corollary. Let s € Ec, be a translation invariant section and K C Z a 
compact set. Assume that for every order r € N, every neighborhood V of jj, s 
in BE” CT" Qa, every relatively compact neighborhood K’ of K and every couple 
(96,0 2) € EL x Za there is an element g € G3 such that g*(j},9,z) © V x K’. 
Then every natural operator in question has finite order on all objects of type 
Q. 


Proof. For every relatively compact neighborhood K’ of K, there is an r € N 
and a neighborhood of j§°s in the C’-topology such that ya < r on V x K’. 
But the assumptions of the corollary ensure that the orbit of V x K’ coincides 
with the whole space E3° x Zy. 


Next we deduce several simple applications of this procedure. 


23.5. Proposition. Let F: Mf, — FM be a bundle functor of order r such 
that its standard fiber Q together with the induced action of G1, C G™, can be 
identified with a linear subspace in a finite direct sum 


DQR"o QR") 


and bj > a; for alli. Let Gy: M fm — FM be a bundle functor such that either 
its standard fiber Z together with the induced Gi, -action can be identified with 
a linear subspace in a finite direct sum 


DO R” @ @R™) 


and bi, > a’; for all j, or Z is compact. 
Then every natural operator D: F ~» (Gi, G2) defined on all sections of the 
bundles F'M has finite order. 


Proof. Write y,: R” — R™, t € R, for the homotheties 7 +> tz. Let us consider 
the canonical identification FIR’ = R™ x @ and the zero section s = (idgm, 0) 
in C®(£R™). Further, consider an arbitrary section g: R” — F'R™ and let us 
denote q = Fy,oqoy;,' and g(x) = (2, qi(x)). Under our identification, s is 
translation invariant and we can use formula 14.18.(2) to study the derivatives 
of the maps q! at the origin. For all partial derivatives 0%qi we get 


(1) 9%qi(0) =e “laegi(0). 


If the standard fiber Z is compact, then we can use lemma 23.4 with K = Z 
and the zero section s. Indeed, if we choose an order r and a neighborhood V of 
jos in TY Q, then taking t large enough we obtain jog € V, so that the bound 
r is valid everywhere. But if Z is not compact, then an analogous equality to 
(1) holds for the sections of GR™ with a; — b; replaced by a’ - bi and these are 
also negative. Hence we can apply the same procedure taking A = {0}, where 
0 is the zero element in the tensor space Z. 
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23.6. Examples. The assumptions of the proposition are satisfied by all tensor 
bundles with more covariant then contravariant components. But clearly, these 
are also satisfied for all affine natural bundles with associated natural vector 
bundles formed by the above tensor bundles. So in particular, F’ can equal to 
QP!: Mfm — FM, the bundle functor of elements of linear connections, cf. 
17.7, or to the bundle functors of elements of exterior forms. If G; = Ide then 7 
is a one-point-manifold, i.e. a compact. Hence we have proved that all natural 
operators on connections or on exterior forms that do not extend the bases have 
finite order. 


23.7. Let us apply corollary 23.4 to the natural operators on the bundle func- 
tor JI: FMimn — FM, i.e. we want to derive the finiteness of the order for 
geometric operations with general connections. For this purpose, consider the 
maps Yap: R™*" > R™*”, (x,y) = (az, by). In words, we will use the in- 
clusion G7, x Gj, — Gi, and the jets of homotheties in the jet groups Gj, 
and G".. In canonical coordinates (2", y?, y?) on JU(R™*”" 4 R™), i =1,...,m, 
j = 1,...,n, we get for every section s = y?(x*,y?) and every local fibered 
isomorphism y = (y', y?) 


- Oe .,\.0e, Oye 10%, 
J'posoy ‘= (4 oy _ -o Ga ‘) (yjoy ay Po. 


In particular, for p = Yap we obtain 
a,b" 3(2*,y?) = ba ty? 0 pry. 


Hence for every multi index a = a; + a2, where a, includes all the derivatives 
with respect to the indices 7 while a2 those with respect to p’s, it holds 


(1) aute2(o, 4*s)(0) =a 1—|aa|pl—la2|gairtas , (0). 


Proposition. Let H: FM» — FM be an arbitrary bundle functor while 
G: FMmn — FM is either the identity functor or the functor J | or the vertical 
tangent bundle V. Then every natural operator D: J+ ~» (G, H) defined on all 
sections of the first jet prolongations has finite order. 


Proof. If G = Idgm,,,,, then we can take 6b = 1, a > O and corollary 23.4 
together with (1) imply the assertion. The same choice of a and b leads also to 
the case G = J', for J'yan(y?) = ay? on the standard fiber over 0 € R™*”. 

In the third case we have to be more careful. On the standard fiber R” of 
VR™*" we have Viap(E€?) = (bE?). Let us fix some r € N and choose a = 67", 
0<6< 1 arbitrary. Then 


jar tee (%a,0*s)(0)| = pr +ler|)+1-|e2| |Jav1+2 5(()| 
and so for all ja] <r we get 


|° (~a,b*s)(0)| < b|O%s(0)]. 
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Hence also in this case corollary 23.4 implies our assertion. 


At the end of this section, we illustrate on two examples how bad things 
may be. First we construct a natural operator which essentially depends on 
infinite jets and the next example presents a non-regular natural operator. This 
contrasts the results on bundle functors where the regularity follows from the 
other axioms. 


23.8. Example. Consider the bundle functor F = T@T*: Mfm — Mf and 
let G be the bundle functor defined by GW = M x R, Gf = f x idg, for all 
m-dimensional manifolds M and local diffeomorphisms f, i.e. ‘the bundle of real 
functions’. The contraction defines a natural function, i.e. a natural operator 
F ~» G, of order zero. The composition with any fixed real function R — R 
is a natural transformation G — G and also the addition G® G + G and 
multiplication G ® G — G are natural transformations. Moreover, there is the 
exterior differential d: G ~» T*, a natural operator of order 1. 
By induction, let us define operators Dy: T 6 T* — G. We set 


(Do) u(X,w) =ixw and (Dr41)m(X,w) = ix (d((De)m(X,w))) 


for k = 0,1,.... Further, consider a smooth function a: R? — R satisfying 
a(t,x) #0 if and only if |z| > t > 0. We define 


Du(X,w) = 5_(a(k,-) 0 (ixw)).((Dr)au(X,w)). 
k=0 


Since the sum is locally finite for every (X,w) € C™®(F'M), this is a natural 
operator of infinite order. 


23.9. Example. Consider once more the bundle functors F’, G and operators 
D,, from example 23.8. Let a and g: R? — R be the functions used in 19.15. 
We shall modify operator D from example 19.15 to get a non-regular natural 
operator. Let us define operators Dy: C° (FM) ~ C°(GM) by 


Du(X,w) = )-(a(k,-) 0.90 ((ixw) x (ixd(ixw)))).((De)a(X,w)) 

k=0 

for all (X,w) € C@(I@T*M). We have used only natural operators in our 
construction, but, unfortunately, the values Dj,(X,w) need not be smooth (or 
even defined) if dimension m is greater then one. This is caused by the infinite 
value of limsup,_,(9,1) g(x). But if m = 1, then all values are smooth and the 
system Dj, satisfies all axioms of natural operators except the regularity. Indeed, 
it suffices to verify the smoothness of the values of Dr. But if (ixw)(to) = 0 
and (ixd(ixw))(to) = 1, ie. X (to) 4 (Xw) (to) = 1, then 4 (Xw)(to) # 0 and 


therefore the curve F 
tro ((Xw)(t), XT (Xw)(¥)) 
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lies on a neighborhood of to inside the unit circles centered in (—1,1) and (1, 1). 
Hence Dp(X,w) = 0 on some neighborhood of to. 

Let us note that our operator D is not only non-regular, but also of infinite 
order and it shows that the assertion of lemma 23.3 does not hold for all maps 
s € Dg,,, in general. A non-regular natural operator of order 4 on Riemannian 
metrics for dimension m = 2 can be found in [Epstein, 75]. 


23.10. If we consider natural operators D: F ~ (G1, G2) with domains formed 
by all sections of the bundles FM — M, then we can use the regularity of 
D and apply the stronger version of nonlinear Peetre theorem 19.10 instead of 
19.7 in the proof of 23.3. Hence we do not need the invariance of the section s. 
Consequently, the assertion of lemma 23.3 holds for all sections s € Eg,. That 
is why, under the assumptions of corollary 23.4 we can strengthen its assertion. 


Corollary. Let s € C®(FC,) be a section and K C Z be a compact set. 
Assume that for every order r € N, every neighborhood V of jj_s in EZ, C T7 Qa, 
every relatively compact neighborhood K' of K and every couple (j},q,2) € 
Et x Za there is an element g € G'? such that g*(j},q,z) © V x K". Then every 
natural operator D: F ~ (G1, G2) has a finite order on all objects of type a. 


Remarks 


The general setting for bundle functors and natural operators extends the 
original categorical approach to geometric objects and operators due to [Nijen- 
huis, 72] and we follow mainly [Koldr, 90] and partially [Slovak, 91]. 

The multilinear version of Peetre theorem, proved in [Cahen, De Wilde, Gutt, 
80], seems to be the first non-linear generalization of the famous Peetre theorem, 
[Peetre, 60]. The study of general nonlinear operators started in [Chrastina, 87] 
and {Slovak, 87b]. The original aim of the nonlinear version 19.7, first proved in 
[Slovak, 87b], was the reduction of the problem of finding natural operators to a 
finite order. The pure analytical results were further generalized and completed 
in a setting of Hdlder-continuous maps and metric spaces in [Slovdk, 88] and 
it became clear that they should help to unify the approach to the finiteness 
of the orders of both natural operators and bundle functors and to avoid the 
original manipulation with infinite dimensional Lie algebras, see [Palais, Terng, 
77]. Let us remark that nearly all categories over manifolds used in differential 
geometry are admissible and locally flat, however the verification of the Whitney 
extendibility might present a serious analytical problem in concrete examples. 
In the most technical part of the description of bundle functors, i.e. in the proof 
of the regularity, we mainly follow [Mikulski, 85] which generalizes the original 
proof due to [Epstein, Thurston, 79] to natural bundles with infinite dimensional 
values. Let us point out that our proof also applies to continuous regularity of 
bundle functors on the categories in question with values in infinite dimensional 
manifolds. 

Our sharp estimate on the orders of jet groups acting on manifolds is a gener- 
alization of [Zajtz, 87], where similar results are obtained for the full group G’,. 
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The results on the order of bundle functors on FM,,, follow some ideas from 
[Kolai, Slovak, 89] and [Mikulski, 89 a, b]. The methods used in our discussion 
on the order of natural operators never exploit the regularity of the natural op- 
erators which we have incorporated into our definition. So the results of section 
23 can be applied to non-regular natural operators which can also be classified 
in some concrete situations. 
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CHAPTER VI. 
METHODS FOR FINDING 
NATURAL OPERATORS 


We present certain general procedures useful for finding some equivariant 
maps and we clarify their application by solving concrete geometric problems. 
The equivariance with respect to the homotheties in GL(m) gives frequently a 
homogeneity condition. The homogeneous function theorem reads that under 
certain assumptions a globally defined smooth homogeneous function must be 
polynomial. In such a case the use of the invariant tensor theorem and the 
polarization technique can specify the form of the polynomial equivariant map 
up to such an extend, that all equivariant maps can then be determined by 
direct evaluation of the equivariance condition with respect to the kernel of 
the jet projection G’, — G1,. We first deduce in such a way that all natural 
operators transforming linear connections into linear connections form a simple 
3-parameter family. Then we strengthen a classical result by Palais, who deduced 
that all linear natural operators A?T* — A?*+!7* are the constant multiples of 
the exterior derivative. We prove that for p > 0 even linearity follows from 
naturality. We underline, as a typical feature of our procedures, that in both 
cases we first have guaranteed by the results from chapter V that the natural 
operators in question have finite order. Then the homogeneous function theorem 
implies that the natural operators have zero order in the first case and first 
order in the second case. In section 26 we develop the smooth version of the 
tensor evaluation theorem. As the first application we determine all natural 
transformations TT* — T*T. The result implies that, unlike to the case of 
cotangent bundle, there is no natural symplectic structure on the tangent bundle. 

As an example of a natural operator related with fibered manifolds we discuss 
the curvature of a general connection. An important tool here is the generalized 
invariant tensor theorem, which describes all GL(m) x GL(n)-invariant tensors. 
We deduce that all natural operators of the curvature type are the constant 
multiples of the curvature and that all such operators on a pair of connections 
are linear combinations of the curvatures of the individual connections and of 
the so-called mixed curvature of both connections. The next section is devoted 
to the orbit reduction. We develop a complete version of the classical reduction 
theorem for linear symmetric connections and Riemannian metrics, in which 
the factorization procedure is described in terms of the curvature spaces and 
the Ricci spaces. The so-called method of differential equations is based on the 
simple fact that on the Lie algebra level the equivariance condition represents 
a system of partial differential equations. As an example we deduce that the 
only first order natural operator transforming Riemannian metrics into linear 
connections is the Levi-Civita operator. But we apply the method of differential 
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equations only in the first part of the proof, while in the final step a direct 
geometric consideration is used. 


24. Polynomial GL(V)-equivariant maps 


24.1. We first deduce a result on the globally defined smooth homogeneous 
functions, which is useful in the theory of natural operators. 

Consider a product V; x ... x V,, of finite dimensional vector spaces. Write 
2, €Vj,t=1,...,n. 


Homogeneous function theorem. Let f(x1,...,2%,) be a smooth function 
defined on V; x ... X V, and let a; > 0, b be real numbers such that 
(1) k? f(a1,...,2n) = f(k%21,... bap) 


holds for every real number k > 0. Then f is a sum of the polynomials of degree 
d; in x; satisfying the relation 


(2) a\dy feee Ht Andn = b. 


If there are no non-negative integers d1,... ,d, with the property (2), then f is 
the zero function. 


Proof. First we remark that if f satisfies (1) with b < 0, then f is the zero 
function. Indeed, if there were f(1%1,...,%n) # 0, then the limit of the right- 
hand side of (1) for k — 0, would be f(0,... ,0), while the limit of the left-hand 
side would be improper. 

In the case b > 0 we write a = min(ay,... ,a,) and r = [2](=the integer 
part of the ratio By. Consider some linear coordinates x on each V;. We claim 
that all partial derivatives of the order r + 1 of every function f satisfying (1) 
vanish identically. Differentiating (1) with respect to 27‘, we obtain 


4 Of (Capes os En) _ pai Of (Ke ais (hoes) 
Oxsi Oxsi : 


Hence for ni we have (1) with b replaced by b — a;. This implies that every 
partial derivative of the order r+ 1 of f satisfies (1) with a negative exponent 
on the left-hand side, so that it is the zero function by the above remark. 

Since all the partial derivatives of f of order r + 1 vanish identically, the 
remainder in the r-th order Taylor expansion of f at the origin vanishes identi- 
cally as well, so that f is a polynomial of order at most r. For every monomial 


xy)...2° of degree |a;| in x;, we have 


(kK 24) 20. (kay) = farloalt--+an onl po Lwin, 


Since & is an arbitrary positive real number, a non-zero polynomial satisfies (1) 
if and only if (2) holds. 
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24.2. Remark. The assumption a; > 0,7 = 1,...,n in the homogeneous 
function theorem is essential. We shall see in section 26 that e.g. all smooth 
functions f(x,y) of two independent variables satisfying f(ka,k~ly) = f(x,y) 
for all k 4 0 are of the form y(xy), where y(t) is any smooth function of one 
variable. In this case we have a; = 1, ag = —1,b=0. 


24.3. Invariant tensors. Consider a finite dimensional vector space V with 
a linear action of a group G. The induced action of G on the dual space V* is 
given by 

(av*,v) = (v*,a~'v) 


for allv € V, v* € V*, a € G. In any linear coordinates, if av = = (ai v)), then 
av* = (a! v;), where a’ denotes the inverse matrix to a‘. Moreover, if we have 
some linear actions of G on vector spaces V,,... , Vn, then there is a unique linear 
action of G on the tensor product V; ®--- @ V,, satisfying g(v1 @ +--+ @ vp) = 
(gv1) @-++@ (gun) for all vy € Vi,...,0n € Vn, 9g © G. The latter action is called 
the tensor product of the original actions. 

In particular, every tensor product @"V @ @4V™ is considered as a GL(V)- 
space with respect to the tensor product of the canonical action of GL(V) on V 


and the induced action of GL(V) on V*. 


Definition. A tensor B € @"V ® @1V* is said to be invariant, if aB = B for 
alla€é GL(V). 


The invariance of B with respect to the homotheties in GL(V) yields k"~-4B = 
B for all k € R\ {0}. This implies that for r 4 q the only invariant tensor is the 
zero tensor. An invariant tensor from @"V @ @"V* will be called an invariant 
tensor of degree r. For every s from the group S, of all permutations of r 
letters we define [*° € @"V © @'V* to be the result of the permutation s of the 
superscripts of 


(1) I's = idy @---@idy. 
YY — 
r-times 
In coordinates, [* = Go es bo), The tensors [*, which are clearly invariant, 


are called the elementary invariant tensors of degree r. Obviously, if we replace 
the permutation of superscripts in (1) by the permutation of subscripts, we 
obtain the same collection of the elementary invariant tensors of degree r. 


24.4. Invariant tensor theorem. Every invariant tensor B of degree r is a 
linear combination of the elementary invariant tensors of degree r. 


Proof. The condition for B = Gs) € ®'R™ ® @'R™* to be invariant reads 


a4 tp pki. ee Jr 
(1) ay er eae = 05 rat cael 


for all a‘ € GL(m). To delete the a’s, we rewrite (1) as 


Pi 2 ip pki. t1.ty sky kp 51 Jr 
ay, Me 13.05 i oa 2 ee Or 1 OO, oe OR, 
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Comparing the coefficients by the individual monomials in at, we obtain the 


following equivalent form of (1) 


a1 jin Keays ks(r) _ Rea) 5 s(r) a1 
(2) 3 re . OF. (r Oth lp =>) 4: 4, lL, oe Js(r)" 


‘gj? 


seS, séS, 
The case r < mis very simple. Set c, = BSG)...9(r)* If we put 7417 = 1,...,%4, =7, 
ji. = 1,...,jr = r in (2), then the only non-zero term on the left-hand side 


corresponds to s = id. This yields 


(3) Dears —_ = he 5, Fs) = pe 


séS;, 


which is the coordinate form of our theorem. 

For r > m we have to use a more complicated procedure (due to [Gurevich, 
48]). In this case, the coefficients cs in (3) are not uniquely determined. This 
follows from the fact that for r > m the system of m?” equations in r! variables 
Zs 


(4) 61 ...6 # =0 


Js(1) Is(r) 
seS,. 


has non-zero solutions. Indeed, in this case e.g. every tensor 


a1 im+1 cim+2 hp 

(5) cor, — ae yan waa 
(where the square bracket denotes alternation) is the zero tensor, since among 
every ji,---;Jm+41 at least two indices coincide. Hence (5) expresses the zero 
tensor as a non-trivial linear combination of the elementary invariant tensors. 

Let 2°, a = 1,...,q be a basis of the solutions of (4). Consider the linear 
equations 
(6) > 2 =0 a=1,...,4@. 

seS,. 


To deduce that the rank of the system (4) and (6) is r!, it suffices to prove that 
this system has the zero solution only. Let z? be a solution of (4) and (6). Since 
2° satisfy (4), there are ky € R such that 


(7) = Da hea 


Since z® satisfy (6) as well, they annihilate the linear combination 


op 
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By (7) the latter relation means }>,<5 (22)? =0, so that all z? vanish. 
In this situation, we can formulate a lemma: 
Let r! tensors X, € ®"R™ @ @"R™*, s € S,, satisfy the equations 


ia ‘ip _ iq eeip 8 
(8) 3 a ue OF Xs ~— Cs. ae 
séS;, séS;, 
with some real coefficients c'"'". | and 
Js(1)++-Js(r) 
(9) y zeX,=0 = yee 
séS; 


Then every X, is a linear combination of the elementary invariant tensors. 

Indeed, since the system (4) and (6) has rank r! and the equations (6) are 
linearly independent, there is a subsystem (4’) in (4) such that the system (4’) 
and (6) has non-zero determinant. Let (8’) be the subsystem in (8) corresponding 
to (4’). Then we can apply the Cramer rule for modules to the system (8’) and 
(9). This yields that every X, is a linear combination of the right-hand sides, 
which are linearly generated by the elementary invariant tensors. 

Now we can complete the proof of our theorem. Let B be an invariant tensor 
and B* be the result of permutation s on its superscripts. Then (2) can be 
rewritten as 


1 yO ee = 
( 0) ae Is(r) Js(1)++-Is(r) 
séS;, séS;, 
Contract the zero tensor )7 <9. Caer — Fates 2e a = 1,...,q, with undeter- 


mined x;,...;,. This yields the algebraic relations 


(11) »y 28 Liga) .te(r) = O- 


sES, 
In particular, for 7;,..;,. = oe with parameters j1,... ,j, we obtain 
(12) pie ea ee een 
seS,. 


Applying the above lemma to (10) and (12) we deduce that B is a linear com- 
bination of the elementary invariant tensors. 


24.5. Remark. The invariant tensor theorem follows directly from the classifi- 
cation of all relative invariants of GL(m, Q) with p vectors in 2” and q covectors 
in Q”* given in section 2.7 of [Dieudonné, Carrell, 71], p. 29. But Q is assumed 
to be an algebraically closed field there and the complexification procedure is 
rather technical in this case. That is why we decided to present a more elemen- 
tary proof, which fits better to the main line of our book. 
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24.6. Having two vector spaces V and W, there is a canonical bijection between 
the linear maps f: V — W and the elements f° € W @ V* given by f(v) = 
(f®,v) for all v € V. The following assertion is a direct consequence of the 
definition. 


Proposition. A linear map f: ®? V @ @1V* = @"V ® @'V* is GL(V)- 
equivariant if and only if f® € @"*4V @ @?*'V* is an invariant tensor. 


24.7. In several cases we can combine the use of the homogeneous function the- 
orem and the invariant tensor theorem to deduce all smooth GL(V)-equivariant 
maps of certain types. As an example we determine all smooth GL(V )-equivar- 
iant maps of ®"V into itself. Having such a map f: @" V > @'V, the equivari- 
ance with respect to the homotheties in GL(V) gives k” f(x) = f(k’x). Since the 
only solution of rd = r is d = 1, the homogeneous function theorem implies f is 
linear. Then the invariant tensor theorem and 24.6 yield that all smooth GL(V)- 
equivariant maps ®"V — @'V are the linear combinations of the permutations 
of indices. 


24.8. If we study the symmetric and antisymmetric tensor powers, we can ap- 
ply the invariant tensor theorem when taking into account that the tensor sym- 
metrization Sym: @’V — S’V and alternation Alt: @"V — A’V as well as the 
inclusions STV ~ @'’V and A"V — @'V are equivariant maps. We determine 
in such a way all smooth GL(V)-equivariant maps S"V — S™V. Consider the 
diagram 

f 


S*V ———> S"V 


sy [: i [sym 
ev“ av 

Then py =iofoSym: @”"V — ®’V is an equivariant map and it holds f = 
Symowyoi. Using 24.7, we deduce 

(1) all smooth GL(V)-maps S’V — S"V are the constant multiples of the 
identity. 

Quite similarly one obtains the following simple assertions. 

All smooth GL(V )-maps 

(2) ATV = A’V are the constant multiples of the identity, 

(3) @"V — S'V are the constant multiples of the symmetrization, 

(4) @'V — A'V are the constant multiples of the alternation, 

(5) S°V — @'V and A'V — 8'V are the constant multiples of the inclusion. 


24.9. In the next section we shall need all smooth GL(m)-equivariant maps 
of R™ ® R™ @ R™* into itself. Let Fla) be the components of such a 
map f. Consider first the homotheties 75; in GL(m). The equivariance of f 
with respect to these homotheties yields k f(x) = f(kx). By the homogeneous 
function theorem, f is a linear map. The corresponding tensor f® is invariant 
in @°R™ @ @°R”*. Hence f® is a linear combination of all six permutations of 
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the tensor products of the identity maps, i.e. 
Fir = (a1 55 5p" 5 + 02556," Op + 36,07" 
+ 045,51" 5" + 055,57" dp + 06515457) Zinn 


a1,.-.,a¢ € R. Thus, all smooth GL(m)-maps of R™ @ R’™* ® R™* into itself 
form the following 6-parameter family 


i il ind inl i al i i 
Fin = A105 2 — 20; Xi, + 30,251 + 40},2 1; + a5xj, + O62),;- 


24.10. The invariant tensor theorem can be used for finding the polynomial 
equivariant maps, if we add the standard polarization technique. We present 
the basic general facts according to [Dieudonné, Carrell, 71]. 

Let V and W be two finite dimensional vector spaces. A map f: V — W is 
called polynomial, if in its coordinate expression 


f(a'u;) = f?(x')wp 


in a basis (v;) of V and a basis (wp) of W the functions f?(x") are polynomial. 
One sees directly that such a definition does not depend on the choice of both 
bases. 

We recall that for a multi index a = (a1,...,Qm) of range m = dimV we 
write 


a2? = a Arey ssa) eee 


The degree of monomial x° is |a|. A linear combination of the monomials of the 
same degree r is called a homogeneous polynomial of degree r. Every polynomial 
map f: V — W is uniquely decomposed into the homogeneous components 


f= for futon se 
Consider a group G acting linearly on both V and W. 


Proposition. Each homogeneous component of an equivariant polynomial map 
f: V = W is also equivariant. 


Proof. This follows directly from the fact that the actions of G on both V and 
W are linear. 


24.11. In the same way one introduces the notion of a polynomial map 
f[:Vix...x Vn -W 


of a finite product of finite dimensional vector spaces into W. Let x; € V; and 


a; be a multi index of range m; = dim V;, i = 1,...,n. A monomial 
Cy icsta” 
is said to be of degree (|a1|,...,|Qn|). The multihomogeneous component 


Foryj...rn) Of degree (r1,... 7m) of a polynomial map f: Vi x... x Vr — W 
consists of all monomials of this degree in f. 

Having a group G acting linearly on all Vi,... , V,, and W, one deduces quite 
similarly to 24.10 
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Proposition. Each multihomogeneous component of an equivariant polynomial 
map f: Vi x... Vn — W is also equivariant. 


24.12. Let f: V — R be a homogeneous polynomial of degree r. Its first 
polarization P, f: V x V — R is defined as the coefficient by ¢t in Taylor’s formula 


(1) f(a+ty) =f) +tPif(ey)+-- 
The coordinate expression of P f(x,y) is # f y’. Since f is homogeneous of 


degree r, Euler’s theorem implies 


Pi f(x, x) =rf(a). 

The second polarization P2f(x,y1,y2): V x V x V — R is defined as the first 
polarization of P, f(x, y1) with fixed values of y,. By induction, the i-th polar- 
ization P;f(x,y1,.-.,yi) of f is the first polarization of P;_if(#,y1,--- ,Yi—1) 
with fixed values of yi,...,yi—-1- Obviously, the r-th polarization P,f is inde- 
pendent on x and is linear and symmetric in y1,... , y,. The induced linear map 
Pf: S'V — R is called the total polarization of f. An iterated application of 
the Euler formula gives 


rl f(a) = Pf(x#@---@xa). 
f(x) = Pl ) 
r-times 
The concept of polarization is extended to a homogeneous polynomial map 
f: V — W of degree r by applying this procedure to each component of f with 


i+1 
respect to a basis of W. Thus, the i-th polarization of f isa map P,f: x VW 
and the total polarization of f is a linear map Pf: S'V — W. Let a group G 
act linearly on both V and W. 


Proposition. If f: V — W is an equivariant homogeneous polynomial map of 


a 
degree r, then every polarization P; f : "x V = W as well as the total polarization 
Pf are also equivariant. 


Proof. The first polarization is given by formula 24.12.(1). Since f is equivari- 
ant, we have f(gx + tgy) = gf(x + ty) for all g € G. Then 24.12.(1) implies 
gPif (x,y) = Pif(gx, gy). By iteration we deduce the same result for the i-th 
polarization. The equivariance of the r-th polarization implies the equivariance 
of the total polarization. 


24.13. The same construction can be applied to a multihomogeneous polyno- 
mial map f: Vi x...x V, — W of degree (r1,... 7). For any (%1,... ,in), 41 < 
T1,..+5in <Tn, we define the multipolarization Py, i.) f of type (i1,-.. , in) by 
constructing the corresponding polarization of f in each component separately. 
Hence 


iy41 intl 
Pigs sin) FE x Vix... x V, — W. 


The multipolarization P(,,,... ,,,)f induces a linear map 
Pf: SV, @---@ SV, —-W 


called the total polarization of f. 
Given a linear action of a group on Vi,...,V,, W, the following assertion is 
a direct analogy of proposition 24.12. 
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Proposition. If f: Vix...xV, — W is an equivariant multihomogeneous poly- 
nomial map, then all its multipolarizations P,,,.. ;,,)f and its total polarization 
Pf are also equivariant. 


24.14. Example. The simplest example for the polarization technique is the 
problem of finding all smooth GL(V)-equivariant maps f: V — @"V. Using 
the homotheties in GL(V), we obtain k’ f(x) = f(kx). By the homogeneous 
function theorem, f is a homogeneous polynomial map of degree r. Its total 
polarization is an equivariant map Pf: S'V — @’V. By 24.8.(5), Pf is a 
constant multiple of the inclusion SV <— @'V. Hence all smooth GL(V)- 
equivariant maps V > @"V are of the form r++ k(a @---@2), kK ER. 


25. Natural operators on linear connections, 
the exterior differential 


25.1. Our first geometrical application of the general methods deals with the 
natural operators transforming the linear connections on an m-dimensional man- 
ifold M into themselves. In 17.7 we denoted by QP!M the connection bundle 
of the first order frame bundle P!M of M. This is an affine bundle modelled on 
vector bundle TM @ T*M @T*M. The linear connections on M coincide with 
the sections of @P!M. Obviously, QP! is a second order bundle functor on the 
category Mf, of all m-dimensional manifolds and their local diffeomorphisms. 


25.2. We determine all natural operators QP! ~» QP!. Let S be the torsion 
tensor of a linear connection T € C~(QP!M), see 16.2, let $ be the contracted 
torsion tensor and let I be the identity tensor of TM @7T*M. Then S,1@ S 
and $ @ I are three sections of TM ®T*M @T*M. 


Proposition. All natural operators QP! ~+ QP! form the following 3-para- 
meter family 


(1) T+khStkI@S+kS@l,  k,ke, ky ER. 


Proof. In the canonical coordinates 2", wi on P!R™, the equations of a principal 
connection T are 


(2) da, = Tin (x) aida" 


where [ F , are any smooth functions on R™. From (2) we obtain the action of 
G?, on the standard fiber Fy = (QP'R™)o 


pi _ ipl ~m~xn i ~l~m 
(3) yr — ann Gj ay + Am; Of, 


see 17.7. The proof will be performed in 3 steps, which are typical for a wider 
class of naturality problems. 
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Step I. The zero order operators correspond to the G?,-equivariant maps 
f: Fo — Fo. The group G?, is a semidirect product of the kernel K of the 
jet projection G7, > G},, the elements of which satisfy ai = 6;, and of the 
subgroup i(G;,,), the elements of which are characterized by aj, = 0. By (3), 
Fo with the action of i(G1,) coincides with R™ @ R™ @R™* with the canonical 
action of GL(m). We have deduced in 24.9 that all GZ(m)-equivariant maps of 
R™” @ R”™ @ R™ into itself form the 6-parameter family 


; a 2 od 4 
(4) Fig = U0; 0 + A205 0); + 430,051 + 440,21; + A5L5, + AGT}; 


The equivariance of (4) with respect to K then yields 
(5) ai, = (a1 + a2)04ay, + (a3 + a4)d;a]; + (a5 + a6) a5 p. 


This is a polynomial identity in a‘ ,: For m > 2, (5) is equivalent to a; +a2 = 0, 
a3 +a4 = 0, a5 + ag = 1. From 16.2 we find easily S = can _ a) = (Sin) so 
that 1@S = (53, S},) and Se@rl= (0;,S1;)- Hence (5) implies (1). For m = 1, we 
have only one quantity a{,, so that (5) gives 1 = a; + a2 + a3 + a4 + a5 + a6. 
But it is easy to check this leads to the same geometrical result (1). 

Step I. The r-th order natural operators QP! ~+ QP! correspond to the 
G"*?_equivariant maps from (J’QP!R™)9 into Fy. Denote by T, the collection 
of all s-th order partial derivatives Died uo S8=h.--.7- According to 14.20, 
the action of i(Gt,) c GT*? on every I’, is tensorial. Using the equivariance 
with respect to the homotheties in G1,, we obtain a homogeneity condition 


m? 


kf(0,T1,...,0,-) = f(kV, k7T1,... , kt T,). 


By the homogeneous function theorem, f is a polynomial of degree do in I and 
d,; in I’, such that 


L=dj + 2d, +---+(r+1)d,. 
Obviously, the only possibility is do = 1, d, =--- =d, = 0. This implies that f 
is independent of T;,... , I, so that we get the case I. 


Step HI. In example 23.6 we deduced that every natural operator QP! ~ QP! 
has finite order. This completes the proof. 


25.3. Rigidity of the torsion-free connections. Let Q;P!M — M be the 
bundle of all torsion-free (in other words: symmetric) linear connections on M. 
The symmetrization [TH T— 38 of linear connections is a natural transformation 
a: QP! + Q,P' satisfying ¢ 01 = idg_p1, where i: Q;P! — QP! is the 
inclusion. Hence for every natural operator A: Q;P! ~ Q,;P!, B=ioAog 
is a natural operator QP! ~» QP?, i.e. one of the list 25.2.(1). By this list, 
B(() =T for every symmetric connection. This implies that the only natural 
operator Q,P! ~+ Q,P! is the identity. 
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25.4. The exterior differential of p-forms is a natural operator d: APT* ~ 
AP*1T*, The oldest result on natural operators is a theorem by Palais, who 
deduced that all linear natural operators A?T* ~» A?+!T* are the constant mul- 
tiples of the exterior differential only, [Palais, 59]. Using a similar procedure as 
in the proof of proposition 25.2, we deduce that for p > 0 even linearity follows 
from naturality. 


Proposition. For p > 0, all natural operators A?T* ~+ A?+!T* are the constant 
multiples kd of the exterior differential d, k € R. 


Proof. The canonical coordinates on A?R™* are bi,...i, =: 6 antisymmetric in all 


subscripts and the action of GL(m) is 


Le RA ~JIp 

(1) Dis vip = OF. ip Ui, 1G. 
; ; : _— jl 

The induced coordinates on Fy = Jo APT*R™ are bi... ining 


easily that the action of G?, on F, is given by (1) and 
bj 


=: b;. One evaluates 


cafe. 2 eat ~jp~j : ~jl ~JIp 
— Dis... 5p 5 Gi, 1 OG; + bj,. Gives art 


1-tp, “Jp 


(2) ~ji ~JIp 
a Diy jp Bi, 1 Gy y 


The action of GL(m) on AP*+1R™* is 
(3) Cin. ipga = Chances es Ge 

Step I. The first order natural operators are in bijection with G?,-maps 
f: Fy — A®’*'R™*. Consider first the equivariance of f with respect to the 
homotheties in i(G1,). This gives a homogeneity condition 
(4) kPt? f(b, b1) = f (kPb, kP*1d,). 

For p > 0, f must be a polynomial of degrees do in 6 and d, in by such that 
p+1=pdo +(p+1)d,. For p > 1 the only possibility is do = 0, di = 1, ie. f is 
linear in b}. By 24.8.(4), the equivariance of f with respect to the whole group 
i(G1_) implies 

(5) Ciy.ipgr = K DLiy ip ip gi KER. 

For p = 1, there is another possibility dg = 2, d; = 0. But 24.8 and the 
polarization technique yield that the only smooth GL(m)-map of $?R"* into 
A?R™* is the zero map. Thus all first order natural operators are of the form 
(5), which is the coordinate expression of kd. 

Step I. Every r-th order natural operator is determined by a G™++-map 
f: Fp := JUAPT*R™ — AP*1R™*, Denote by 6, the collection of all s-th order 
coordinates )j,..i,,j;...j, imduced on F,, s = 1,...,7. According to 14.20 the 
action of i(G1,) c G+! on every bs is tensorial. Using the equivariance with 
respect to the homotheties in G1,, we obtain 


kP*1 F(b, by, 2.6 Op) = f(kPD, kP ty, KP *"D,.). 
This implies that f is independent of b2,...,b,. Hence the r-th order natural 
operators are reduced to the case I for every r > 1. 


Step III. In example 23.6 we deduced that every natural operator APT* ~ 
AP+!T* has finite order. 
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25.5. Remark. For p = 0 the homogeneity condition 25.4.(4) yields f = 
y(b)b1, b, b1 € R, where y is any smooth function of one variable. Hence all 
natural operators A°T* ~+ A!T* are of the form g > o(g)dg with an arbitrary 
smooth function py: R > R. 


26. The tensor evaluation theorem 


26.1. We first formulate an important special case. Consider the product 


k-times l-times 
mi NN 
Ve = VXx...xXV x VEXKLOKY® 


of k copies of a vector space V and of | copies of its dual V*. Let (, ): VxV* +R 
be the evaluation map (x,y) = y(a). The following assertion gives a very useful 
description of all smooth GL(V)-invariant functions 


(ta; yr): Ver 2 R, OS 1s ks AS Tee chs 


Proposition. For every smooth GL(V)-invariant function f: V,, — R there 
exists a smooth function g(zq,): R*' — R such that 


(1) f(®as Yr) = g({La;Ya))- 
We remark that this result can easily be proved in the case k < m = dimV (or 
1 < m by duality). Consider first the case k = m. Let e€1,... ,€m be a basis of 


V and e!,... ,e™ be the dual basis of V*. Write Z, = z1,e! +---+ zp e* € V* 
and define 
g(211;---, Zk) = f(e1,--- ,€k; Z1,--- ,Z)- 
Assume 21,...,%m are linearly independent vectors. Hence there is a linear 
isomorphism transforming e1,... ,e, into 71,... ,Z%. Since we have 
Y= (e1, ynyer Te a (Em; yrye”, 

f(@i, yx) = 9((2i, yn)) follows from the invariance of f. But the subset with lin- 
early independent 2 1,... ,%m is dense in V,,,; and f and g are smooth functions, 
so that the latter relation holds everywhere. In the case k < m, f: Vay — R 
can be interpreted as a function V,,,; — R independent of (& + 1)-st up to m- 
th vector components. This function is also GL(V)-invariant. Hence there is 
a smooth function G(z;,): R™ — R satisfying f(r;,y,) = G((ai,yy)). Put 
g(zix) = G(zix,0). Since f is independent of 7,41,...,U%m, we can set p41 = 
0,...,;2%m = 0. This implies (1). 

However, in the case m < min(k,/), the function g need not to be uniquely 
determined. For example, in the extreme case m = 1 our proposition asserts 


that for every smooth function f(a1,...,U%,y1,---,y,) of k +1 scalar variables 
satisfying 

PGi se. >Uks Y1,--- +My) ian f(ea1,- ++ CUR, ty... : +41) 
for all 0 # c € R, there exists a smooth function g: R*’ — R such that 
f(@1,--- 5 2b Yis--- Yt) = g(aiy1,---,2~y1). Even this is a non-trivial ana- 


lytical problem. 
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26.2. In general, consider k copies of V and a finite number of tensor products 
@?V*,...,@9V* of V*. (Proposition 26.1 corresponds to the case p = 1,...,q = 
1.) Write x; for the elements of the i-th copy of V and a € @?V%*,...,b € 


@1V*. Denote by a(aj,,... ,%;,) or... or b(a@;,,... ,£;,) the full contraction of 
a with vj,,-..,%, OF... or of b with x;,,... ,@j,, respectively. Let yi,i, € 
RY, et Biyidg E IR*" be the canonical coordinates. 


Tensor evaluation theorem. For every smooth GL(V)-invariant function 
f: @PV* x... x @1V* x x*V — R there exists a smooth function 


IYiqerip > as igs Re xX... K Re —R 
such that 


(1) f(a,...,b,21,..., 0%) = g(a(ai,,... Big) Fig O(Diprgenits ,@,))+ 
To prove this, we shall use a general result by D. Luna. 


26.3. Luna’s theorem. Consider a completely reducible action of a group G 
on R”, see 13.5. Let P(IR") be the ring of all polynomials on R” and P(R")@ 
be the subring of all G-invariant polynomials. By the classical Hilbert theorem, 
P(R")© is finitely generated. Consider a system p;,...,ps of its generators 
(called the Hilbert generators) and denote by p: R" — R® the mapping with 
components pi,...,ps. Luna deduced the following theorem, [Luna, 76], which 
we present without proof. 


Theorem. For every smooth function f: R" — R which is constant on the 
fibers of p there exists a smooth function g: R®° — R satisfying f = go p. 


We remark that in the category of sets it is trivial that constant values of f 
on the pre-images of p form a necessary and sufficient condition for the existence 
of a map g such that f = gop. If some pre-images are empty, then g is not 
uniquely determined. The proper meaning of the above result by Luna is that 
smoothness of f implies the existence of a smooth g. 


26.4. Remark. In the real analytic case [Luna, 76] deduced an essentially 
stronger result: If f is a real analytic G-invariant function on R", then there 
exists a real analytic function g defined on a neighborhood of p(R") C R* such 
that f = gop. But the following example shows that the smooth case is really 
different from the analytic one. 


Example. The connected component of unity in GL(1) coincides with the mul- 
tiplicative group Rt of all positive real numbers. The formula (cr, 4y), c € Rt, 
(x,y) € R? defines a linear action of Rt on R?. The rule (a, y) +> sgnz is a 
non-smooth Rt-invariant function on R?. Take a smooth function y(t) of one 
variable with infinite order zero at t = 0. Then (sgnz)y(ay) is a smooth Rt- 
invariant function on R?. Using homogeneity one finds directly that the ring of 
Rt-invariant polynomials on R? is generated by vy. But (senx)y(xy) cannot 
be expressed as a function of xy, since it changes sign when replacing («,y) by 


(-2, —y). 
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26.5. Theorem 26.2 can easily be proved in the case k < m. Assume first 


k =m. Let ai,.i,,.--,0j,...3, be the coordinates of a,...,b. Hence f = 
i J 
F (Gini a Opin Gus hye ,@,) and we define 
I(Yix...ips tee Zia .dq) = f (Yir.ips tty 2hr.Gq7 Clr +++ p@E)- 


Obviously, g is a smooth function. Then 26.2.(1) holds on the set of all linearly 
independent vector k-tuples of V by invariance of f. But the latter set is dense, 
so that 26.2.(1) holds everywhere by the continuity. In the case k < m we 
interpret f as a function @?V* x... x @7V* x x™V — R independent of the 
(k + 1)-st up to m-th vector component and we proceed in the same way as in 
26.1. 


26.6. In the case m < k we have to apply Luna’s theorem. First we claim that 
the set of all contractions a(x;,,...,2;,),-..,b(vj,,-.. ,@j,) form the Hilbert 
generators on @?V* x... x @7V* x x*V. Indeed, let h be a GL(V)-invariant 
polynomial and H oe be its component linearly generated by all monomials of 
degree A in the components of a, ..., of degree B in the components of b and with 
simple entries of the components of x;,,... , Zi, (repeated indices being allowed). 
Since h is GL(V)-invariant, the total polarization of each H'!}? corresponds to 
an invariant tensor. By the invariant tensor theorem, the latter tensor is a linear 
combination of the elementary invariant tensors in the case Ap+---+ Bq =s 
and vanishes otherwise. But the elementary invariant tensors induce just the 
contractions we mentioned in our claim. 
Then we have to prove that 


(1) | G( Bigs ons 5 Bi) = Ogg se 4 Bis) y4 og O(DAGs vx 4 Bi) = OSes 5 Vy) 
implies 

(2) f(G,...,b,%1,-.., Ee) = fla,...,b,21,... , rp). 

Consider first the case that both m-tuples %1,--.,%m and £1,... ,£m are linearly 
independent. Hence 7, = c\a;, , = C\%;,1=1,...,m,XAX =m+l1,...,k. Then 


the first collection from (1) yields, for each A= m+1,...,k, 


m 
SoG — ¢\)a(xi,21,-..,21) =0 
i=1 


SG _ é a(x, 101,24) = 0. 


i=1 


We restrict ourselves to the subset, on which the determinant of linear system (3) 
does not vanish. (This determinant does not vanish identically, as for x; = e; it 
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is a polynomial in the components of the tensor a, whose coefficient by (a1...1)" 
is 1.) Then (8) yields c\ = ¢\. Consider now the functions 


(4) iC eee ree tin) SF (Gss.250)Gij.- , Bm; CK Hs). 


By the first part of the proof, f can be expressed in the form 26.2.(1). This 
implies (2). 

Thus, we have deduced that a dense subset of the solutions of (1) is formed 
by the solutions of (2). Since both solution sets are closed, this completes the 
proof of the tensor evaluation theorem. 


26.7. Remark. We remark that there are some obstructions to obtain a general 
result of such a type if we replace the product x*V by a product of some tensorial 
powers of V. Consider the simpliest case of the smooth GL(1)-invariant functions 
on @?R x @?R*. Let x or y be the canonical coordinate on @?R or @?R*, 
respectively. The action of GL(1) is (x,y) + (k?a, Fy), 0 #k € R. But this is 
the situation of example 26.4, so that e.g. (sgna)y(ay), where y(t) is a smooth 
function on R with infinite zero at t = 0, is a smooth GL(1)-invariant function 
on ®©7R x @?R*. Here the smooth case is essentially different from the analytic 
one. 


26.8. Tensor evaluation theorem with parameters. Analyzing the proof 
of theorem 26.2, one can see that the result depends smoothly on ‘constant’ 
parameters in the following sense. Let W be another vector space endowed with 
the identity action of GL(V). 


Theorem. For every smooth GL(V)-invariant function f : @?V*x...x @1V* x 
x*V xW — R there exists a smooth function GQire duos 2iyegey tb) RY x ...x 
R™ x WR such that 


PUB sate By oe Beh) S QAM as ox ga, Myseon Oh gies le th, Le W. 


The proof is left to the reader. 


26.9. Smooth GL(V)-equivariant maps V;; — V. As the first application 
of the tensor evaluation theorem we determine all smooth GL(V)-equivariant 
maps f: Vi, ~ V. Let us construct a function F': Vi. x V* — R by 


F(@a,yn,W) = (f(La, Yr); ¥), wev*. 
This is a GL(V)-invariant function, so that there is a smooth function 
g(Zar; Za): RY) GR 
such that 
F(fa,Yr,W) = 9((as Yr); (La; W))- 
Taking the partial differential with respect to w and setting w = 0, we obtain 


f(taus) = >> a eee B=1,...,k. 
B 


This proves 
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Proposition. All GL(V)-equivariant maps V;, — V are of the form 


k 
Yo 9a ((tar¥r))@ 6 
B=1 


with arbitrary smooth functions gg: R*! — R. 
If we replace vectors and covectors, we obtain 


26.10. Proposition. All GL(V)-equivariant maps V;,, — V* are of the form 


l 
So Gul (as ¥r))Y 


with arbitrary smooth functions g,: R*! — R. 


Next we present a simple application of this result in the theory of natural 
operations. 


26.11. Natural transformations TT* — T*T. Starting from some problems 
in analytical mechanics, Modugno and Stefani introduced a geometrical isomor- 
phism between the bundles TT* M = T(T*M) and T*TM = T*(TM) for every 
manifold M, [Tulczyjew, 74], [Modugno, Stefani, 78]. From the categorical point 
of view this is a natural equivalence between bundle functors TT* and T*T de- 
fined on the category M f,,. Our aim is to determine all natural transformations 
TT* > T*T. 

We first give a simple construction of the isomorphism sy: TT*M — T*TM 
by Modugno and Stefani. Let g: T*M — M be the bundle projection and 
k: TT M — TTM be the canonical involution. Every A € TT* M is a vector tan- 
gent to a curve y(t): R- T*M at t= 0. If B is any vector of Trq/4)TM, then 
KB is tangent to the curve 6(t): R — 7'M over the curve q(7(t)) on 17. Hence we 
can evaluate (y(t), 6(t)) for every t and the derivative 2 F (y(t), 6(t)) =: o(A, B) 
depends on A and B only. This determines a linear map Tpq(4)TM — R, 
B+ o(A,B), ie. an element sy¢(A) € T*TM. 

In general, for every vector bundle p: E — M, the tangent map Tp: TE — 

TM defines another vector bundle structure on TE. Even on the cotangent 
bundle T* & — EF there is another vector bundle structure p: T* E — E* defined 
by the restriction of a linear map T, E — R to the vertical tangent space, which 
is identified with E,,,). This enables us to introduce a sum Y + Z for every 
Y €TjTM and Z€ TM as follows. We have (p(Y),Z) € T*M xy T*M = 
VT*M — TT*M and we can apply sy: TT*M — T*TM. Then Y + Z is 
defined as the sum Y + sy¢(p(Y), Z) with respect to the vector bundle structure 
p. 
26.12. For every X € TT*M we write p € T*M for its point of contact and 
€ =Tq(X) € TM. Taking into account both vector bundle structures on T*TM, 
we denote by Y + (k):Y or Y + (k)oY, k © R, the scalar multiplication with 
respect to the first or second one, respectively. 
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Proposition. All natural transformations TT* — T*T are of the form 


(1) (F((p, €))), (GU(p, €))) 95a(X) + H((p, €))p 


where F(t), G(t), H(t) are three arbitrary smooth functions of one variable. 


Proof. Since TT* and T*T are second order bundle functors on M f,,, we have 
to determine all G?,-equivariant maps of S := TTJR™ into Z := T*ToR™. The 
canonical coordinates x on R™ induce the additional coordinates p; on T*R™ 
and €' = dz', m; = dp; on TT*R™. If we evaluate the effect of a diffeomorphism 
on R™ and pass to 2-jets, we find easily that the equations of the action of G?, 
on S are 


(2) R=ip;, F=GP, 1; = ahr; — ab GPU pmt*. 
Further, if 4’ are the induced coordinates on TR™, then the expression p;dx’ + 
o;dy’ determines the additional coordinates p;, 0; on T*TR™. Similarly to (2) 
we obtain the following action of G?, on Z 
(3) 7 = ain, o,= alo;, pi = a! p; _ ah GG oan”. 
Any map y: S — Z has the form 
nf = f'(p,€,0), O% = 9i(p,€,7), pi = hi(p, €, 7). 


The equivariance of f’ is expressed by 


Setting a, = 04, we obtain f*(p,€,7) = f"(p,€,7j — aj,p€"). This implies that 
the f? are independent of 7;. Then (4) shows that f*(p, €) isa GL(m)-equivariant 
map R” x R™* — R™. By proposition 26.9, 


(5) fi =F(p.Qye 


where F is an arbitrary smooth function of one variable. Using the same pro- 
cedure we obtain that the g; are independent of 7;. Then proposition 26.10 
yields 


(6) gi = G((p, €))pi 


where G is another smooth function of one variable. 
Consider further the difference k; = h; — F((p,€))G((p, €))7;. Using the fact 
that (p,&) is invariant, we express the equivariance of k; in the form 


Quite similarly to (4) and (6) we then deduce k; = H((p,€))pi, i.e. 


(7) hy = F((p, £))G((p, €) ts + A((p, €) )pi- 
One verifies easily that (5), (6) and (7) is the coordinate form of (1). 
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26.13. To interpret all natural transformations of proposition 26.12 geometri- 
cally, we first show that for any constant values F = f, G=g, H =h, 26.12.(1) 
can be determined by a simple modification of the above mentioned construction 
of s (s corresponds to the case f = 1, g =1,h=0). If AG TT*M is tangent 
to a curve y(t), then fA is tangent to (ft). For every vector B € TrrqayTM, 
KB is tangent to a curve 6(t): R — TM over the curve q(7(ft)) on M. Then 
we define an element s(p,g,)A € T*TM by 


(1) (s(p,9,n) A,B) = 2, (v(ft),.99(t)) + h(7(0), 6(0)). 


The coordinate expression of (1) is (fgm;+hp;)dx'+gp;dn' and our construction 
implies 7’ = f€’. This gives 26.12.(1) with constant coefficients. Moreover, the 
general case can also be interpreted in such a way. Let 7: TT*M — T*M 
be the bundle projection. Every A € TT*M determines Tg(A) € TM and 
(A) € T*M over the same base point in MW. Then we take the values of F', G 
and H at (m(A),Tq(A)) and apply the latter construction. 

We remark that the natural transformation s by Modugno and Stefani can be 
distinguished among all natural transformations TT* — T*T by an interesting 
geometric construction explained in [Koldr, Radziszewski, 88]. 


26.14. The functor T*7T*. The iterated cotangent functor T*7T™* is also a 
second order bundle functor on Mf,,.. The problem of finding of all natural 
transformations between any two of the functors TT*, T*T and T*T* can be 
reduced to proposition 26.12, if we take into account a classical geometrical con- 
struction of a natural equivalence between TT* and T*7*. Consider the Liouville 
1-form w: TT*M — R defined by w(A) = (7(A),Tq(A)). The exterior differ- 
ential dw = Q endows T*M with a natural symplectic structure. This defines 
a bijection between the tangent and cotangent bundles of T7*M transforming 
X € TT*M into its inner product with Q. Hence the natural transformations 
between any two of the functors TT*, T*T and T*T* depend on three arbitrary 
smooth functions of one variable. Their coordinate expressions can be found in 
[Kolat, Radziszewski, 88]. 


26.15. Non-existence of natural symplectic structure on the tangent 
bundles. We shall see in 37.4 that the natural transformations of the iterated 
tangent functor into itself depend on four real parameters. This is related with 
the fact that TT is defined on the whole category Mf and is product preserving. 
Since the natural transformations of TT into itself are essentially different from 
the natural transformations of T*T into itself, there is no natural equivalence 
between TT and T7*7T’. This implies that there is no natural symplectic structure 
on the tangent bundles. 


26.16. Remark. Taking into account the natural isomorphism s: TT* — T*T 
and the canonical symplectic structure on the cotangent bundles, one sees easily 
that any two of the third order functors TTT*, TT*T, TT*T*, T*TT, T*TT™, 
T*T*T and T*T*T* are naturally equivalent, but TTT is naturally equivalent 
to none of them. All natural transformations TTT* — TT*T for manifolds of 
dimension at least two are determined in [Doupovec, 93]. 
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27. Generalized invariant tensors 


To study the natural operators on FM pm, we need a modification of the 
Invariant tensor theorem. 


27.1. Consider two vector spaces V and W. The tensor product of the standard 
actions of GL(V) on @?V @ @2V* and of GL(W) on @"W @ @*W* defines the 
standard action of GL(V) x GL(W) on @?V @ @1V* @@'"W @@*W*. A tensor 
B of the latter space is said to be a generalized invariant tensor, if aB = B for 
alla € GL(V) x GL(W). The invariance of B with respect to the homotheties 
in GL(V) or GL(W) gives k?-1B = B or k"-*B = B, respectively. This implies 
that for p # q or r # s the only generalized invariant tensor is the zero tensor. 


Generalized invariant tensor theorem. Every generalized invariant tensor 
BE @IV @O1V* @@"W @@'W* is a linear combination of the tensor products 
I ®J, where I is an elementary GL(V)-invariant tensor of degree q and J is an 
elementary GL(W)-invariant tensor of degree r. 


Proof. Contracting B with q vectors of V and q covectors of V*, we obtain a 
GL(W)-invariant tensor. By the invariant tensor theorem 24.4 and by multilin- 
earity, B is of the form 


(1) B=) B.8@J° with B,€ @V@@V", 

seS, 
where J* are the elementary GL(W)-invariant tensors of degree r. If we con- 
struct the total contraction of (1) with one tensor J’, 0 € S,, we obtain B,-1. 
Hence every B, is a GL(V)-invariant tensor. Using theorem 24.4 once again, we 
prove our assertion. 


27.2. Example. We determine all smooth equivariant maps W @ V* x W @ 
W*@V* >WeV*@V*. Let f?. (xh, yf) be the coordinate expression of such 
a map. The equivariance of f with respect to the homotheties 75; in GL(V) 
gives 

ke? tj (@hs You) = ig (kag, kyu) 
By the homogeneous function theorem, we have to discuss the condition 2 = 
d, + dz. There are three possibilities: a) dj = 2, d2 = 0, b) dj = 1, dz =1,¢ 
d, = 0, dg = 2. In each case f is a polynomial map. The homotheties kd? in 
GL(W) yield 

K fi (ah, Yat) a Fi (R&R Ysi)- 
This condition is compatible with the case b) only, so that f is bilinear in xj 
and y",. Its total polarization corresponds to a generalized invariant tensor in 
@°V @ @°V* @ @?W* @ @?W*. By theorem 27.1, the coordinate form of f is 
Fy = (adP 55 6P5; + DIRS, OF 55 + cOPSLOPO: + dd2 5; 5751) eh yr, 


qus tj s "qed 1 ee svd 


q 


a, b, c, d€ R. Hence all smooth equivariant maps W ® V* x W @W* @V* > 
W ®V* ®V* form the following 4-parameter family 


Pad 1 fda P 1 poPa A 1 dorTy)P 
aX; Yq; 4 bx yy; + CLs Ya; 4 ax i YG: 
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27.3. Curvature like operators. Consider a general connection’: Y - J!Y 
on an arbitrary fibered manifold Y — BY, where B: FM — Mf denotes 
the base functor. In 17.1 we have deduced that the curvature of [ is a map 
Cyl: Y = VY @ A?T*BY. The geometrical definition of curvature implies 
that C is a natural operator between two bundle functors J! and V @ A?T*B 
defined on the category FM,,,,. In the following assertion we may replace the 
second exterior power by the second tensor power (so that the antisymmetry of 
the curvature operator is a consequence of its naturality). 


Proposition. All natural operators J! ~+ V @ @?T*B are the constant multi- 
ples kC of the curvature operator, k € R. 


Proof. We shall proceed in three steps as in the proof of proposition 25.2. 

Step I. We first determine the first order operators. The canonical coordinates 
on the standard fiber S$, = Ji(J1(R"™™ => R™) = R"*™) of Jt Jt are y?, 
yb; = Oy? /dx), yy, = Oy? /Oy’. Evaluating the effect of the isomorphisms in 
FMmn and passing to 2-jets, we obtain the following action of Ga on S$; 


(1) He = ahyja; + aba; 

(2) Tig = yoga] + aReyragay + ah aya 

(3) Thy = aby ai ay + aryl, Gray + agyeaz ay + ab,.ypay ay 
+ aPyfak, + ak abal + ak alae + abay,. 


On the other hand, the standard fiber of V @ @?7*B is R" @ @?R™ with 


canonical coordinates zy and the following action 


eP — GPW ake 
Zig = Og RA Qj A; 


We have to determine all Gant equivariant maps S$; > R” @ @?R™. Let 
2h = SPURS Yess yt») be the coordinate expression of such a map. Consider the 
canonical injection of GL(m) x GL(n) into G?, ,, defined by 2-jets of the products 


of linear transformations of R™ and R”. The equivariance with respect to the 
homotheties in GL(m) gives a homogeneity condition 


PEG aes tenn) = Fe hyd Rugs tan) 


When applying the homogeneous function theorem, we have to discuss the equa- 
tion 2 = di + dz + 2d3. Hence ff, is a sum g?, + hi, where g/, is a linear map 
of R” @ R™ @ R™* into itself and hi, is a polynomial map R” @ R”™* x R” @ 
R™ @R™ — R"@R™ @R™. Then we see directly that both g?, and h?, are 
GL(m) x GL(n)-equivariant. For h?; we have deduced in example 27.2 


hi. = aye Yi, + by? via cyt Vig dyf yk, 


while for g/, a direct use of theorem 27.1 yields 


Gig = CU + Fujs- 
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Moreover, the equivariance with respect to the subgroup K C Cg character- 
ized by ai = 0%, a? = OP leads to the relations a = 0 = c,e = —f = —b = d. 
Hence ff, 
eC, ce ER. 

Step II. Assume we have an r-th order natural operator A: J+ ~~ V@@?T*B. 
It corresponds to a Gr h-equivariant map from the standard fiber S$; of J’ J+ 
into R°@R™ @R™. Denote by y?,g the partial derivative of y? with respect to a 
multi index a in x’ and Gin y?. Any map f: S, — R°@R™ @R”* is of the form 
f (Yeap)s a+ (<r. Similarly to the first part of the proof, GL(m) x GL(n) can 
be considered as a subgroup of G71. One verifies easily that the transformation 
law of y?, With respect to GL(m) x GL(n) is tensorial. Using the homotheties 
in GL(m), we obtain a homogeneity condition k? f(y?) = f(Rlel yf )- This 
implies that f is a polynomial linear in the coordinates with |a| = 1 and bilinear 
in the coordinates with |a| = 0. Using the homotheties in GL(n), we find 
kf (Yeas) = f(k lPlyf. a): This yields that f is independent of all coordinates 
with |a| + || > 1. Hence A is a first order operator. 

Step III. Using 23.7 we conclude that every natural operator Jt ~~» V@@?T*B 
has finite order. This completes the proof. 


= e(yi, — YF, — yl ut; + Yf¥Gi): Which is the coordinate expression of 


27.4. Curvature-like operators on pairs of connections. The Frdlicher- 
Nijenhuis bracket [[, A] =: «(I', A) of two general connections [ and A on Y is 
a section Y + VY @ A?7*BY, which may be called the mired curvature of T 
and A. Since the pair I, A can be interpreted as a section Y > J'Y xy J'Y, 
« is a natural operator Kk: J' @ J! ~ V @ A?T*B between two bundle functors 
on FMmn. Let Cy: J'@ J) ~~ V @ A?T*B or Co: J} @ J) ~~ V @A?T*B 
denote the curvature operator of the first or the second connection, respectively. 
The following assertion can be deduced in the same way as proposition 27.3, see 
[Kolaz, 87a]. 


Proposition. All natural operators J'®@ J+ ~ V @ @?T*B form the following 
3-parameter family 


ky Cy + koCe + kar, ki, ko, ka ER. 


From a general point of view, this result enlightens us on the fact that the 
mixed curvature of two general connections can be defined in an ‘essentially 
unique’ way, i.e. the possibility of defining the mixed curvature is limited by the 
above 3-parameter family with trivial terms C, and C3. 


27.5. Remark. [Kurek, 91] deduced that the only natural operator J' ~+ 
V @ A’T*B is the zero operator. This result presents an interesting point of 
view to the Bianchi identity for general connections. 
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28. The orbit reduction 


We are going to explain another general procedure used in the theory of nat- 
ural operators. From the computational point of view, the orbit reduction is an 
almost self-evident assertion about independence of the maps in question on some 
variables. This was already used e.g. for the simplification of (4) in 26.12. But 
the explicit formulation of such a procedure presented below is useful in several 
problems. First we discuss a concrete example, in which we obtain a Utiyama- 
like theorem for general connections. Then we present a complete treatment of 
the ‘classical’ reduction theorems from the theory of linear connections and from 
Riemannian geometry. 


28.1. Let p: G — H be a Lie group homomorphism with kernel K, M be a G- 
space, Q be an H-space and 7: M — Q bea p-equivariant surjective submersion, 
ie. m(gx) = p(g)m(x) for all x € M, g © G. Having p, we can consider every 
H-space N as a G-space by gy = p(g)y, gE G, YEN. 


Proposition. If each t~1(q), q € Q is a K-orbit in M, then there is a bijection 
between the G-maps f: M — N and the H-maps y: Q — N given by f = yor. 


Proof. Clearly, pom is a G-map M — N for every H-map y: Q — N. Con- 
versely, let f: M — N be a G-map. Then we define y: Q — N by ¢(a(x)) = 
f(a). This is a correct definition, since 7(Z) = m(a) implies Z = ka with k € K 
by the orbit condition, so that y(a(z)) = f(kx) = p(k) f(x) = ef(x). We have 
f = yor by definition and ¢ is smooth, since 7 is a surjective submersion. 


28.2. Example. We continue in our study of the standard fiber 
5, = (7 (R™™ = R™) — R™*) 


corresponding to the first order operators on general connections from 27.3. If 
we replace the coordinates y?, by 


P_ Pp P 
(1) Yi; = Vig + Vig; > 


we find easily that the action of G?, ,, on S; is given by 27.3.(1), 27.3.(2) and 


myn 


; Yi = aby gakal + augur a; ay, + ab ypaiay + ab yparay 
2) + aPytak. + a? atal + abak. 
quk ag 1 Mac Taneael kage 
Define further 
1 il 
(3) Sh =50B+YR), Ry = (KB — YP). 


Since the right-hand side of (2) except the first term is symmetric in 7 and j, we 
obtain the action formula for S?; by replacing Y,) by Si, on the right-hand side 
of (2). On the other hand, 


234 Chapter VI. Methods for finding natural operators 


The map 7: S$; > R” @ A?R™, y(yf, ¥b5:Yenan) = Ri, will be called the formal 
curvature map. 

Let Z be any (G2, x G2)-space. The canonical projection Gk — G?, and 
the group homomorphism G%, ,, > G? determined by the restriction of local 
isomorphisms of R”+" — R™ to {0} x R” c R™*” define a map p: G?,, > 
G?, x G2. The kernel K of p is characterized by a’ = Oi, a, = 0, a? = &, 
a? = 0. The group G7, ,, acts on R"@A?R™* by means of the jet homomorphism 


mi? into Gl, x GL. One sees directly, that the curvature map 7¥ satisfies the orbit 


m 


condition with respect to kK. Indeed, on K we have 


(5) WBa=ypt+ar, He=Vitag, Sh = Si + aby + ab jyf + aj. 
Using a?, Diny ajy, we can transform every (y?,y%,, Sz-) into (0,0,0). In this 
situation, proposition 28.1 yields directly the following assertion. 


Proposition. Every Ge, m-map S, — Z factorizes through the formal curvature 


map y: 5; — R" ® A?R™. 


28.3. The Utiyama theorem and general connections. In general, an r-th 
order Lagrangian on a fibered manifold Y — M is defined as a base-preserving 
morphism J7Y — A™T*M,m=dim M. Roughly speaking, the Utiyama theo- 
rem reads that every invariant first order Lagrangian on the connection bundle 
QP — M of an arbitrary principal fiber bundle P + M factorizes through the 
curvature map. This assertion will be formulated in a precise way in the frame- 
work of the theory of gauge natural operators in chapter XII. At this moment we 
shall apply proposition 28.2 to deduce similar results for the general connections 
on an arbitrary fibered manifold Y — M. 

Since the action 28.2.(5) is simply transitive, proposition 28.2 reflects exactly 
the possibilities for formulating Utiyama-like theorems for general connections. 
But the general interpretation of proposition 28.2 in terms of natural operators 
is beyond the scope of this example and we restrict ourselves to one special case 
only. 

If we let the group G?, x G2 act on a manifold S by means of the first product 
projection, we obtain a G?,-space, which corresponds to a second order bundle 
functor F on Mf;,. (In the classical Utiyama theorem we have the first order 
bundle functor A™7™*, which is allowed to be viewed as a second order functor 
as well.) Obviously, F' can be interpreted as a bundle functor on FM yn, if 
we compose it with the base functor B: FM — Mf and apply the pullback 
construction. If we interpret proposition 28.2 in terms of natural operators 
between bundle functors on FM ».,, we obtain immediately 


Proposition. There is a bijection between the first order natural operators 
A: J! ~ F and the zero order natural operators Ag: V @ A?T*B ~+ F given by 
A= Ag oC, where C: J' + V ® A?T7*B is the curvature operator. 


28.4. The general Ricci identity. Before treating the classical tensor fields 
on manifolds, we deduce a general result for arbitrary vector bundles. Consider a 
linear connection [’ on a vector bundle E — M and a classical linear connection 
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A on M, i.e. a linear connection on TM — M. The absolute differential Vs of 
a section s: M — E is a section M — £ ®T*M. Hence we can use the tensor 
product [I ® A* of connection I and the dual connection A* of A, see 47.14, to 
construct the absolute differential of Vs. This is a section Vis: E@T*M@T*M 
called the second absolute differential of s with respect to T and A. We describe 
the alternation Alt(V7s): M — E® A?T*M. Let R: M > E@ E* @ A°T*M 
be the curvature of T and S: M — TM @ A?T*M be the torsion of A. Then 
the contractions (R,s) and (9, Vs) are sections of E @ A?T*M. 


Proposition. It holds 
(1) Alt(V4s) = —(R, s) + (5, Vs). 
Proof. This follows directly from the coordinate formula for V%s 


0 ( Os? Os" 
OxI \Oxt Ox? 


Fee = 17,8?) + AE Vxs?. 

The coordinate form of (1) will be called the general Ricci identity of E. If 
E is a vector bundle associated to P!M and T is induced from a principal con- 
nection on P!M, we take for A the connection induced from the same principal 
connection. In this case we write Vs only. For the classical tensor fields on M 
our proposition gives the classical Ricci identity, see e.g. [Lichnerowicz, 76, p. 
69]. 
28.5. Curvature subspaces. We are going to describe some properties of 
the absolute derivatives of curvature tensors of linear symmetric connections on 
m-manifolds. Let Q = (Q;P!R™)o denote the standard fiber of the connection 
bundle in question, see 25.3, let W = R™ @ R™ @ A?R™, W, =W @@'"R™, 
W' =WxW,x...x W,. The formal curvature is a map C: TLQ — W, 
its formal r-th absolute differential is C,; = V'C: T’*1Q — W,. We write 
CT” =(C,Ci,... ,C,): T’*'Q — W", where the jet projections T’*!Q — Ts,Q, 
s <r+1, are not indicated explicitly. (Such a slight simplification of notation 
will be used even later in this section.) 

We define the r-th order curvature equations E, on W" as follows. 

i) Eo are the first Bianchi identity 


(1) Wert as Wit a7 Wrik =0 
ii) E, are the absolute derivatives of (1) 

(2) tht + Wrajm + Weston =0 

and the second Bianchi identity 

(3) Wratm + Wroimk + Wrrakl =0 


iii) E,, s > 1, are the absolute derivatives of H,-; and the formal Ricci 
identity of the product vector bundle W,-2 x R™. By 28.4, the latter equations 
are of the form 


(4) aed = bilin(W, W.-2) 


where the right-hand sides are some bilinear functions on W x W,_2. 
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Definition. The r-th order curvature subspace K"” C W” is defined by 
Eo =0,...,£, =0. 
We write K = K° C W. For r = 1 we denote by K, C W, the subspace 


defined by E, = 0. Hence K! = K x Ky. 


Lemma. K” is a submanifold of W", it holds KT = C™(T’*1Q) and the re- 
stricted map C’: T’*1Q — K" is a submersion. 


Proof. To prove K” is a submanifold we proceed by induction. For r = 0 we 
have a linear subspace. Assume K™! Cc W~! is a submanifold. Consider the 
product bundle K’~! x W,. Equations E, consist of the following 3 systems 


(5) Wi jntyens me -90 
(6) Wie inacme = 0 
(7) Lon ae ee + polyn(W"~?) =0 


where {...} denotes the cyclic permutation and polyn(W"~?) are some poly- 
nomials on W"-?. The map defined by the left-hand sides of (5)-(7) repre- 
sents an affine bundle morphism K’~! x W, — K’-! x RY of constant rank, 
N = the number of equations (5)—(7). Analogously to 6.6 we find that its kernel 
K" is a subbundle of K’~! x W,. 

To prove K" = C"(T’*!Q) we also proceed by induction. 


Sublemma. It holds K = C(T}.Q) and K, = Ci(T2,Q). 


Proof. The coordinate form of C is 


(8) Wyar = Vea — Voie tT al jk — Vine G- 
This is an affine bundle morphism of affine bundle T,Q — Q into W of constant 
rank. We know that the values of C lie in K, so that it suffices to prove that the 
image is the whole K at one point 0 € Q. The restricted map C: R™ ® S?R™* @ 
R”"™* — W is of the form 

(9) Writ = Vik = Ti1,6- 

Denote by dimEo the number of independent equations in Eo, so that dimk = 
dimW — dim£o. From linear algebra we know that K is the image of C if 


(10) dimW — dimE) = dimR™ @ S?R™ @ R™* — dim KerC. 


Clearly, dimW = m3(m—1)/2 and dimR™ @ S?R™ @R™* = m3(m+1)/2. By 
(9) we have KerC = R™ @ S°R™*, so that dim KerC = m?(m + 1)(m + 2)/6. 
One finds easily that (1) represents one equation on W for any 7 and mutually 
different j, k, 1, while (1) holds identically if at least two subscripts coincide. 
Hence dimE) = m?(m— 1)(m— 2)/6. Now (10) is verified by simple evaluation. 
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The absolute differentiation of (8) yields that C, is an affine morphism of 
affine bundle T2.Q — T1Q into W, of constant rank. We know that the values 
of C lie in Ky so that it suffices to prove that the image is the whole K, at one 
point 0 € T1Q. The restricted map C,: R” @ S?R™ @ S?R™ — W, is 


(11) Woatm = etm -_ Dian 


Analogously to (10) we shall verify the dimension condition 

(12) dimW, — dimE, = dimR™ ® S?R™* @ S?R™ — dim KerC\. 

Clearly, dimW, = m4(m — 1)/2, dimR™ @ @7S?R™* = m3(m + 1)?/4. We have 
KerC, = R™ @ S4R™*, so that dim KerCy = m?(m + 1)(m + 2)(m 4 3)/24. 
For any 7 and mutually different 7, k, 1, m, (2) and (3) represent 8 equations, 
but one finds easily that only 7 of them are linearly independent. This yields 
7m?(m — 1)(m— 2)(m — 3)/24 independent equations. If exactly two subscripts 
coincide, (2) and (3) represent 2 independent equations. This yields another 
m?(m—1)(m-—2) equations. In the remaining cases (2) and (3) hold identically. 
Now a direct evaluation proves our sublemma. 


Assume by induction C’~!: T” Q — K’~! is a surjective submersion. The 
iterated absolute differentiation of (8) yields the following coordinate form of C;, 
(13) ies a Di iteaic sities ni polyn(Z7,Q) 
where polyn(Z",Q) are some polynomials on TQ. This implies C” is an affine 
bundle morphism 


Teo CT K’ 


| 


TQ Fs Kr 
of constant rank. Hence it suffices to prove at one point 0 € TQ that the 
image is the whole fiber of K" — K’~!. The restricted map C,.: R™ @ S?R™ @ 
Srt+ipm* _, W, is of the form 


(14) We aicticctn =. = 


By (7) the values of C, lie in W @ S’™R™. Then (5) and (6) characterize 
(K @ S"R™)1 (kK, @ S’-*R™). Consider an element X = (Xix1m,..m,) of the 
latter space. Since C1 (R™ @ S?R™* @ S?R™) = K, by the sublemma, the tensor 
product C, @ idgr-ipm+: R™ @ S?R™ @ S?R™ @ S57 R™ — K,@S"-'R™ is 
a surjective map. Hence there is a Y € R™ @ S?R™ @ S?R™ @ $7—1R™* such 
that 
(15) Mittin cine es Melina cine = keris he: 
Consider the symmetrization Y = Ciel wivwaie) ER" 2 S?R™ @ STtIR™, 
The second condition X € K @ S™R™* implies X is symmetric in m, and mg, 
so that C,(Y) = X. 

Finally, since C"~1: T’.Q — KT~1 is a submersion and C": T’*1Q — K” is 
an affine bundle morphism surjective on each fiber, C” is also a submersion. 


a a 
jklm,...m, jl,kmy,...m,y* 
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28.6. Linear symmetric connections. A fundamental result on the r-th 
order natural operators on linear symmetric connections with values in a first 
order natural bundle is that they factorize through the curvature operator and 
its absolute derivatives up to order r — 1. We present a formal version of this 
result, which involves a precise description of the factorization. 

Let F be a G!-space, which is considered as a G’+?-space by means of the 
jet homomorphism GT? — G1. 


Theorem. For every G’*?-map f: TQ — F there exists a unique G!,-map 
g: K’"! — F satisfying f = goC"7!. 


Proof. We use a recurrence procedure, in the first step of which we apply the 
orbit reduction with respect to the kernel Bilt of the jet projection G™+? = 
Grtt. Let S.: 77 Q > R™ @ S7*?R™ =: St, be the symmetrization 


(1) Ke = 


ee Sr+2 (5152,53-++-5r+2) 
and r™_,: T’.Q — T’-'Q be the jet projection. Define 
pe = (Spy Ca) EO > 8h KT, OK Wea 
The map C,_, is of the form 


(2) Wyrety tp - Moe ty lp = Tin, skly...ty + polyn(Z7, 'Q). 


One sees easily that in the formula 


(3) Te typ = Seats. p + (Tsnty.ty _ Vt sh,t.-t»)) 


the expression in brackets can be rewritten as a linear combination of terms of 
the form Vin p..pp 7 Umpinpo...p»- Hf we replace each of them by Wing, .p. ~ 
polyn(T’,'Q) according to (2), we obtain a map (not uniquely determined) 


Pr: Sryo X Tm Q X Wr-1 > ThQ over idpr-1g satisfying 
(4) Wr © Pr = idrr Q. 


Consider the canonical action of Abelian group Be -_ Si 42 on itself, which 
is simply transitive. From the transformation laws of rm ,, it follows that 7, is 
a Brt?-map. Thus the composed map fo y,: Sly x T’-'Q x W,p-1 > F 
satisfies the orbit condition for a with respect to the product projection 
Pr: Shyy X T1Q x W,-1 > Tr7'Q x W,-1. By 28.1 there is a Grt!-map 
gr: T’'Q x W,-1 > F satisfying fo, = g, op. Composing both sides with 
Yr, we obtain f = g, 0 (a_,,C,_1). 
In the second step we define analogously 


-1 .pr-i 1 -2 
Pr—1 = (Sp—1, M2, Cr—2): Th, > Sry1 X TQ x Wr-2 
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and construct ~,-1: St, x T7?Q x W,_-2 > Tr 'Q satisfying p10 pr_1 = 
idpr—1g. The composed map gy © (t,—1 x idw,_,): S41 x Th ?Q x W,—2 x 
W,-1 — F is equivariant with respect to the kernel B’t! of the jet pro- 
jection Gt! — G',. The product projection of St,, x T7-?Q x W,-2 x 
W,—1 omitting the first factor satisfies the orbit condition for BT++. This 
yields a G™,-map g,—1: T’-?Q x W,-2 x W,-1 — F such that g, = gp—1 © 
(Caer C,-2) x idw,_,),Le. f = Gr-1 0° (m5; C,~2, C,-1). 

In the last but one step we construct a G?,-map 91: Qx Wx...xW,-1 3 F 
such that f = g1°(7,C,...,C,-1). The product projection p; of Qx W x...x 
W,.-1 omitting the first factor satisfies the orbit condition for the kernel B? of the 
jet projection G2, — G1,. By 28.1 there is a G).-map gy: W x... x Wp-1 — F 
satisfying g1 = goo pi. Hence f = gg 0 C"~!. Since KT! = C™-1(T" Q), the 
restriction g = go|K"~+ is uniquely determined. 


ri 
1 r—1 Pr r—1 Or 
Sryo X Th, °Q x W,-. —————> Tr" x W,-1 -----7----2 »F 
1 xidy. a 
br—1 Xidw,._4 mid xCp_oxidw,_4 
1. r—2 Pr-1 r—2 9r-1 

Seiya X Th, °Q Xx W,-2 X Wp. ——> Tr, °Q X Wr_2 X W,-1 ------- > F 
yh i 
+ 2 | 
ye a6: 
go! 
a 9 1 
ca I 
we I 
Pa , 


BR 


= 


Q x wr-l PL 


28.7. Example. We determine all natural operators Q,P! ~» T* @T*. By 
23.5, every such operator has a finite order r. Let 


u= f(To11,...,T,) 


r, €R” @S?R™ @ S°R™, be its associated map. The equivariance of f with 
respect to the homotheties in Gl, c G’+? yields 


k?f(To,T1,.+-,Vr) = f(kT 0, k°11,..., kT). 


By the homogeneous function theorem, f is a first order operator. According to 
28.6, the first order operators are in bijection with G!,-maps K — R™* @ R™. 
Let u = g(W) be such a map. The equivariance with respect to the homotheties 
yields k?g(W) = g(k?W), so that g is linear. Consider the injection i: K — 
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R™ @ @°R™. Since R™ ® @°R™ is a completely reducible GL(m)-module, 
there is an equivariant projection p: R™ @ @°R™ — K satisfying poi = idx. 
Hence we can proceed analogously to 24.8. By the invariant tensor theorem, all 
linear G1,-maps R™ @ @°R™ — R™ @R™* form a 6-parameter family. Its 
restriction to K gives the following 2-parameter family 


k k 
Let R, and R»z be the corresponding contractions of the curvature tensor. By 


theorem 28.6, all natural operators Q,P! ~+ T*@T* form a two parameter family 
linearly generated by two contractions R, and Rg of the curvature tensor. 


28.8. Ricci subspaces. Let V = R” be a GL(m)-module and V denote 
the corresponding first order natural vector bundle over m-manifolds. Write 
V, = V@®@'"R™, V7 =VxV,x...x V,. The formal r-th order absolute 
differentiation defines a map DY = V": T’-1Q x T'V = V,, DY = idy. If v?, 


Up s+++;U;,4, are the jet coordinates on T/,V (symmetric in all subscripts) and 
V;? 4, are the canonical coordinates on V,, then DY is of the form 
(1) Vin wip = Vit + polyn(T;, -Q x Ty, 'V). 


Set. DE = (DE DY cn DY 1 TO RIV SV. 
We define the r-th order Ricci equations EY, r > 2, as follows. For r = 2, 


Tr? 


EY are the formal Ricci identities of V(R™). By 28.4, they are of the form 
(2) Via — bilin(W, V) = 0. 


For r > 2, EY are the absolute derivatives of EY_, and the formal Ricci identities 
of V(R™) @ @"-?T*R™. These equations are of the form 


(3) Ve — bilin(W"-?,V"~?) =0. 


it [isis] tr 
Definition. The r-th order Ricci subspace Zt, C K"’~? x V" is defined by EY = 
0,...,EY =0,r>2. For r =0,1 we set Z% =V and Z} =V1. 
Lemma. Z1, is a submanifold of K"~*xV", it holds Zt, = (C"~?, Dt,)(T7-!Qx 
TV) and the restricted map (C’~?, Df,): T’-!QxT",V — Zt, is a submersion. 
Proof. For r = 0 we have Z?, = V and D), = idy. Forr=1, Db:Qx TLV = 
V' = Z}, is of the form 

VP =v?, VP = v? + bilin(Q, V) 


so that our claim is trivial. Assume by induction a is a submanifold and the 
restriction of the first product projection of K"~° x V"—! to Z{-' is a surjective 
submersion. Consider the fiber product K"~? x jr—s Zo and the product vector 
bundle (K"~? x xr-s Zj, +) x V,. By (3) Z1, is characterized by affine equations 
of constant rank. This proves Zy7, is a subbundle and Zy, — Kk ’—2 is a surjective 
submersion. 

Assume by induction (C"™—3, Dt"): T7-2Q x TT-1V = Zt* is a surjec- 
tive submersion. We have T7?V = Tr-!V x V @ S™R™. By (1) and (3), 
(Gr-*, DG): (T2519 x TLV) x V @ STR™ = (25 = KO? was Ze") ip 
bijective on each fiber. This proves our lemma. 
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28.9. The following result is of technical character, but it covers the core of 
several applications. Let F be a G},-space. 


Proposition. For every G’*1-map f: T’-!QxT",V — F there exists a unique 
G},-map g: Zi, — F satisfying f = g 0 (C’~?, D7). 


Proof. First we deduce a lemma. 


Lemma. If y, 7 € T’-'Q satisfy C’~?(y) = C’-?(y), then there is an element 
h € BY*" of the kernel BY** of the jet projection G’+! — G!, such that h(y) = y. 


Indeed, consider the orbit set T”’~'Q/Bit!. (We shall not need a manifold 
structure on it, as one checks easily that 28.1 and 28.6 work at the set-theoretical 
level as well.) This is a G!,-set under the action a(BY*ty) = aBTt!(y), y € 
T’-1Q,a€G!, c Gt". Clearly, the factor projection 


pI, Got, Oey 


is a Gr+1-map. By 28.6 there is a map g: K’~? — T’-!Q/Bi*" satisfying 
p=g0C"?. If C’-2(y) = C"-2(g) = 2, then p(y) = p(y) = g(x). This proves 
our lemma. 

Consider the map (idpr-1g, Dy,): Th, 'Q x T,V — Th, 'Q x V" and denote 
by V’ c T’-'Q x V" its image. By 28.8.(1), the restricted map Df,: T’-!Q x 
Tr Vo V" is bijective for every y € T ”~1Q, so that DY, is an equivariant diffeo- 
morphism, Define C'-?: V" = Z%, C'-?(y,z) = (C™-?(y),2z), y € T7-1Q, 
z € V". By lemma 28.5, C’~? is a surjective submersion. By definition, 
Cr-2(y, z) = C"-2(g, Z) means C’~?(y) = C’-?(g) and z = Z. Thus, the above 
lemma implies C’~? satisfies the orbit condition for Bit". By 28.1 there is a 
Gi-map g: Z. — F satisfying f o (Dt,)~! = go C’~?. Composing both sides 
with Df,, we find f = g0(C"~?, Dt). 


28.10. Remark. The idea of the proof of proposition 28.9 can be applied 
to suitable invariant subspaces of V as well. We shall need the case P = 
RegS?R™* Cc S?R™* of the standard fiber of the bundle of pseudoriemannian 
metrics over m-manifolds. In this case we only have to modify the definition 
of P. to P. = S?R™ @ @'"R™*, but the rest of 28.8 and 28.9 remains to be 
unchanged. Thus, for every Gr*t-map f: T"-1Q x T’,P — F there exists a 
unique Gi,-map g: Z, — F satisfying f = g0(C’~?, Dt). 


28.11. Linear symmetric connection and a general vector field. Let F 
denote the first order natural bundle over m-manifolds determined by G,-space 
F. Consider an r-th order natural operator Q-P! @ V ~» F with associated 
G’*?_map f:T™.Qx T"V — F. Let Zt, Cc K"-! x V™ be the pre-image of 
Zt, C Kk"? x V" with respect to the canonical projection K™~! > K"~?. 

Take the map #,: St45 x T?'Q x W,-1 — T7,Q from 28.6 and construct 
Wr X idgry: Styo x TR'Q x W,r-1 x TRV — T.Q x TV. If we apply the 
orbit reduction to fo (wv, x idrry) in the previous way, we obtain a G7{!- 
map h: T’-'Q x W,_1 x T7 V — F such that f =ho ((m™_1, Cr-1) X idyr vy). 
Applying proposition 28.9 (with ‘parameters’ from W,_1) to h, we obtain 
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Proposition. For every G'+?_map f: TQ x T!.V — F there exists a unique 
G},-map g: Zi, — F satisfying f = go (C™~', Di). 


Roughly speaking, every r-th order natural operator Q;P!@V ~» F factorizes 
through the curvature operator and its absolute derivatives up to order r — 1 
and through the absolute derivatives on vector bundle V up to order r. 


28.12. Linear non-symmetric connections. An arbitrary linear connection 
on TM can be uniquely decomposed into its symmetrization and its torsion 
tensor. In other words, QP'M = Q,P!'M ®TM ® A?T*M. Hence we have 
the situation of 28.11, in which the role of standard fiber V is played by R™ @ 
A?R™* =: H_ . This proves 


Corollary. For every G’*?_map f: J3(QP'R™) — F there exists a unique 
G1-map g: Zt, — F satisfying f = go (C"~1, Dt,). 


28.13. Example. We determine all natural operators QP! ~ T* @T*. In 
the same way as in 28.7 we deduce that such operators are of the first order. 
By 28.12 we have to find all G!,-maps f: K x H x H, — R™ @R™. The 
equivariance with respect to the homotheties yields the homogeneity condition 


k? f(W, H, Ay) = f(k?W,kH, k?). 


Hence f is linear in W and Hy and quadratic in H. The term linear in W was 
determined in 28.7. By the invariant tensor theorem, the term quadratic in H 
is generated by the permutations of m, n, p, q in 
k gyl 

675? ROT Ain Lng: 
This yields the 3 different double contractions SES‘, Sk ie sisi ;, of the tensor 
product S$ @ S of the torsion tensor with itself. Finally, the term linear in Hy 
corresponds to the permutations of 1, m,n in 


l k 
0:07 Oy Hian 
This gives 3 generators 


Thus, all natural operators QP! — T* @T* form an 8-parameter family linearly 
generated by 2 different contractions of the curvature tensor of the symmetrized 
connection, by 3 different double contractions of S ® S and by 3 operators 
constructed from the covariant derivatives of the torsion tensor with respect 
to the symmetrized connection according to (1). 

We remark that the first author determined all natural operators QP! — T*@ 
T* by direct evaluation in [Koldi, 87b]. Some of his generators are geometrically 
different of our present result, but both 8-parameter families are, of course, 
linearly equivalent. 
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28.14. Pseudoriemannian metrics. Using the notation of 28.10, we deduce 
a reduction theorem for natural operators on pseudoriemannian metrics. Let 
P" = Z5.9(K"~ x P x {0} x ... x {0}) be the subspace determined by 0 € 
Pry isey QE Pe 


Lemma. P" is a submanifold of Zp. 


Proof. By {Lichnerowicz, 76, p. 69], the Ricci identity in the case of the bundle 
of pseudoriemannian metrics has the form 


(1) Pigtky + WikiPmg + Wie Pim = 0. 


Thus, for r = 2, P? C W x P? is characterized by the curvature equations Fo, 
by Pig — 0, Pijki = 0 and by 


(2) Wii Pmg + WiiPim = 0. 

Equations (2) are Gl. -equivariant. We know that P is divided into m+1 compo- 
nents P, according to the signature o of the metric in question. Every element 
in each component can be transformed by a linear isomorphism into a canonical 
form +6;;. This implies that P? is characterized by linear equations of constant 
rank over each component P,. Assume by induction P’™~! Cc W'-8 x PT-l isa 
submanifold. Then P™ c P"~1! x {0} x W,—2 is characterized by the curvature 
equations E,. and by 


(3) Glin ches ae ate Wii Pin = 0. 


jkimy....mp—2 


By the above argument we deduce that this is a system of affine equations of 
constant rank over each P,. 


Consider a G"++-map f: T’.P = F. Applying 28.10 to fo pg = T’-!Q x 
T’ P — F, where py is the second product projection, we obtain a G!,-map 
h: Zp — F satisfying 


(4) f op, =ho(C™, Dp). 


Let A,.: TP — T’-'Q be the map determined by constructing the r-jets of the 
Levi-Civitaé connection. Composing (4) with (\,,id): T?,P — T’-!Q x T™ P, 
we find 


(5) f =ho(C~*, Db) (Ap, id). 


Let g be the restriction of h to P’. Since the Levi-Civité connection is char- 
acterized by the fact that the absolute differential of the metric tensor van- 
ishes, the values of (C’~?, Dt) 0 (A,, id) lie in P". Write L"~? = (C™~?, Dt) o 
(,, id): 7” P — P". Then we can summarize by 
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Proposition. For every G7;*!-map f: T7,P — F there exists a Gj,-map 
g: P" — F satisfying f = go L'~?. 


This is the classical assertion that every r-th order natural operator on pseu- 
doriemannian metrics with values in an arbitrary first order natural bundle fac- 
torizes through the metric itself and through the absolute derivatives of the 
curvature tensor of the Levi-Civité connection up to order r — 2. 

We remark that each component P, of P can be treated separately in course 
of the proof of the above proposition. Hence the result holds for any kind of 
pseudoriemannian metrics (in particular for the proper Riemannian metrics). 


28.15. Pseudoriemannian metric and a general vector field. A simple 
modification of 28.11 and 28.14 leads to a reduction theorem for the r-th order 
natural operators transforming a pseudoriemannian metric and a general vector 
field into a section of a first order natural bundle. In the notation from 28.11 and 
28.14, let f: T7 PxT"V — F be aG™*+-map. Consider the product projection 
pT’ 1QxT™PxT’V —=TPxT"V. Then we can apply 28.9 and 28.10 to 
the product P x V. Hence there exists a G!,-map h: Z,,.\, > F satisfying 


(1) fop=ho(C”?, Do,y). 


Denote by Pi, Cc Z3P x Vc K"™-? x P™ x V" the subspace determined by 
0 € P,,...,0 € P,. Analogously to 28.14 we deduce that Py, is a submani- 
fold. Write Li7? = (A,,idre p) x idgr yy: TP x TV = Pr, ie. Li ?(u,v) = 
(C7~?(A,-(u)), uo, 0,.-.,0, DE (A,(u),v)), wE TEP, Vv ET. V, up = 73 (u). Then 
(1) implies f = ho i ha If we denote by g the restriction of h to P!,, we obtain 
the following assertion. 


Proposition. For every G’*+1-map f: T’. P xT" V — F there exists a G!,-map 
g: P\, — F satisfying f = go Le 


Hence every r-th order natural operator transforming a pseudoriemannian 
metric and a general vector field into a section of a first order natural bundle 
factorizes through the metric itself, through the absolute derivatives of the cur- 
vature tensor of the Levi-Civita connection up to the order r — 2 and through 
the absolute derivatives with respect to the Levi-Civita connection of the general 
vector field up to the order r. 


28.16. Remark. Since Q;P!M — M is an affine bundle, the standard fiber 
T”,Q of its r-th jet prolongation is an affine space by 12.17. In other words, 
G"*? acts on T’.Q by affine isomorphisms. Consider an affine action of Gl, 
of F' (with the linear action as a special case). Then we can introduce the 
concept of a polynomial map T’,Q — F analogously to 24.10. Analyzing the 
proof of theorem 28.6, we observe that all the maps w, and y, are polynomial. 
This implies that for every polynomial G™+? equivariant map f: T".Q — F, 
the unique G},-equivariant map g: K"~! — F from the theorem 28.6 is the 
restriction of a polynomial map g: W"~! > F. 

Consider further a G},-module V as in 28.8 or an invariant open subset of such 
a module as in 28.10. Then we also have defined the concept of a polynomial 


29. The method of differential equations 245 


map of T’-'Q x TV into an affine G1,-space F. Quite similarly to the first 
part of this remark we deduce that for every polynomial G’+'-equivariant map 
f:T7-'Qx TV — F the unique G},-equivariant map g: Zt, — F from the 
proposition 28.9 is the restriction of a polynomial map g: W"~? x V" = F. 


29. The method of differential equations 


29.1. In chapter IV we have clarified that the finite order natural operators 
between any two bundle functors are in a canonical bijection with the equivariant 
maps between certain G-spaces. We recall that in 5.15 we deduced the following 
infinitesimal characterization of G-equivariance. Given a connected Lie group G 
and two G-spaces S$ and Z we construct the induced fundamental vector field 
¢% and ¢% on S and Z for every element A € g of the Lie algebra of G. Then 
f: 5 — Z is a G-equivariant map if and only if vector fields ¢{ and rd are 
f-related for every A € g, i.e. 


(1) Tfot§=CZof forall AEg. 


The coordinate expression of (1) is a system of partial differential equations 
for the coordinate components of f. If we can find the general solution of this 
system, we obtain all G-equivariant maps. This procedure is sometimes called 
the method of differential equations. 


29.2. Remark. If G is not connected and G* denotes its connected component 
of unity, then the solutions of 29.1.(1) determine all Gt-equivariant maps S — Z. 
Obviously, there is an algebraic procedure how to decide which of these maps 
are G-equivariant. We select one element g, in each connected component of 
G and we check which solutions of 29.1.(1) are invariant with respect to all 
ga- However, one usually interprets the solutions of 29.1.(1) geometrically. In 
practice, if we succeed in finding the geometrical constructions of all solutions 
of 29.1.(1), it is clear that all of them determine the G-equivariant maps and we 
are not obliged to discuss the individual connected components of G. 


29.3. From 5.12 we have that for each left G-space S the map of the fundamental 
vector fields A ++ ¢3, A € g, is a Lie algebra antihomomorphism, i.e. Cia, B] = 
—[¢4,¢2] for all A, B € g, where on the left-hand side is the Lie bracket in g 
and on the right-hand side we have the bracket of vector fields. Hence if some 
vectors Ag, a = 1,...,q < dimG generate g as a Lie algebra, i.e. A, with all 
their iterated brackets generate g as a vector space, then the equations 


Tho. = ef  Weal..g 


imply Tf o Cf = ¢% 0 f for all A € g. In particular, for the group G™, the 
generators of its Lie algebra are described in 13.9 and 13.10. 
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29.4. The Levi-Civita connection. We are going to determine all first order 
natural operators transforming pseudoriemannian metrics into linear connec- 
tions. We denote by RegS$?T*M the bundle of all pseudoriemannian metrics 
over an m-manifold M, so that the standard fiber of the corresponding natural 
bundle over m-manifolds is the subset RegS?R™* C S?R”™* of all elements gj; 
satisfying det(g;;) 4 0. Since the zero of S?IR”* does not lie in RegS*R™*, the 
homogeneous function theorem is of no use for our problem. (Of course, this 
analytical fact is deeply reflected in the geometry of pseudoriemannian mani- 
folds.) Hence we shall try to apply the method of differential equations. In the 
canonical coordinates gi; = gji, gij,x on the standard fiber S = JgRegS?T*R™, 
the action of G?, has the following form 


(1) Gig = guiay a 
(2) Gij,k = Gum nO, GR oh Gimn (Gi, + aay). 


Since we deal with a classical problem, we shall use the classical Christoffel’s on 
the standard fiber Z = (QP1R™)o. In this case we have the following action of 
Gr, 

(3) Mn = Vinay GE + aja, 

see 17.15. 

We shall not need all differential equations of our problem, since we shall 
proceed in another way in the final step. It is sufficient to deduce the funda- 
mental vector fields Sj, on S and Z;,, on Z corresponding to the one-parameter 
subgroups a, a Oi, a, =t for 7 €k and a = Oi, a‘, = 2t. From (1)-(3) we 
deduce easily 


. O 0 
4 S*, = 29; 
(4) ue a (as a) 
and 
; 0 0 
(5) } 


k= Ore * Ort, 


Hence the corresponding part of the differential equations for a G?,-equivariant 
map [: S — Z with components I 4. (Sten: Strn,n) is 


Ol, or 
(6) 29up (a 7) =o (op + 57 Oy") : 


Multiplying by g!? and replacing q by 1, we find 


Osx Ve 1 a m sn m sn 
(7) Ogun n | Dan m ~ a (5; ok . ok 57) 
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Let (7’) or (7”) be the equations derived from (7) by the permutation (/,m,n) 
(m,n, 1) or (I,m, n) + (n,1,m), respectively. Then the sum (7)+(7')—(7”) yields 


Ve 1 ily sm sn m sn am (sn sl nsl 
F Foe = al POPE + HOF) + 9°" (OPAL + HR) 
8 m,n 


gi” (515 + stay). 


The right-hand sides are independent on g;;,,. Since we meet such a situation 
frequently, it is useful to formulate a simple lemma of general character. 


29.5. Lemma. Let U be an open subset in R® with coordinates z* and let 


f(z*, w*) be a smooth function on U x R®, (w>) € R®, satisfying ee = = gy(z). 
Then 
b 
(1) f(z,w) = Y= gn(z)w* + h(z) 
r=1 


where h(z) is a smooth function on U. 


Proof. Notice that the difference F(z,w) = f(z,w) — So gn(z)w% satisfies 
fe =0. 
Applying lemma 29.5 to 29.4.(8), we find 


io 
= 59 (Hi.k + 9tk,j — 95,1) + Yjx(Gim)- 


For vi ; = 0 we obtain the coordinate expression of the Levi-Civita connection A, 
which is natural by its standard geometric interpretation. Hence the difference 
I — A is a GL(m)-equivariant map RegS?R™* — R™ @R™ @R™. 


29.6. Lemma. The only GL(m)-equivariant map f: RegS?R™* > R™@R™ @ 


R”™ is the zero map. 


Proof. Let I, be the matrix g;; = 1 for i < s, g;; = —1 for j > s and gj = 0 for 
i # j. Since every g € Reg 2IR™* can be transformed into some J,, it suffices to 
deduce fi,(Is) = 0 for alli, j,k. If7 Ai Ak or j =i =k, the equivariance with 


respect to the change of orientation on the i-th axis gives f*,(I;) = —fi,(Is). If 
j =i#k, we obtain the same result by changing the orientation on both the 
i-th and k-th axes. 


Lemma 29.6 implies T — A = 0. This proves 


29.7. Proposition. The only first order natural operator transforming pseu- 
doriemannian metrics into linear connections is the Levi-Civita operator. 


248 Chapter VI. Methods for finding natural operators 
Remarks 


The first version of our systematical approach to the problem of finding nat- 
ural operators was published in [Kolai, 87b]. In the same paper both geometric 
results from section 25 are deduced. The smooth version of the tensor evaluation 
theorem is first presented in this book. Proposition 26.12 was proved by [Kolai, 
Radziszewski, 88]. The generalized invariant tensor theorem was first used in 
[Kolai, 87b]. We remark that the natural equivalence s: TT* — T*T from 26.11 
was first studied in [Tulczyjew, 74]. 

The reduction theorems for symmetric linear connections and pseudorieman- 
nian metrics are classical, see e.g. [Schouten, 54]. Some extensions or reformula- 
tions of them are presented in [Lubczonok, 72] and [Krupka, 82]. The method of 
differential equations is used systematically e.g. in the book [Krupka, Janyska, 
90]. The complete version of proposition 29.7 was deduced in [Slovak, 89]. 
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CHAPTER VII. 
FURTHER APPLICATIONS 


In this chapter we discuss some further geometric problems about different 
types of natural operators. First we deduce that all natural bilinear operators 
transforming a vector field and a differential k-form into a differential k-form 
form a 2-parameter family. This further clarifies the well known relation be- 
tween Lie derivatives and exterior derivatives of k-forms. From the technical 
point of view this problem can be considered as a preparatory exercise to the 
problem of finding all bilinear natural operators of the type of the Frélicher- 
Nijenhuis bracket. We deduce that in general case all such operators form a 
10-parameter family. Then we prove that there is exactly one natural operator 
transforming general connections on a fibered manifold Y — M into general con- 
nections on its vertical tangent bundle VY — M. Furthermore, starting from 
some geometric problems in analytical mechanics, we deduce that all first-order 
natural operators transforming second-order differential equations on a manifold 
M into general connections on its tangent bundle TM — M form a one param- 
eter family. Further we study the natural transformations of the jet functors. 
The construction of the bundle of all r-jets between any two manifolds can be 
interpreted as a functor J” on the product category Mfm x Mf. We deduce 
that for r > 2 the only natural transformations of J” into itself are the identity 
and the contraction, while for r = 1 we have a one-parameter family of homo- 
theties. This implies easily that the only natural transformation of the functor 
of the r-th jet prolongation of fibered manifolds into itself is the identity. For 
the second iterated jet prolongation J1(J'Y) of a fibered manifold Y we look 
for an analogy of the canonical involution on the second iterated tangent bundle 
TTM. We prove that such an exchange map depends on a linear connection on 
the base manifold and we give a simple list of all natural transformations of this 
type. 

The next section is devoted to some problems from Riemannian geometry. 
Here we complete our study of natural connections on Riemannian manifolds, 
we prove the Gilkey theorem on natural differential forms and we find all natural 
lifts of Riemannian metrics to the tangent bundles. We also deduce that all 
natural operators transforming linear symmetric connections into exterior forms 
are generated by the Chern forms. Since there are no natural forms of odd 
degree, all of them are closed. 

In the last section, we present a survey of some results concerning the multi- 
linear natural operators which are based heavily on the (linear) representation 
theory of Lie algebras. First we treat the naturality over the whole category 
M fm, where the main tools come from the representation theory of infinite di- 
mensional algebras of vector fields. At the very end we comment briefly on the 
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category of conformal (Riemannian) manifolds, which leads to finite dimensional 
representation theory of some parabolic subalgebras of the Lie algebras of the 
pseudo orthogonal groups. 


30. The Frélicher-Nijenhuis bracket 


The main goal of this section is to determine all bilinear natural operators of 
the type of the Frélicher-Nijenhuis bracket. But we find it useful to start with a 
technically simpler problem, which can serve as an introduction. 


30.1. Bilinear natural operators T@ A?T* ~» APT*. We are going to study 
the natural operators transforming a vector field and an exterior p-form into an 
exterior p-form. In order to get results of geometric interest, it is reasonable to 
restrict ourselves to the bilinear operators. The two simplest examples of such 
operators are (X,w) + dixw and (X,w) + ixdw. 


Proposition. All bilinear natural operators T @ APT* ~» AP?T* form the 2- 
parameter family 


(1) kidixw + kgixdu, ky, ko ER. 


Proof. First of all, every such operator has finite order r by the bilinear Pee- 
tre theorem. The canonical coordinates on the standard fiber S = Jj7TR™ x 
JS APT*R™ are X%, bix...ip,8 |e < 7, |B] < r, while the canonical coordinates 
on the standard fiber Z = A?R™* are c;,..;,-_ Since we consider the bilinear 
operators, even the associated maps f: S — Z are bilinear in X* and Diy ..ip B- 
Using the homotheties in GL(m) Cc GT*1!, we obtain 


(2) KP F(X, bis tp,e) = F(RIOI-L XE, RPT. a) 


1--tp, 
This implies that only the products X‘b;,...;,,j and De can appear in f. 
(In particular, every natural bilinear operator T @ APT* ~» APT* is a first order 
operator.) Denote by f = fi + fo the corresponding decomposition of f. 

The transformation laws of b;, bi,..ip,j Can be found in 25.4 and one 
deduces easily 


stp? 
3 x= 1XJ xt= a ak x! i ykal 
(3) =a;X", j = Aaj A + apA7 G;. 


In particular, the transformation laws with respect to the subgroup GL(m) Cc 
G?, are tensorial in all cases. Hence we first have to determine the GL(m)- 
equivariant bilinear maps R™ x A?R™* @R™* — A?R™*. Consider the following 
diagram 


R™ x APR™ @R™ fi APR™ 
(4) id x Altp @ i] [at 


R™ x @Ptipm« @QPR™ 


4 


+ 
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where Alt denotes the alternator of the indicated degree. The vertical maps are 
also GL(m)-equivariant and the GL(m)-equivariant map in the bottom row can 
be determined by the invariant tensor theorem. This implies that f; is a linear 
combination of the contraction of X* with the derivation entry in bi,...i,,7 and 
of the contraction of X* with a non-derivation entry in b;,. followed by the 


wip sd 
alternation. To specify fz, consider the diagram : 
R™ @ R™ @ APR™ fo A®R™ 
(5) id@id@ Atty | Jar, 
R™ x @Ptipm« @PR™ 


where f2 is the linearization of f2. Taking into account the maps in the bot- 
tom row determined by the invariant tensor theorem, we conclude similarly as 
above that fo is a linear combination of the inner contraction xX} multiplied 


by 0;,...i, and of the contraction 5 e biz...ip7 followed by the alternation. Thus, 
the equivariance of f with respect to GL(m) leads to the following 4-parameter 
family 


(6) fis..ip = aX!B:, inj + EX Dj Li9.. =e XD Bi ip + eX). b 


ip,it] [i i2..ip] ij 


a, b,c,e ER. 
The equivariance of f on the kernel aj = 6% is expressed by the relation 


O= —aX4(Dbig.ip ig too + Dis.ip 1k) + 
( eee 7 
DX? Difin...ip Vig] + COA, X71 Diy. ip + eXJa b 


Glia Vig..ip]k 


This implies 


(8) c=0 and a=b+e 


which gives the coordinate form of (1). 


30.2. The Lie derivative. Proposition 30.1 gives a new look at the well known 
formula expressing the Lie derivative £xw of a p-form as the sum of dixw and 
ixdw. Clearly, the Lie derivative operator on p-forms (X,w) + Lyw is a bilinear 
natural operator T @ A?T* ~» A?T*. By proposition 30.1, there exist certain 
real numbers a, and a2 such that 


Lxyw = ajdixw + agixdw 
for every vector field X and every p-form w on m-manifolds. If we evaluate 


a, = 1 = ag in two suitable special cases, we obtain an interesting proof of the 
classical formula. 
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30.3. Bilinear natural operators T@A’T* ~ A?T*. These operators can be 
determined in the same way as in 30.1, see [Koldi, 90b]. That is why we restrict 
ourselves to the result. The only natural bilinear operators T® A?T* ~» A?-!T* 
or AP+!T* are the constant multiples of ixw or d(ixdw), respectively. In the 
caseq #p—1, p,p+1, we have the zero operator only. 


30.4. Bilinear natural operators of the Frélicher-Nijenhuis type. The 
wedge product of a differential g-form and a vector valued p-form is a bilin- 
ear map 09(M) x 0?(M,TM) — 0?+9(M,TM) characterized by w A (y @ 
X) = (wA gy) @X for all w € 09(M), gy € 0P(M), X € X(M). Further let 
C: Q?(M,TM) > 0?~!(M) be the contraction operator defined by C(w@ X) = 
i(X )w for allw € NP(M), X € X(M). In particular, for P € N°(M,TM) we have 
C(P) =0. Clearly C(i(P)Q) is a linear combination of C(i(Q)P), i(P)(C(Q)), 
i(Q)(C(P)), P € 2?(M,TM), Q € 0°(M,TM). By I we denote Idpyz, viewed 
as an element of 0'(M,TM). 


Theorem. For dimM > p+, all bilinear natural operators A: Q?(M,TM) x 
0Q7(M,TM) — Q?*4(M,TM) form a vector space linearly generated by the 
following 10 operators 


[P,Q], dC(P)AQ, dC(Q)AP, dC(P)AC(Q)AL, 
(1) dC(Q) AC(P) AI, dC(i(P)Q) ATI, i(P)dC(Q 
UQ)dC(P) AI, dG(P)C(Q)) AL, dG(Q)C(P) 


These operators form a basis if p,q >2 andm>p+q+1. 


30.5. Remark. If p or q is < 1, then all bilinear natural operators in question 
are generated by those terms from 30.4.(1) that make sense. For example, in the 
extreme case p = q = 0 our result reads that the only bilinear natural operators 
X(M) x X(M) — X(M) are the constant multiples of the Lie bracket. This was 
proved by [van Strien, 80], [Krupka, MikoldéSovaé, 84], and in an ‘infinitesimal’ 
sense by [de Wilde, Lecomte, 82]. For a detailed discussion of all special cases 
we refer the reader to [Cap, 90]. Clearly, form < p+q we have the zero operator 
only. 


30.6. To prove theorem 30.4, we start with the fact that the bilinear Peetre 
theorem implies that every A has finite order r. Denote by Pi, or Qi, ._;, 
the canonical coordinates on R™ ®@ A?R™* or R™ @ A?R™*, respectively. The 
associated map Apo of A is bilinear in P’s and Q’s and their partial derivatives up 
to order r. Using equivariance with respect to homotheties in GL(m), we find 
that Ao contains only the products Pi. .Qn on, and Qo. a Pint.unp» Where 
the first term in both expressions means the partial derivative with respect to 


x. In other words, A is a first order operator and Ap is a sum A, + Ag where 


A,: R™ @ APR™ @ R™ x R™ @ AIR™ — R™ @ APTIR™ 
Ag: R™ @ APR™ x R™ @ APR™ @ R™ — R™ @ APTIR™ 
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are bilinear maps. One finds easily that the transformation law of Pi. ine 


Di _ 1 ixmy ~Mp~n 
PT tbe — Pray .ttp UG, oe a5, ay, 
1 qi ixmy ~Mp 
(1) +P. sttig Bt hee a Ge + aa Gs” ..., 7? +... 
i~M1 og le 
+ aja; G55)» 


30.7. Taking into account the canonical inclusion GL(m) C G?,, we see that 
the linear maps associated with the bilinear maps A; and Ag, which will be 
denoted by the same symbol, are GL(m)-equivariant. Consider first the following 
diagram 

R™ Q AP? R™ Q Rm Q R™ Q AIR™* Ay R™ Q APtaRm* 


(1) id@ Alt, @id@ Att | | @ Altprg 


R™ Q @P R™* Q R™* Q R™ Q @QIR™ ly R™ Q @pP t IR™ 

where Alt denotes the alternator of the indicated degree. It suffices to determine 
all equivariant maps in the bottom row, to restrict them and to take the alterna- 
tor of the result. By the invariant tensor theorem, all GZ(m)-equivariant maps 
@?R™ @ @PtatIR™ _. R™ @ @PtIR™* are given by all kinds of permutations 
of the indices, all contractions and tensorizing with the identity. Since we apply 
this to alternating forms and use the alternator on the result, permutations do 
not play a role. 

In what follows we discuss the case p > 2, q > 2 only and we leave the other 
cases to the reader. (A direct discussion shows that in the remaining cases the 
list (2) below should be reduced by those terms that do not make sense, but 
the next procedure leads to theorem 30.4 as well.) Constructing A;, we may 
contract the vector field part of P into a non-derivation entry of P or into the 
derivation entry of P or into Q, and we may contract the vector field part of 
Q into Q or into a non-derivation entry of P or into the derivation entry of 
P, and then tensorize with the identity of R™. This gives 8 possibilities. If 
we perform only one contraction, we get 6 further possibilities, so that we have 
a 14-parameter family denoted by the lower case letters in the list (2) below. 
Constructing Az, we obtain analogously another 14-parameter family denoted 
by upper case letters in the list (2) below. Hence GL(m)-equivariance yields the 
following expression for Ao (we do not indicate alternation in the subscripts and 
we write a, @ for any kind of free form-index on the right hand side) 


AP, nQng6, + bP, Qr3d, + Pak nad + dP pQBOi+ 
ePra m@361 + FP nO 35 + gPta.n@ B01 + Pn m pot 
1. 0Q% - je 4a. ot kPa + LP. Ps +m Pra kQat 
(2) nP),.Q3 + AP™.Q? 5 51 + BPmaQ5, nd + CPM, Q's pot 
DP np hot + Ee Qa nh + Fm ge .5t + GPZQn 
HPP. Q33 m5, +1 PLQn gp + IPLQ3 nn + KPLQ3 pt 
LP™ Qi, + MPO Oia + NPOO mn: 


np, mo 


254 Chapter VII. Further applications 


30.8. Then we consider the kernel K of the jet projection G7, — Gj,. Using 
30.5.(1) with aj = 6;, we evaluate that Ao is K-equivariant if and only if the 
following coordinate expression 


(1) 
BP Qn + (= 1)"qB wae ane + bPs n3ltm— 


(IP bP Or atne + (te DB = (- 1)" (e= IG) PP Or ating 
C — (-1)%d — (—1)?*4(p — 1)9) Prt QB Gnk + CPx QB Omst 
— e)P, Oat a + EPP Qi ptm + (h— FD) sig An ie 
; Ig =(—1)"f =F) PR Oae at 
aT) F(a ph) Pr matn— (LP p= ePe ata 

-1)"(4 = DEPP Qa gtn JO + IPLQ thin + (DPQ tat 

I P2.Q6%im + (-1)24I PxQi34mk — ((-1)2k — (—1)4gN + M)PLQigdingt 

(K + (-1)?*4pn — (-1)'m) Pra Q pare — U-1)* Pa Qmp tet 

LP Bp, — (=i) mPr oe ai, + MPPOQ, AQ, + (n+ N) PY Qeaint 
represents the zero map R™ @ A?R™* x R™ @ AIR™ x R”™ @ S?R™ = R™@ 
APtaRm*. 

For dimM > p+q-+1, the individual terms in (1) are linearly independent. 


Hence (1) is the zero map if and only if all the coefficients vanish. This leads to 
the following equations 


b=B=e=Hh=h=H=jeJ=l=L=m=M=0 
(2) e=(g-1)G+(-1"D, = C= (-1)"d + (-1)?*"(p— 1)g 
F = (-1)*'f, k = —qn, K = (-1)?*9"1pn, N=-n 


while a, A, d, D, f, g, G, n, i, I are independent parameters. This yields the 
coordinate form of 30.4.(1). 

In the case m = p+ q, p, q = 2, there are certain linear relations between the 
individual terms of (1). They are described explicitly in [Cap, 90]. But even in 
this case we obtain the final result in the form indicated in theorem 30.4. 


30.9. Linear and bilinear natural operators on vector valued forms. 
Roughly speaking, we can characterize theorem 30.4 by saying that the Frélicher- 
Nijenhuis bracket is the only non-trivial operator in the list 30.4.(1), since the 
remaining terms can easily be constructed by means of tensor algebra and ex- 
terior differentiation. We remark that the natural operators on vector valued 
forms were systematically studied by A. Cap. He deduced the complete list of 
all linear natural operators 0?(M,TM) — 02(M,TM) and all bilinear natu- 
ral operators 0?(M,TM) x 09(M,TM) — Q'(M,TM), which can be found 
in [Cap, 90]. From a general point of view, the situation is analogous to 30.4: 
except the Frolicher-Nijenhuis bracket, all other operators in question can easily 
be constructed by means of tensor algebra and exterior differentiation. 
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30.10. Remark on the Schouten-Nijenhuis bracket. This is a bilinear 
operator C°APTM x C@AITM — C@AP+4-!TM introduced geometrically 
by [Schouten, 40] and further studied by [Nijenhuis, 55]. In [Michor, 87b] the 
natural operators of this type are studied. The problem is technically much 
simpler than in the Frolicher-Nijenhuis case and the same holds for the result: 
The only natural bilinear operators APT @ AYT ~+ A?+4-!T are the constant 
multiples of the Schouten-Nijenhuis bracket. 


31. Two problems on general connections 


31.1. Vertical prolongation of connections. Consider a connection: Y > 
J'Y ona fibered manifold Y — M. If we apply the vertical tangent functor V, 
we obtain a map VT: VY > VJI'Y. Let iy: VJ'Y — J'VY be the canonical 
involution, see 39.8. Then the composition 


(1) VyT :=iy oVP: VY — J'VY 


is a connection on VY — M, which will be called the vertical prolongation of T. 
Since this construction has geometrical character, V is an operator J‘ ~ J'V 
natural on the category FM», n- 


Proposition. The vertical prolongation V is the only natural operator J! ~~ 
JV. 


We start the proof with finding the equations of VI. If 
(2) dy” = FP (a, y)da" 


is the coordinate form of [ and Y? = dy? are the additional coordinates on VY, 
then (1) implies that the equations of VI are (2) and 
P 

(3) ae = age 

Oy! 
31.2. The standard fiber of V on the category FMmn» is R". Let S; = 
Ii(Ji(R™ x R" = R™) = R™ x R”) and Z = JA(V(R™ x R") = R™), 
0 € R” x R”. By 18.19, the first order natural operators are in bijection with 
Gy, n-maps S, x R” — Z over the identity of R”. The canonical coordinates on 
S} are y?, Yiq» Yj; and the action of G?,» can be found in 27.3. The action of 
Gn on R” is 


(1) Y? =aPY4. 


The coordinates on Z are Y?, z? = Oy?/Ox', YP = OY”/Ox*. By standard 
evaluation we find the following action of G%, ,, 

yP — xP — gP WI Pad 

YP =abY’, z,. = Anz; a; + a;a; 


yP _ pyd~d Pp -ryaad P yaad 
Vy = afY; a; + 0,2; 7a; + a,,Y%a;. 


(2) 
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The coordinate form of any map S; x R” — Z over the identity of R” is Y? = Y? 
and 


zp = FY Gs Sines Tien) 
YP = 9 (V4 Y5s Uke Yim): 
First we discuss f?. The equivariance with respect to base homotheties yields 


By the homogeneous function theorem, if we fix Y%, then f? is linear in Yio Viet 
and independent of yj},,. The fiber homotheties then give 


By (3) and (4), f? is a sum of an expression linear in y? and bilinear in Y? and 
yj,, Since f? is GL(m) x GL(n)-equivariant, the generalized invariant tensor 
theorem implies it has the following form 


(5) ay; + bY? yf, + c¥ Fyf,,. 


The equivariance on the kernel K of the projection G?, ,, + G1, x G1 yields 


mn 


(6) a? = aae + by? (ai, + at.Yi ) + cY (a5; + Qari )- 


This implies a = 1, b= c =0, which corresponds to 31.1.(2). 

For g?, the above procedure leads to the same form (5). Then the equivariance 
with respect to K yields a = b= 0, c= 1. This corresponds to 31.1.(3). Thus 
we have proved that V is the only first order natural operator J' ~ J!V. 


31.3. By 23.7, every natural operator A: J! ~> J'V has a finite order r. Let f = 
(f?,g?): S, x R" — Z be the associated map of A, where S™ = Jj (J1(R™'" = 
R™) = R™*”). Consider first f? (Y",yi4g) with the same notation as in the 
second step of the proof of proposition 27.3. The base homotheties yield 


(1) kf? = fP(V9, Rlel+4y2.9). 


By the homogeneous function theorem, if we fix Y?, then f? are independent 
of Yio with Ja| > 1 and linear in Via Hence the only s-th order term is 


Ys = ee yes, |G| = s, s > 2. Using fiber homotheties we find that vy, is of 
degree s in Y?. Then the generalized invariant tensor theorem implies that y, 
is of the form 


Cg oe el ye Y¥%, 


141492---ds 


Consider the equivariance with respect to the kernel of the jet projection G7+!} > 


min 
Gy». Using induction we deduce the transformation law 


—p —.9jP p t P 
Yign..gr — Yigr...dr P Gea ..gr Yi as Gigy ar? 


while the lower order terms remain unchanged. By direct evaluation we find 
a, = b, = 0. The same procedure takes place for g?. Hence A is an operator 
of order r — 1. By recurrence we conclude A is a first order operator. This 
completes the proof of proposition 31.1. 
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31.4. Remark. In [Kolday, 81a] it was clarified geometrically that the vertical 
prolongation VI plays an important role in the theory of the original connec- 
tion [. The uniqueness of VI’ proved in proposition 31.1 gives a theoretical 
justification of this phenomenon. 

It is remarkable that there is another construction of VI using flow pro- 
longations of vector fields, see 45.4. The equivalence of both definitions is an 
interesting consequence of the uniqueness of operator V. 


31.5. Natural operators transforming second order differential equa- 
tions into general connections. We recall that a second order differential 
equation on a manifold M is usually defined as a vector field €: TM — TTM on 
TM satisfying Tpyy 0 € = idpay, where pyy: TM — M is the bundle projection. 
Let Lyy be the Liouville vector field on TM, i.e. the vector field generated by 
the homotheties. If [€, Lac] = €, then € is said to be a spray. There is a classi- 
cal bijection between sprays and linear symmetric connections, which is used in 
several branches of differential geometry. (We shall obtain it as a special case of 
a more general construction.) 

A. Dekrét, [Dekrét, 88], studied the problem whether an arbitrary second 
order differential equation on M determines a general connection on TM by 
means of the naturality approach. He deduced rather quickly a simple analytical 
expression for all first order natural operators. Only then he looked for the 
geometrical interpretation. Keeping the style of this book, we first present the 
geometrical construction and then we discuss the naturality problem. 

According to 9.3, the horizontal projection of a connection [ on an arbitrary 
fibered manifold Y is a vector valued 1-form on Y, which will be called the 
horizontal form of [. 

On the tangent bundle TM, we have the following natural tensor field Vj, of 
type (C). Since TM is a vector bundle, its vertical tangent bundle is identified 
with TM @TM. For every BE TTM we define 


(1) Vu (B) = (prm B, Tp B). 


(A general approach to natural tensor fields of type (1) on an arbitrary Weil 
bundle is explained in [Kold7, Modugno, 92].) 

Given a second order differential equation € on M, the Lie derivative LeV)4 
is a vector valued 1-form on TM. Let lprray be the identity on TTM. The 
following result gives a construction of a general connection on TM determined 


by €. 


Lemma. For every second order differential equation € on M, $(lrr u—L¢Vu) 
is the horizontal form of a connection on TM. 


Proof. Let x’ be local coordinates on M and y' = dz’ be the induced coordinates 
on TM. The coordinate expression of the horizontal form of a connection on 
TM is 


a Bia ie es 
(2) dx' & ag Fi (a, y)dx’ ® By 
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By (1), the coordinate expression of Vj, is 


0 
Oy* 


(3) dx’ ® 


Having a second order differential equation € of the form 


a) a 
4 “ rs J aon oat 
(4) Waa +€ ("55 
we evaluate directly for LeVig 
; 0 og! j Oa 
(5) du’ ®@ 55 Dyi dx’ ® Dye dy’ ® Dye 


Hence $(1r mu — LeVyz) has the required form 


(6) dx’ ® ea wus 


iO 
-dxI -. 
2 Oys . 8 ay 


31.6. Denote by A the operator from lemma 31.5. By the general theory, the 
difference of two general connections on TM — M is a section TM > VTM @ 
T*M =(TM@TM)@T*M. The identity tensor of TM ® T*M determines a 
natural section Iy;: TM —+VTM @T*M. Hence A+ KI is a natural operator 
for every k € R. 


Proposition. All first order natural operators transforming second order dif- 
ferential equations on a manifold into connections on the tangent bundle form 
the one-parameter family 

A+kl, KER. 


Proof. We have the case of a morphism operator from 18.17 with C = Mf, 
Fi = Gi = T, q = id, Fy = T?, Go = J'T and the additional conditions 
that we consider the sections of T? — T and J'T — T. Let S be the fiber of 
J'(T2R™ — TR™) over 0 € R™ and Z be the fiber of J'TR™ over 0 € R™. By 
18.19 we have to determine all G?,-equivariant maps f: S — Z over the identity 
of ToR™. ; ; 

Denote by X*?. = 42, ¥* = ie the induced coordinates on T?R™ and by 
Xx} =0Y'/dz', Y;} = 0Y'/OX! the induced coordinates on S$. By direct evalu- 
ation, one finds the following action of G?, 


(1) Kisaixi, Vi aai,XIx* + aiV! 
(2) KF = aha X*X! + ajay" + 2aj,ak, am X'X" + a, XPal+ 
ojo XY} 


(3) VY} = 20},a5X* + a, Yas 


32. Jet functors 259 
The standard coordinates Z', Zi on Z have the transformation law 
(4) Zia=aZ, Zi =ajahZ' + a, Zhai. 


Let Z’ = X* and Zi = CG £oe Shae Fg) be the coordinate expression of 


f. The equivariance with respect to the homotheties in GL(m) C G3, yields 
(5) FOP I ef a et ey. 


Hence f; do not depend on X? and Y4. Let ai = di, ai, = 0. Then the 
equivariance condition reads 


(6) FEAR YE) = FAR + at XPX4,Y;). 
This implies f; are independent of X7”. Putting a’, = 04, we obtain 


(7) FYE) + ing X™ = FYE + 2aj,,X™) 


with arbitrary a‘,. Differentiating with respect to Y;", we find 0f}/0Y;* = const. 
Hence i, are affine functions. By the Invariant tensor theorem, we deduce 


(8) fi = iY} + kodi VE + kg0¥. 


Using (7) once again, we obtain ky = 4, ky = 0. This gives the coordinate form 
of our assertion. 


31.7. Remark. If X is a spray, then the operator A from lemma 31.5 deter- 
mines the classical linear symmetric connection induced by X. Indeed, 31.5.(4) 
satisfies the spray condition if and only if 


OF ig ye 
Dyi! = 26". 


This kind of homogeneity implies €' = bi, (a)y/y*. Then the coordinate form of 
A(X) is 


dy’ = bi. (ay de®. 


32. Jet functors 


32.1. By 12.4, the construction of r-jets of smooth maps can be viewed as 
a bundle functor J” on the product category Mfm x Mf. We are going to 
determine all natural transformations of J” into itself. Denote by 7: M— N 
the constant map of M into y € N. Obviously, the assignment X + j7, x BX 
is a natural transformation of J” into itself called the contraction. For r = 1, 
J'(M, N) coincides with Hom(T'M, TN), which is a vector bundle over M x N. 
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Proposition. For r > 2 the only natural transformations J" — J” are the 
identity and the contraction. For r = 1, all natural transformations J‘ > J+ 
form the one-parametric family of homotheties X —- cX, cE R. 


Proof. Consider first the subcategory M fin x*M fn C MfmxMf. The standard 
fiber S = Jj(R™,R")o is a G7, x Gi.-space and the action of (A, B) € GY, x Gi, 
on X € S is given by the jet composition 


(1) X=BoXoA!. 


According to the general theory, the natural transformations J" — J” are in 
bijection with the GT, x Gi,-equivariant maps f: 5 — S. 


Write Am! = Gi. .-, 85). g.)s B= (By Big & = (RP Pg) = 


Jj q?’ 21+. dr 
(X1,...,X,). Consider the equivariance of f = (f1,..., f,) with respect to the 
homotheties in GL(m) C Gf. This gives the homogeneity conditions 


Bf Wg ces Maceo i) = Phas cae oe RE) 


(2) FOF Ici Mag tg RV SS Fig Xa OX) 


REP Me lg Mee ee NOV FBR orn POND ca RO): 
Taking into account the homotheties in GL(n), we further find 
kfi(X1,..- Xr) = fr(kX1,... ,kX,) 


(3) : 
kfp(X1,...,Xp) = fp(bX1,... , KX). 


Applying the homogeneous function theorem to both (2) and (3), we deduce that 
f, is linear in X, and independent of the remaining coordinates, s = 1,...,r. 
Consider furthemore the equivariance with respect to the subgroup GL(m) x 
GL(n). This yields that f, corresponds to an equivariant map of R” @ S*R™* 
into itself. By the generalized invariant tensor theorem, it holds f, = c,X, with 
any cs ER. 

For r = 1 we have deduced f? = c,X?. For r = 2 consider the equivariance 
with respect to the kernel of the jet projection G?, x G2 — G1, x GL. Taking 
into account the coordinate form of the jet composition, we find that the action 
of an element ((05,a,,), (62, bf,.)) on (X?, X?,) is XP = XP and 
(4) XP, = XP, + OB XEXS + Xpak.. 

Then the equivariance condition for Si; reads 


(5) eoX P+ (c1)?OP, XEXE + cr XPGE, = co( XP, + Do. XIXG + XpGi,). 
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This implies cy = cp = 0 or cy = cg = 1. Assume by induction that our assertion 
holds in the order r — 1. Consider the equivariance with respect to the kernel 
of the jet projection GT, x Gt. = Gt! x G@t-l. The action of an element 
((6%,0,...,0,4%, 5), (58,0,.-.,0, 68, 4) leaves X1,...,X,—1 unchanged and 


ae oad aad eee Fs 11 --dr 


it holds 


vbr 


Then the equivariance condition for i; _4,, requires 


(7) op XP i, + (c1)Og, Xap XP + er XP GI, | 
= cr(XF 4, +H 


ies 


he akin + AG + GG, 4.) 
This implies c; = c; = 0 or 1. 

For r = 1 we have a homothety f": X — k,X, ky, © R, on each subcat- 
egory Mfim X Mfn C Mfm x Mf. If we take the value of the transforma- 


tion (f1,...,f",...) on the product of idgm with the injection ig: R* > R®, 
(xt,... , 2%) (at,... ,2%,0,...,0), a < 6, and apply it to 1-jet at 0 of the map 
ri=t', a? =0,...,2%7 =0, (#,...,¢™) € R™, we find k, = ky. For r > 2 we 


have on each subcategory either the identity or the contraction. Applying the 
latter idea once again, we deduce that the same alternative must take place in 
all cases. 


32.2. The construction of the r-th jet prolongation J’Y of a fibered manifold 
Y — X can be considered as a bundle functor on the category FM m. This 
functor is also denoted by J”. However, in order to distinguish from 32.1, we 
shall use Jf;, for J” in the fibered case here. 


Proposition. The only natural transformation Jj, + Jj, is the identity. 


Proof. The construction of product fibered manifolds defines an injection M f,, 
x Mf — FM, and the restriction of Jf, to Mfm x Mf is J”. For r = 1, 
proposition 31.1 gives a one-parameter family 


(1) (yi) > (cup) 


of possible candidates for the natural transformation ces > dais But the trans- 
formation law of y? with respect to the kernel of the standard homomorphism 
Ghin > Gi, x Gh, is yP = yP + a?. The equivariance condition for (1) reads 


a? = ca?, which implies c = 1. 


For r > 2, proposition 32.1 offers the contraction and the identity. But the 
contraction is clearly not natural on the whole category F-M,,, so that only the 
identity remains. 


32.3. Natural transformations J'J' — J'J'. It is well known that the 
canonical involution of the second tangent bundle plays a significant role in ap- 
plications. A remarkable feature of the canonical involution on TTM is that it 
exchanges both the projections pry: TIM — TM and Tpy: TTM — TM. 
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Nowadays, in several problems of the field theory the role of the tangent bun- 
dle of a smooth manifold is replaced by the first jet prolongation J'Y of a 
fibered manifold p: Y + M. On the second iterated jet prolongation J'J1Y = 
J'(J'Y — M) there are two analogous projections to J'Y, namely the target 
jet projection 6,: J'J'Y — J'Y and the prolongation J!'6: J1J'Y — J'Y of 
the target jet projection G: J'Y — Y. Hence one can ask whether there exists 
a natural transformation of J!J'Y into itself exchanging the projections 3, and 
J'B, provided J+ J+ is considered as a functor on FM». But the answer is 
negative. 


Proposition. The only natural transformation J! J! — J‘ J" is the identity. 


This assertion follows directly from proposition 32.6 below, so that we shall 
not prove it separately. It is remarkable that we have a different situation on 
the subspace J?Y = {X € J'J'Y, 6,X = J+B(X)}, which is called the second 
semiholonomic prolongation of Y. There is a one-parametric family of natural 
transformations J? — J?, see 32.5. 


32.4. An exchange map. However, one can construct a suitable exchange 
map ea: J! J'Y — J'J'Y by means of a linear connection A on the base man- 
ifold M as follows. Interpreting A as a principal connection on the first order 
frame bundle P!M of M, we first explain how A induces a map ha: J'J'Y © 
QP!M > TL(TLY). Every X € J'J'Y is of the form X = j1p(z), where p is 
a local section of J'Y — M, and for every u € P!M we have A(u) = jio(z), 
where o is a local section of P'M Cc Ji (R™, M). Taking into account the canon- 
ical inclusion J'Y Cc J'(M,Y), the jet composition p(z) o o(z) defines a local 
map M => Jd(R™,Y) = TLY, the 1-jet of which j}(p(z) 0 a(z)) € Ji(M,TLY) 
depends on X and A(u) only. Since u € Ji(R™,M), we have ha(X,u) = 


(j2(p(z)oo(z)))ouwe TT, Y. Furthermore, there is a canonical exchange map 


q: TLTLY — TTY, the definition of which will be presented in the frame- 


mm mm 


work of the theory of Weil bundles in 35.18. Using « and ha, we construct a 
mapea: JIJIY oS Jy. 


Lemma. For every X € (J'J'Y), there exists a unique element e,(X) € 
J'J'Y satisfying 


(1) K(ha(X,u)) = hg (ea(X), wu) 


for any frame u € P!M, «x = p(y), provided A means the conjugate connection 
of A. 


Proof consists in direct evaluation, for which the reader is referred to [Kolay, 
Modugno, 91]. The coordinate form of e, is 


(2) Ye=YP, YP=wl, vy =yht (OR YP)AS 


where Y,” = dy?/da", y?, = Oy? /Ox) are the additional coordinates on J*(J'Y 
—M). 
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32.5. Remark. The subbundle J?Y c J'J'Y is characterized by y? = Y/. 
Formula 32.4.(2) shows that the restriction of e, to J?Y does not depend on A, 
so that we have a natural map e: J?Y — J°Y. Since J?Y — J'Y is an affine 
bundle, e generates a one-parameter family of natural transformations J? > J? 


XOkX+(1—ke(X), kER. 
One proves easily that this family represents all natural transformations J? — 
J”, see [Kolaf, Modugno, 91]. 


32.6. The map e, was introduced by M. Modugno by another construction, in 
which the naturality ideas were partially used. Hence it is interesting to study 
the whole problem purely from the naturality point of view. 

Our goal is to find all natural transformations J'J'Y @ QP!'M > JLJ'Y. 
Since J'Y — Y is an affine bundle with associated vector bundle VY @ T*M, 
we can define a map 


(1) 6: PI'Y VY @T*M, = Ar fy(A)— J*B(A). 


On the other hand, proposition 25.2 implies directly that all natural operators 
N: QP'M ~TM @T*M @T*M form the 3-parameter family 


(2) N: AGS +hkel@S+kzS QI 


where S is the torsion tensor of A, § is the contracted torsion tensor and I is 
the identity of TM. Using the contraction with respect to TM, we construct a 
3-parameter family of maps 


(3) (6, N(A)): UI'Y = VY @T*M @T*M. 
The well known exact sequence of vector bundles over J!Y 


VB 


(4) O-VY @T*M-—VJ'Y vy —0 


shows that VY @T* M@T* M can be considered as a subbundle in VJ1Y @T* M, 
which is the vector bundle associated with the affine bundle 6,: J'J'Y — J'Y. 


Proposition. All natural transformations f: J'J'Y — J'J'Y depending on 
a linear connection A on the base manifold form the two 3-parameter families 


(5) I. f=idt+(6N(A)), ID. f=eat(6,N(A)). 


Proof. The standard fibers V = (y?,Y?,yf,) and Z = (A‘,) are G7, ,-spaces 


myn 
and we have to find all G%, ,,-equivariant maps f: V x Z — V. The action of 
Gem on V is 


—P __ p, d~j Pp~j VP _pyd~J 1 ~Px~j 
F, = agyj;a; + a54;, y= any; i +454; 
Pp _ op, gd ~k~l p,dyrzk=l P vd~k=l 
(6) Vig = 1 Y 14; 4; + Of, YY) G4; + a5, Ya; a;+ 
P,d~k~l p,dxk p~k~l . px~k 
+ A Vi 1; =+ Ag UG; + GG; a; + A, G5; 
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while the action of G?, ,, on Z is given by 25.2.(3). 


The coordinate form of an arbitrary map f: V x Z > V is 
y= F(y, Y, yo, A) 
(7) Y= Gy, Y, y2, A) 
Y2 = Aly, Ys Y2; A) 


where y = (y?), Y = (Y?), yo = (vi), A= (A5;,)- Considering equivariance of 
(7) with respect to the base homotheties we find 
kF(y, Y, Y2; A) a F(ky, kY, k? yo, KA) 
(8) kG(y, Y, Y2; A) = G(ky, kY, k? yo, kA) 
kK? Ay, ae Y2; A) = (ky, kY, k? yo, kA). 
By the homogeneous function theorem, F’ and G are linear in y, Y, A and 
independent of y2, while H is linear in yg and bilinear in y, Y, A. The fiber 
homotheties then yield 
kF(y, Y,A) = F(ky, kY, A) 
(9) kG(y, ¥, A) = G(ky, kY, A) 
Comparing (9) with (8) we find that F and G are independent of A and H is 
linear in y2 and bilinear in (y, A) and in (Y, A). 
Since f is GL(m) x GL(n)-equivariant, we can apply the generalized invariant 
tensor theorem. This yields 
FP = ay! + bY? 
GP = cy? + d¥? 
(10) HG; = evi; + fyjt 
gy MS, + hyP AR, + iyh ME, + JYPAE, + RYRAE, + lyR AS 4 


mYPAK, + nYPAE, + pYPAG, + qYPAR, + r¥PAt, + s¥PAt.. 


The last step consists in expressing the equivariance of (10) with respect to the 
4 2 . , _ 2 _ . ‘ . . 
subgroup of G7, ,, characterized by aj = 6;, af = 62. This leads to certain simple 
algebraic identities, which are equivalent to (5). 
32.7. Remark. The only map in 32.6.(5) independent of A is the identity. 

This proves proposition 32.3. 
If we consider a linear symmetric connection A, then the whole family N(A) 
vanishes identically. This implies 


Corollary. The only two natural transformations J'.J'Y — J'J'Y depending 
on a linear symmetric connection A on the base manifold are the identity and 
CA. 
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32.8. Remark. The functors J? and J+J! restricted to the category M fim x 
Mf C FM, define the so called semiholonomic and non-holonomic 2-jets in the 
sense of [Ehresmann, 54]. We remark that all natural transformations of each of 
those restricted functors into itself are determined in [Kolaz, Vosmanska, 87]. 
Further we remark that [Kurek, 93] described all natural transformations 
T™* — T** between any two one-dimensional covelocities functors from 12.8. He 


also determined all natural tensors of type (i) on T’*M, [Kurek, 92]. 


33. Topics from Riemannian geometry 


33.1. Our aim is to outline the application of our general procedures to the 
study of geometric operations on Riemannian manifolds. Since the Riemannian 
metrics are sections of a natural bundle (a subbundle in $?T*), we can always 
add the metrics to the arguments of the operation in question instead of spe- 
cializing our general approach to categories over manifolds for the category of 
Riemannian manifolds and local isometries. In this way, we reduce the problem 
to the study of some equivariant maps between the standard fibers, in spite of 
the fact that the Riemannian manifolds are not locally homogeneous in the sense 
of 18.4. However, at some stage we mostly have to fix the values of the metric 
entry by restricting ourselves to the invariance with respect to the isometries and 
so we need description of all tensors invariant under the action of the orthogonal 
group. 

Let us write $?.7* for the natural bundle of elements of Riemannian metrics. 


33.2. O(m)-invariant tensors. An O(m)-invariant tensor is a tensor B € 
@?R™ @ @IR”™* satisfying aB = B for all a € O(m). The canonical scalar 
product on R™ defines an O(m)-equivariant isomorphism R™ = R™*. This 
identifies B with an element from @?t¢R™*, i.e. with an O(m)-invariant linear 
map &?+7R™ — R. Let us define a linear map y,: @7° R™ — R, by 


Po(V1 @ +++ @ Vas) = (Vo(1); Vo(2))-(Vo(3)s Vo(4)) *** (Vo(ak—1)s Vo(28))s 


where ( , ) means the canonical scalar product defined on R™ and o € Yo, 
is a permutation. The maps yo are called the elementary invariants. The 
fundamental result due to [Weyl, 46] is 


Theorem. The linear space of all O(m)-invariant linear maps @*R™ — R is 
spanned by the elementary invariants for k = 2s and is the zero space if k is 
odd. 


Proof. We present a proof based on the Invariant tensor theorem (see 24.4), 
following the lines of [Atiyah, Bott, Patodi, 73]. The idea is to involve explicitly 
all metrics g;; € S7IR™* and then to look for GL(m)-invariant maps. So together 
with an O(m)-invariant map y: @* R™ — R we consider the map ¢: S?.R™* x 
@*R™ — R, defined by A(Im,x) = v(x) and @(G,xr) = @((A7~!)7GA!, Az) 
for all A € GL(m), G € S}R™*. By definition, ¢ is GL(m)-invariant. With 
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the help of the next lemma, we shall be able to extend the map ¢ to the whole 
S?R™ x @'R™, 

Let us write V = @*R™. The map ¢@ induces a map GL(m) x V > R, 
(A, x) — G(ATA, 2x) = y(Az) and this map is extended by the same formula to 
a polynomial map f: gl(m) x V — R, linear in V. So f,(A) = f(A,z) = y(Az) 
is polynomial and O(m)-invariant for all 2 € V, and f(A,x) = ¢(A7A,z) if A 
invertible. 


Lemma. Let h: gl(m) — R be a polynomial map such that h(BA) = h(A) 
for all B € O(m). Then there is a polynomial F on the space of all symmetric 
matrices such that h(A) = F(A7 A). 


Proof. In dimension one, we deal with the well known assertion that each even 
polynomial, i.e. h(x) = h(—a), is a polynomial in «?. However in higher dimen- 
sions, the proof is quite non trivial. We present only the main ideas and refer 
the reader to our source, [Atiyah, Bott, Patodi, 73, p. 323], for more details. 

First notice that it suffices to prove the lemma for non singular matrices, for 
then the assertion follows by continuity. Next, if AA = P with P non singular 
and if there is a symmetric Q, Q? = P, then A lies in the O(m)-orbit of Q. 
Indeed, Q is also non singular and B = AQ! satisfies B'B = Q-'!ATAQ-1 = 
Im. So it suffices to restrict ourselves to symmetric matrices. 

Hence we want to find a polynomial map g satisfying h(Q) = g(Q?) for all 
symmetric matrices. For every symmetric matrix P, there is the square root 
VP = Q if we extend the field of scalars to its algebraic closure. This can be 
computed easily if we express P = B’ DB with an orthogonal matrix B and 
diagonal matrix D, since then VP = B?/DB and VD is the diagonal matrix 
with the square roots of the eigen values of P on its diagonal. But we should 
express @ as a universal polynomial in the elements p;; of the matrix P. Let us 
assume that all eigenvalues \; of P are different. Then we can write 


— P-d; 
= AG Z : 
o- Lvs ge 
Notice that the eigen values A; are given by rational functions of the elements 
piy of P. Thus, in order to make this to a polynomial expression, we have first to 
extend the field of complex numbers to the field AK of rational functions (i.e. the 
elements are ratios of polynomials in p;;’s). So for matrices with entries from K, 
all eigen values depend polynomially on p;;’s. We also need their square roots 
to express Q, but next we shall prove that after inserting Q = VP into h(Q) all 
square roots will factor out. For any fixed P, let us consider the splitting field 
L over K with respect to the roots of the equation det(P — \?) = 0. So VP is 
polynomial over L. As a polynomial map, h extends to gl(m, LZ) and the next 
sublemma shows that it is in fact O(m, L)-invariant. 


Sublemma. Let L be any algebraic extension of R and let f: O(m,L) > L be 
a rational function. If f vanishes on O(m,R) then f is zero. 

Proof. The Cayley map C: o(m,R) — O(m,R) is a birational isomorphism of 
the orthogonal group with an affine space. Hence there are ‘enough real points’ 
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to make zero all coefficients of the rational map. For more details see [Atiyah, 
Bott, Patodi, 73] 


Now the basic fact is, that for any automorphism o: L — L of the Galois 
group of L over K we have (¢Q)? = oP = P and since both Q and cQ are sym- 
metric, B = cQQ~! is orthogonal. Hence we get oh(Q) = h(cQ) = h(BQ) = 
h(Q). Since this holds for all o, h(Q) lies in K and so h(Q) = g(Q?) for a 
rational function g. 

The latter equality remains true if P is a real symmetric matrix such that all 
its eigen values are distinct and the denominator of g(P) is non zero. If g = F/G 
for two polynomials F and G, we get F(A’ A) = h(A)G(A™ A). If we choose A 
so that G(A™ A) = 0, we get F(A? A) = 0. Hence g is a globally defined rational 
function without poles and so a polynomial. 

Thus, we have found a polynomial F' on the space of symmetric matrices 
such that h(A) = F(A? A) holds for a Zariski open set in gl(m). This proves 
our lemma. 


Let us continue in the proof of the Weyl’s theorem. By the lemma, every 
fr satisfies f,(A) = g,(A? A) for certain polynomial g, and so we get a poly- 
nomial mapping g: S?R™* x V — R linear in V. For all B, A € GL(m,C) we 
have g((B-1)7 AT AB—!, Br) = f(AB~1, Bz) = f(A,z) = g(A7A,z) and so 
g: S°R™ x V > R is GL(m)-invariant. Then the composition of g with the 
symmetrization yields a polynomial GL(m)-invariant map @?R™* x @*R™ — R, 
linear in the second entry. Each multi homogeneous component of degree s+1 in 
the sense of 24.11 is also GL(m)-invariant and so its total polarization is a linear 
GL(m)-invariant map H: @?°R™*@@*R™ — R. Hence, by the Invariant tensor 
theorem, k = 2s and H is a sum of complete contractions over possible permu- 
tations of indices. Since the original mapping y is given by v(x) = g(Im, 2), 
Weyl’s theorem follows. 


33.3. To explain the coordinate form of 33.2, it is useful to consider an ar- 
bitrary metric G = (gj;) € S7R™. Let O(G) C GL(m) be the subgroup 
of all linear isomorphisms preserving G, so that O(m) = O(Im). Clearly, 
theorem 33.2 holds for O(G)-invariant tensors as well. Every O(G)-invariant 
tensor B = (By?) € @?R™ @ @YR”™* induces an O(G)-invariant tensor 
Gi ker ee a € @PtIR™, Hence theorem 33.2 implies that all O(G)- 
invariant tensors in ®?R™” @ ©7R”* with p+ q even are linearly generated by 
ik ink 
gs"? Go(hex)o(ka) + ++ o(jq-1)0 (4a) 

where g'* gj, = 05, g'? = g”, for all permutations o of p + q letters. 

Consequently, all O(G)-equivariant tensor operations are generated by: ten- 
sorizing by the metric tensor G: R™ — R* or by its inverse G: R™ — R™, 
applying contractions and permutations of indices, and taking linear combina- 
tions. 


33.4. Our next main goal is to prove the famous Gilkey theorem on natural 
exterior forms on Riemannian metrics, i.e. to determine all natural operators 
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S2T* ~» APT*. This will be based on 33.2 and on the reduction theorems from 
section 28. But since the resulting forms come from the Levi-Civita connection 
via the Chern-Weil construction, we first determine all natural operators trans- 
forming linear symmetric connections into exterior forms. This will help us to 
describe easily the metric operators later on. 

Let us start with a description of natural tensors depending on symmetric 
linear connections, i.e. natural operators Q,P! ~ T@, where T?OR™ = 
R” x @?R™ ® @YR™*. Each covariant derivative of the curvature R(T) € 
C™(TM @T*M ® A?T*M) of the connection T on M is natural. Further every 
tensor multiplication of two natural tensors and every contraction on one covari- 
ant and one contravariant entry of a natural tensor give new natural tensors. 
Finally we can tensorize any natural tensor with a GL(m)-invariant tensor, we 
can permute any number of entries in the tensor products and we can repeat 
each of these steps and take linear combinations. 


Lemma. All natural operators Q,P! ~ T®® are obtained by this procedure. 
In particular, there are no non zero operators if q—p=1 orq—p< 0. 


Proof. By 23.5, every such operator has some finite order r and so it is deter- 
mined by a smooth G"*?-equivariant map f: TQ — V, where Q is the standard 
fiber of the connection bundle and V = @?R™ @@!R™*. By the proof of the the- 
orem 28.6, there is a G1,-equivariant map g: W"~! > V such that f = goC"?. 
Here W"-1=W x... x W,1, W = R” @R™ @ A?R™, W; = W @@'R™, 
i=1,...,r—1. Therefore the coordinate expression of a natural tensor is given 
by smooth maps 


cana i 
ji---Jq jkliccto 


WwW. 


Tilda oHtidaa ). 
Hence we can apply the Homogeneous function theorem (see 24.1). The action 
of the homotheties cma EG! gives 


= M1..dy 
cl Pw. ‘P 


a — ta.tp ¢ Qa77t r+lyqzyi 
awd Ghls + W. Ww (c Wrretr- + 9€ Ww; 


a 
atid) ~~ J1-dq Rly sting) 


Hence the w’s must be sums of homogeneous polynomials of degrees d, in the 
variables Wixim,.m, Satisfying 


(1) 2dp +--+ + (r+1)d--1 =q-p. 


Now we can consider the total polarization of each multi homogeneous compo- 
nent and we obtain linear mappings 


S®W @---@S*-W,_1 — V. 


According to the Invariant tensor theorem, all the polynomials in question are 
linearly generated by monomials obtained by multiplying an appropriate number 
of variables Woate and applying some of the GL(m)-equivariant operations. 

If gq = p, then the polynomials would be of degree zero, and so only the 
GL(m)-invariant tensors can appear. If q— p = 1 or q—p < 0, there are no non 
negative integers solving (1). 
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33.5. Natural forms depending on linear connections. To determine 
the natural operators Q;P! ~» A?T*, we have to consider the case p = 0 and 
apply the alternation to the subscripts. It is well known that the Chern-Weil 
construction associates a natural form to every polynomial P which is defined 
on R™ @ R”™* and invariant under the action of GL(m). This natural form is 
obtained by substitution of the entries of the matrix valued curvature 2-form 
R for the variables and taking the wedge product for multiplication. So if P 
is homogeneous of degree j, then P(R) is a natural 2j-form. Let us denote by 
wg the form obtained from the tensor product of q copies of the curvature R 
by taking its trace and alternating over the remaining entries. In coordinates, 
Wg = (gat 7 Be where we alternate over all indices a,..., f. One 
finds easily that the polynomials P, depending on the entries of the matrix 2- 
form R correspond to the homogeneous components of degree q in det(I, + R) 
and so the forms wy equal the Chern forms cq up to the constant factor (i/(27))?. 

The wedge product on the linear space of all natural forms depending on 
connections defines the structure of a graded algebra. 


Theorem. The algebra of all natural operators Q,P! ~» @peoAPT™ is gener- 
ated by the Chern forms cq. 


In particular, there are no natural forms with odd degrees and consequently 
all natural forms are closed. 


Proof. We have to continue our discussion from the proof of the lemma 33.4. 
However, we need some relations on the absolute derivatives Ri klm1...m, Of the 
curvature tensor. First recall the antisymmetry, the first and the second Bianchi 


identity, cf. 28.5 


(1) Rie) = —Riip 
(2) Ry + Ring + Rig = 0 
(3) ibe a Fini + Ryankt =0 


. i 
Lemma. The alternation of Ferbane tive 


subscripts is zero. 


over any 3 indices among the first four 


Proof. Since the covariant derivative commutes with the tensor operations like 
the permutation of indices, it suffices to discuss the variables Rj py and R; eee 
By (2), the alternation over the subscripts in Ri 1 18 zero and (3) yields the same 


for the alternation over k, 1, m in Reatm-: In view of (1), it remains to discuss 


coer i ae : : i = i : 
the alternation of Rj,),, over j, l,m. (1) implies Rij.7 = —Rjmg, and so we 
can rewrite this alternation as follows 
jklm Rim qlmk ‘jlmk 
mkjl Rites milk milk 
i i i i 
lkmj ljkm Imjk Rimjke 
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The first three entries on each row form a cyclic permutation and hence give 
zero. The same applies to the last column. 


Now it is easy to complete the proof of the theorem. Consider first a monomial 
containing at least one quantity FR ithe ctiea with s > 0. Then there exists 
one term of the product with three free subscripts among the first four ones 
or one term R,, with all free subscripts, so that the monomial vanishes after 
alternation. Further, (1) and (2) imply Ri,, — Ri,; = —Rjj;- Hence we can 
restrict ourselves to contractions with the first subscripts and so all the possible 
natural forms are generated by the expressions eek 4 ee Lae where the 
indices a,..., f remain free for alternation. But these are coordinate expressions 
of the forms wy. 


33.6. Characteristic classes. The dimension of the homogeneous component 
of the algebra of natural forms of degree 2s equals the number 7(s) of the parti- 
tions of s into sums of positive integers. Since all natural forms are closed, they 
determine cohomology classes in the De Rham cohomologies of the underlying 
manifolds. It is well known from the Chern-Weil theory that these classes do 
not depend on the connection. This can be deduced as follows. 

Consider two linear connections I’, I’ expressed locally by r, rm €(T*M® 
TM)®T*M, and their curvatures Ri, Ri € (T* M@TM)@A°T*M. Write T; = 
tf + (1—2)F and analogously R; for the curvatures. Let P, be the polynomial 
defining the form w, and Q be its total polarization. We define 7,([,T) = 
qf, Q@ —T,Ri,...,R)dt. The structure equation yields £R, = £(dI,) 
a AT; -Ty A Ty = d(T —T) and we calculate easily in normal coordinates 


1 


_ d ete 
wg (LP) — w_(T) => F(R... Raat =4 f Qa Re, Re...) Re)dt 
0 0 


al 
= af dQ(F —T, Ry,...,Ry)dt = dr, (P,P). 
0 


In fact, Tz is one of many natural operators Q;P! x Q,P! ~ A?7-1T* and the 
integration helps us to find the proper linear combination of more elementary 
operators which are obtained by a procedure similar to that from 33.4-33.5. The 
form 7,([,T) is called the transgression. 


33.7. Natural forms on Riemannian manifolds. Since there is the natural 
Levi-Civita connection, we can evaluate the natural forms from 33.5 using the 
curvature of this connection. In this case 28.14.(3) holds, i.e. 


(1) Gin Wjktmny....1m, _ Gin W shbtide arin 
For gi; = 64j, r = 0, this implies 


(2) Reel — —Ri, 


‘ : Ce : Kg ky kg-1 : as 
and so the contractions in a monomial Ry! ,Rp) g++: Rivet yield zero if q is 


odd. The natural forms p; = (277)~ 9 wo5 are called the Pontryagin forms. The 


33. Topics from Riemannian geometry 271 


dimension of the homogeneous component of degree 4s of the algebra of forms 
generated by the Pontryagin forms is 7(s), cf. 33.6. 

If we assume the dependence of the natural operators on the metric, then 
every two indices of any tensor can be contracted. In particular, the complete 
contractions of covariant derivatives of the curvature of the Levi-Civita connec- 
tion give rise to natural functions of all even orders grater then one. Composing 
k natural functions with any fixed smooth function R* — R, we get a new natu- 
ral function. Since every natural form can be multiplied by any natural function 
without loosing naturality, we see that there is no hope to describe all natural 
forms in a way similar to 33.5. However, in Riemannian geometry we often meet 
operations with a sort of homogeneity with respect to the change of the scale of 
the metric and these can be described in more details. 

Our operators will have several arguments as a rule and we shall use the 
following brief notation in this section: Given several natural bundles Fy,..., Fo, 
we write Ff, x... x Fy for the natural bundle associating to each m-manifold MW 
the fibered product FM x yy... FM and similarly on morphisms. (Actually, 
this is the product in the category of functors, cf. 14.11.) Hence D: F\ x Fh ~ G 
means a natural operator transforming couples of sections from C'™(F,M/) and 
C™ (FM) to sections from C'° (GM) (which is also denoted by D: Fi @ F, ~ G 
in this book). Analogously, given natural operators D,: F, ~+ G, and D2: Fy ~ 
Go, we use the symbol dD, x D2: F, x Fy ~~ Gi x Go. 


Definition. Let £ and F be natural bundles over m-manifolds. We say that a 
natural operator D: S37* x E ~ F is conformal, if D(c?g,s) = D(g,s) for all 
metrics g, sections s, and all positive c € R. If F is a natural vector bundle and 
D satisfies D(c?g) = cD(g), then is called the weight of D. 

Let us notice that the weight of the metric g,; is 2 (we consider the inclusion 
g: 8, T* ~+ S°T*), that of its inverse g’? is —2, while the curvature and all its 
covariant derivatives are conformal. 


33.8. Gilkey theorem. There are no non zero natural forms on Riemannian 
manifolds with a positive weight. The algebra of all conformal natural forms on 
Riemannian manifolds is generated by the Pontryagin forms. 


33.9. Let us start the proof with a discussion on the reduction procedure de- 
veloped in section 28. Even if we have no estimate on the order, we can get 
an analogous result. Consider an arbitrary natural operator Q;P! x E ~ F. 
By the non-linear Peetre theorem, D is of order infinity and so it is determined 
by the restriction D of its associated mapping J°((Q,;P! x E)R™) — FR™ 
to the fiber over the origin. Moreover, we obtain an open filtration of the 
whole fiber J§°((Q;P! x E)R™) consisting of maximal G°°-invariant open sub- 
sets U, where the associated mapping D factorizes through Dy: me°(Ux) C 
Jk((Q,P! x E)R™) — FoR™. Now, we can apply the same procedure as in 
the section 28 to this invariant open submanifolds 7?°(U;). 

Let F be a first order bundle functor on Mfm, E be an open natural sub 
bundle of a vector bundle functor EF on M fm. The curvature and its covariant 
derivatives are natural operators p,: Q;P! ~+ R,;, with values in tensor bundles 
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Ry, RyR™ = R™ x Wy, Wo = R™@R™ @AZR™, Wry = W,@R™. Similarly, 
the covariant differentiation of sections of E forms natural operators d;: Q;P! x 
E ~» Ex, where Ey = E, EgR™ =: R™xVo, do is the inclusion, E,.R™ = R™xVj,, 
Vert = Ve @ R™. Let us write D® = (p0,..., pe—2,do,--- dz): Q;P! x Ex 
R’-? x E®, where R' = Ry x... x Ri, E' = Ey x... x E,. All D® are natural 
operators. In 28.8 we defined the Ricci sub bundles Z* Cc R'-? x E*® and we 
know D’: Q,P! x E~ Z*. 

Let us further define the functor Z© as the inverse limit of Z*, k € N, with 
respect to the obvious natural transformations (projections) pf: Z* > Z°,k > £, 
and similarly D©: Q;P! x E ~ Z®. Asa corollary of 28.11 and the non linear 
Peetre theorem we get 


Proposition. For every natural operator D: Q,P! x E ~ F there is a unique 
natural transformation D: Z°° > F such that D = DoD®. Furthermore, for ev- 
ery m-dimensional compact manifold M and every section s € C°(Q,;P!M x yy 
EM), there is a finite order k and a neighborhood V of s in the C*-topology 
such that Du|(D™) (V) = (72)*(Dz) for some (Dg): (D*)u(V) = 
C™(Z*M), and Dy|V = (Dr) 0 (D*) lV. 


In words, a natural operator D: Q, x E ~ F is determined in all coordinate 
charts of an arbitrary m-dimensional manifold M by a universal smooth mapping 
defined on the curvatures and all their covariant derivatives and on the sections 
of £M and all their covariant derivatives, which depends ‘locally’ only on finite 
number of these arguments. 


33.10. The Riemannian case. In section 28, we also applied the reduction 
procedure to operators depending on Riemannian metrics and general vector 
fields. In fact we have viewed the operators D: S}T* x E ~ F as operators 
D: Q,P! x (S2T* x E) ~ F independent of the first argument and we have 
used the Levi-Civité connection [': S}.7* ~+ Q;P! to write D as a composition 
D = Do(T,id). Since the covariant derivatives of the metric with respect to 
the metric connection are zero, we can restrict ourselves to sub bundles in the 
Ricci subspaces corresponding to the bundle S3.7* x E, which are of the form 
S2T* x Z* with Z* c R'-? x E¥, cf. 28.14. Let us notice that the bundles 
Z*®M involve the curvature of the Riemannian connection on M, its covariant 
derivatives, and the covariant derivatives of the sections of EM. Similarly as 
above, we define the inverse limits Z°° and D° and as a corollary of the non 
linear Peetre theorem and 28.15 we get 


Corollary. For every natural operator D: S3T* x E ~» F there is a nat- 
ural transformation D: $?T* x Z° — F such that D = Do D®™ o (I, id). 
Furthermore, for every m-dimensional compact manifold M and every section 
SE Ces ri <u EM), there is a finite order k and a neighborhood V of s 
in the Ck-topology such that Dy|(D® 0 (T,id))(V) = (72)*(Dp) ar, where 
(Dg)m: (D¥ o (T,id))m(V) > C®(Z*M), and Dy|V = (Dz) 0 (D*)u © 
(Tid) lV. 
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33.11. Polynomiality. Since the standard fiber Vo of Ep is embedded identi- 
cally into Aa by the associated map to the operator D*, we can use 28.16 and 
add the following proposition to the statements of 33.9, or 33.10, respectively. 


Corollary. The operator D is polynomial if and only if the operators DF are 
polynomial. Further D is polynomial with smooth real functions on the values of 
Eo, or S?.T*, as coefficients if and only if the operators D® are polynomial with 
smooth real functions on the values of Eo, or rer Age as coefficients, respectively. 


33.12. Natural operators D: S}T* ~ T'%, According to 33.9 we find G°°- 
invariant open subsets U, in J§°(S37*R™) forming a filtration of the whole jet 
space, such that on these subsets D factorizes through smooth G*+1!-equivariant 
mappings — a 


defined on 7g°U,. For large k’s, the action of the homotheties c~'d; on g’s is 
well defined and we get 


(1) Cf 7 Gites Outi) Tyg Sa set tei de 


Now, let us add the assumption that D is homogeneous with weight A, choose 
the change g +> c~g of the scale of the metric and insert this new metric into 
(1). We get 


—p—d pii-.-t ‘aie 1 k 
er ses (Gigs +++ 1 Gijly..ty) = Fi Ff Gigs € Pijitare 48 Gijla. By) 


This formula shows that the mappings Gee are polynomials in all variables 
except gj; with functions in g;; as coefficients. 

According to 33.11 and 28.16, the map D is on U; determined by a polynomial 
mapping a 
i1...dp (gi, Win, 7 Ww 


w= (wie j re ae) 


which is G! -equivariant on the values of the covariant derivatives of the curva- 
tures and the sections. If we apply once more the equivariance with respect to 
the homothety « ++ c7~!wx and at the same time the change of the scale of the 
metric g ++ c~7g, we get 


q—p—-r, t1tp a a — 
c W5r (Gigs Rjnts ++) Ri kteny...me—o) i 
ty .tp 2 pi kent 
= Wi ig (9i5,€ PRykls ++ € Ren catia.) 


This homogeneity shows that the polynomial functions oe must be sums of 


homogeneous polynomials with degrees ae in the variables Ri ie 


satisfying 
(2) 2a9 +-+++kap-2 =q-—p-A 


and their coefficients are functions depending on gj;’s. 
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Now, we shall fix g;; = 6;; and use the O(m)-equivariance of the homogeneous 
components of the polynomial mapping w. For this reason, we shall switch to 
the variables Rijkim,..ms = JiaRGpim,..m,- Using the standard polarization tech- 
nique and H. Weyl’s theorem, we get that each multi homogeneous component 
in question results from multiplication of variables Rijkim,,...,m,, 5 = 9,1,-..57, 
and application of some O(m)-equivariant tensor operations on the target space. 
Hence our operators result from a finite number of the following steps. 


(a) take tensor product of arbitrary covariant derivatives of the curvature 
tensor 

(b) tensorize by the metric or by its inverse 

(c) apply arbitrary GL(m)-equivariant operation 

(d) take linear combinations. 


33.13. Remark. If q—p = A+1, then there is no non negative integer solution 
of 33.12.(2) and so all natural tensors in question are zero. The case q = 2, 
p = 1, A = 0 implies that the Levi-Civita connection is the only conformal 
natural connection on Riemannian manifolds. 

Indeed, the difference of two such connections is a natural tensor twice co- 
variant and once contravariant, and so zero. 


33.14. Consider now A?R”* as the target tensor space. So in the above proce- 
dure, all indices which were not contracted must be alternated at the end. Since 
the metric is a symmetric tensor, we get zero whenever using the above step 
(b) and alternating over both indices. But contracting over any of them has no 
proper effect, for 6:;Rjkinmi,...yms = Rikinmy,...,m.. SO we can omit the step (b) 
at all. 

The first Bianchi identity and 33.7.(1) imply Rijx: = Reuj. Then the lemma 
in 33.5 and 33.7.(1) yield 


Lemma. The alternation of Rijkim,...m,, 0 < 8, over arbitrary 3 indices among 
the first four or five ones is zero. 


Consider a monomial P in the variables Rijxiq. with degrees ag in Rijkim,...ms- 
In view of the above lemma, if P remains non zero after all alternations, then we 
must contract over at least two indices in each Rjjxiq and so we can alternate 
over at most 2a9+---+ka,_2 indices. This means p < 2a9+---+kap_2 = p—X. 
Consequently A < 0 if there is a non zero natural form with weight A. This proves 
the first assertion of theorem 33.8. 

Let \ = 0. Since the weight of g’? is —2, any contraction on two indices 
in the monomial decreases the weight of the operator by 2. Every covariant 
derivative Rijkim,...m, Of the curvature has weight 2. So we must contract on 
exactly two indices in each Rijkim,...m, Which implies there are s + 2 of them 
under alternation. But then there must appear three alternated indices among 
the first five if s # 0. This proves a, = --- = az_2 = 0, so that p = 2a9. Hence 
all the natural forms have even degrees and they are generated by the forms 
wg, cf. 33.5. As we deduced in 33.7, these forms are zero if their degree is not 
divisible by four. 

This completes the proof of the theorem 33.8. 


33. Topics from Riemannian geometry 275 


33.15. Remark. The original proof of the Gilkey theorem assumes a poly- 
nomial dependence of the natural forms on a finite number of the derivatives 
Gij,a Of the metric and on the entries of the inverse matrix g4, but also the 
homogeneity in the weight, [Gilkey, 73]. Under such polynomiality assumption, 
our methods apply to all natural tensors. In particular, it follows easily that 
the Levi-Civita connection is the only second order polynomial connection on 
Riemannian manifolds. Of course, the latter is not true in higher orders, for we 
can contract appropriate covariant derivatives of the curvature and so we get 
natural tensors in T @ T* @ T* of orders higher than two. 


33.16. Operations on exterior forms. The approach from 33.4—33.5 can be 
easily extended to the study of all natural operators D: Q,P! x TO) ~» T(@?) 
with s < rors =r=0. This was done in [Slovak, 92a], we shall present only 
the final results. If we omit the assumption on s and r, we have to assume the 
polynomiality. 


Theorem. All natural operators D: Q,P! xT") ~ T(@?), s <r, are obtained 
by a finite iteration of the following steps: take tensor product of arbitrary 
covariant derivatives of the curvature tensor or the covariant derivatives of the 
tensor fields from the domain, apply arbitrary GL(m)-equivariant operation, 
take linear combinations. In the case s = r = 0 we have to add one more 
step, the compositions of the functions from the domain with arbitrary smooth 
functions of one real variable. 

The algebra of all natural operators D: Q-P! x T:") ~» AT*, r > 0, is 
generated by the alternation, the exterior derivative d and the Chern forms Cg. 

The algebra of all natural operators D: Q,;P! x T ~» AT* is generated 
by the compositions with arbitrary smooth functions of one real variable, the 
exterior derivative d and the Chern forms Cg. 


The proof of these results follows the lines of 33.4-33.5 using two more lemmas: 
First, the alternation on all indices of the second covariant derivative V7t of an 
arbitrary tensor t € C™°(@*R™*) is zero (which is proved easily using the Bianchi 
and Ricci identities) and , second, the alternation of the first covariant derivative 
of an arbitrary tensor t € C°°(@*R™*) coincides with the exterior differential of 
the alternation of t (this well known fact is proved easily in normal coordinates). 


33.17. Operations on exterior forms on Riemannian manifolds. A mod- 
ification of our proof of the Gilkey theorem for operations on exterior forms on 
Riemannian manifolds, which is also based on the two lemmas mentioned above, 
appeared in [Slovak, 92a]. The equality 33.7.(2) on the Riemannian curvatures 
can be expressed as Ryjx1 = Rjixi, and this holds for curvatures of metrics 
with arbitrary signatures. This observation extends our considerations to pseu- 
doriemannian manifolds, see [Slovak, 92b]. In particular, our proof of the Gilkey 
theorem extends to the classification of natural forms on pseudoriemannian man- 
ifolds. Let us write al fa for the bundle functor of all non degenerate symmetric 
two-forms. The definition of the weight of the operators depending on metrics 
and the definition of the Pontryagin forms extend obviously to the pseudorie- 
mannian case. All the considerations go also through for metrics with any fixed 


276 Chapter VII. Further applications 


signature. 


Theorem. All natural operators D: ree A x Te") ~~ TP), s <r, homoge- 
neous in weight are obtained by a finite iteration of the following steps: take 
tensor product of arbitrary covariant derivatives of the curvature tensor or the 
covariant derivatives of the tensor fields from the domain, tensorize by the metric 
or its inverse, apply arbitrary GL(m)-equivariant operation, take linear combi- 
nations. In the case s = r = 0 we have to add one more step, the compositions 
of the functions from the domain with arbitrary smooth functions of one real 
variable. 

There are no non zero operators D: S2,,T* x T©") ~» AT*, r > 0, with a 
positive weight. The algebra of all conformal natural operators S?,,T* x T©") ~ 
AT*, r > 0, is generated by the alternation, the exterior derivative d and the 
Pontryagin forms pq. 

The algebra of all conformal natural operators D: $?,,T* x T°) ~+ AT* 
is generated by the compositions with arbitrary smooth functions of one real 
variable, the exterior derivative d and the Pontryagin forms pq. 


The discussion from the proof of these results can be continued for every fixed 
negative weight. In particular, the situation is interesting for \ = —2 and linear 
operators D: APT* ~» AP?T* depending on the metric. Beside the compositions 
doo and 60d of the exterior differential d and the well known codifferential 
5: AP ~» AP-+ (the Laplace-Beltrami operator is A = 6 od+do6), there are 
only three other generators: the multiplication by the scalar curvature, the con- 
traction with the Ricci curvature and the contraction with the full Riemmanian 
curvature. This classification was derived under some additional assumptions in 
[Stredder, 75], see also [Slovdk, 92b]. 


33.18. Oriented pseudoriemannian manifolds. It is also quite important 
in Riemannian geometry to know what are the operators natural with respect to 
the orientation preserving local isometries. We shall not go into details here since 
this would require to extend the description from 33.2 to all SO(m)-invariant 
linear maps and then to repeat some steps of the proof of the Gilkey theo- 
rem. This was done in [Stredder, 75] (for the polynomial forms and Riemannian 
manifolds), and in [Slovak, 92b]. Let us only remark that on oriented pseu- 
doriemannian manifolds we have a natural volume form w: i ~ A™T* and 
natural transformations *«: A?T* > A™~?T*. All natural operators on oriented 
pseudoriemannian manifolds homogeneous in the weight are generated by those 
described above, the volume form w, and the natural transformations *. 

As an example, let us draw a diagram which involves all linear natural con- 
formal operators on exterior forms on oriented pseudoriemannian manifolds of 
even dimensions which do not vanish on flat pseudoriemannian manifolds, up to 
the possible omitting of the d’s on the sides in the operators indicated by the 
long arrows. (More explicitely, we do not consider any contribution from the 
curvatures.) The symbols ? refer, as usual, to the p-forms, the plus and minus 
subscripts indicate the splitting into the selfdual and anti-selfdual forms in the 

1 


degree 5m. 
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In the even dimensional case, there are no natural conformal operators be- 
tween exterior forms beside the exterior derivatives. For the proofs see [Slovak, 
92b]. 

We should also remark that the name ‘conformal’ is rather misleading in the 
context of the natural operators on conformal (pseudo-) Riemannian manifolds 
since we require the invariance only with respect to constant rescaling of the 
metric (cf. the end of the next section). On the other hand, each natural operator 
on the conformal manifolds must be conformal in our sense. 


Q? d qi d,... _d qQp-1 Qt d,... _d qmr-1 d qm 
sg eee | 


Dp—1=d*d=dod4 —dod— 


D,=do(*d)™~? 


Do=do(*d)™~1 


33.19. First order operators. The whole situation becomes much easier if 
we look for first order natural operators D: S?.T* ~ (F,G), where F and G are 
arbitrary natural bundles, say of order r. Namely, every metric g on a manifold 
M satisfies gi; = di; and Oo ‘4 = 0 at the center of any normal coordinate chart. 
Therefore, if D, D are two such operators and if their values Dpm(g), Drm (g) 
on the canonical Euclidean metric g on R™ coincide on the fiber over the origin, 
then D = D. Hence the whole classification problem reduces to finding maps 
between the standard fibers which are equivariant with respect to the action of 
the subgroup O(m) x BT Cc Gl, x BY = GT". In fact we used this procedure in 
section 29. 

Let us notice that the natural operators on oriented Riemannian manifolds 
are classified on replacing O(m) « BT by SO(m) x BY. If we modify 29.7 in such 


a way, we obtain (cf. [Slovak, 89]) 


Proposition. All first order natural connections on oriented Riemannian man- 
ifolds are 
(1) The Levi-Civita connection I, ifm > 3 orm = 2 
(2) The one parametric family [+ kD, where D, means the scalar product 
and k €R, ifm=1 
(3) The one parametric family 1 + kD3 where D3 means the vector product 
and k ER, ifm = 3. 


33.20. Natural metrics on the tangent spaces of Riemannian mani- 
folds. At the end of this section, we shall describe all first order natural opera- 
tors transforming metrics into metrics on the tangent bundles. The results were 
proved in [Kowalski, Sekizava, 88] by the method of differential equations. Let 
us start with some notation. 
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We write my: TM — M for the natural projection and F for the natural 
bundle with FM = 73,(T* @T*)M > M, Ff (Xz, 92) = (Tf. Xx, (T* @T"*) f.gz) 
for all manifolds M, local diffeomorphisms f, Xz; € T,M, gz € (T* ®T*)2M. 
The sections of the canonical projection FM — TM are called the F-metrics 
in literature. So the F-metrics are mappings TM © TM © TM — R which are 
linear in the second and the third summand. We first show that it suffices to 
describe all natural F-metrics, i.e. natural operators S}7* ~» (T, F). 

There is the natural Levi-Civité connection T: TM @TM — TTM and the 
natural equivalence vv: TMOTM — VTM. There are three F-metrics, naturally 
derived from sections G: TM — (S?T*)TM. Given such G on TM, we define 


(1) Y2(G)(u, X, Y) = G(T(u, X),v(u, Y)) 


Since G is symmetric, we know also G(v(u, X),T'(u, Y)) = y2(G)(u, Y, X). No- 
tice also that 7; and y3 are symmetric. 

The connection I defines the splitting of the second tangent space into the 
vertical and horizontal subspaces. We shall write X,., = X? + X® for each 
Xou € T,.TM, m(u) = x. Since for every X,,, there are unique vectors Xhe 
T,M, X° € T,M such that T(u, X") = X? and v(u, X”) = X®, we can recover 
the values of G from the three F-metrics 7, 


(2) G(Xa,u; Yow) mae (G) (u, Su ¥" zo 72(G)(u, x", Y”) 
+ 72(G)(u, ¥", X°) + 73(G)(u, X°, ¥”). 
Lemma. The formulas (1) and (2) define a bijection between triples of natural 


F-metrics where the first and the third ones are symmetric, and the natural 
operators S¢.T* ~+ (S?T*)T. 


33.21. Let us call every section G: TM — (S?T*)TM a (possibly degenerated) 
metric. If we fix an F-metric 6, then there are three distinguished constructions 
of a metric G. 


(1) If 6 symmetric, we choose 7; = y3 = 6, 72 = 0. So we require that G 
coincides with 6 on both vertical and horizontal vectors. This is called 
the Sasaki lift and we write G = 6°. If 6 is non degenerate and positive 
definite, the same holds for 6°. 

(2) We require that G coincides with 6 on the horizontal vectors, i.e. we put 
v1 = 6, ¥2 = 73 = 0. This is called the vertical lift and G is a degenerate 
metric which does not depend on the underlying Riemannian metric. We 
write G = 0”. 

(3) The horizontal lift is defined by y2 = 6, 71 = 73 = 0 and is denoted by 
G = 6". If 6 positive definite, then the signature of G is (m,m). 


We can reformulate the lemma 33.20 as 
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Proposition. There is a bijective correspondence between the triples of nat- 
ural F-metrics (a, 3,7), where a and y are symmetric, and natural (possibly 
degenerated) metrics G on the tangent bundles given by 


G=a°+ p+’. 


33.22. Proposition. All first order natural F-metrics a in dimensions m > 1 
form a family parameterized by two arbitrary smooth functions 1, v: (0,00) + R 


in the following way. For every Riemannian manifold (M,g) and tangent vectors 
u, X,Y €T,M 


(1) Q(M,g) (u)(X, Y) = u(g(u, u))g(X, Y) ae v(g(u, u))g(u, X)g(u, ¥). 


Ifm =1, then the same assertion holds, but we can always choose v = 0. 
In particular, all first order natural F-metrics are symmetric. 


Proof. We have to discuss all O(m)-equivariant maps a: R”™ — R™ @R™. 
Denote by g° = )¢,dzx' ® dx’ the canonical Euclidean metric and by | | the 


induced norm. Each vector v € R™ can be transformed into |v| sor Hence a 


lo 
is determined by its values on the one-dimensional subspace spanned by sr le 
Moreover, we can also change the orientation on the first axis, i.e. we have to 
define a only on t sor 9 with positive reals ¢. 

Let us consider the group G of all linear orthogonal transformations keeping 
aerlo fixed. So for every t € R the tensor G(t) = a(tz2r) e€ R™ © R™ is 
G-invariant. On the other hand, every such smooth map ( determines a natural 
F-metric. 

So let us assume s;;dx' @ dx’ is G-invariant. Since we can change the orien- 
tation of any coordinate axis except the first one, all s;; with different indices 
must be zero. Further we can exchange any couple of coordinate axis different 
from the first one and so all coefficients at dx’ @dx', i £ 1, must coincide. Hence 


all G-invariant tensors are of the form 
(2) vdx' ® dx! + pg. 


The reals ys and v are independent, if m > 1. In dimension one, G is the trivial 
group and so the whole one dimensional tensor space consists of G-invariant 
tensors. 

Thus, our mapping ( is defined by (2) with two arbitrary smooth functions 
ye and vy (and they can be reduced to one ifm = 1). Givenv =t aor or we can 
write 


apm go) (v)(X,Y) = B(v])(X,Y) = w(lol)g°(X, Y) + v(a)lul 9° (w, X)g°(v, Y) 


In order to prove that all natural F-metrics are of the form (1), we only have 
to express ju(t), v(t) as o(t?) = t-2v(t) and fi(t?) = p(t) for all positive reals, 
see 33.19. Obviously, every such operator is natural and the proposition is 
proved. 
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33.23. If we use the invariance with respect to SO(m) in the proof of the above 
proposition, we get 


Proposition. All first order natural F-metrics a on oriented Riemannian mani- 
folds of dimensions m form a family parameterized by arbitrary smooth functions 
Ll, V, K, A: (0,00) — R in the following way. For every Riemannian manifold 
(M,g) of dimension m > 3 and tangent vectors u, X, Y € T,M 


Q(M,g) (u)(X, Y) — B(g(u, u))g(X, Y) at v(g(u, u))g(u, X)g(u, Y). 


Ifm =3 then 


QM, g) (u) (X, Y)= u(g(u, u))G(X, ice v(g(u, u))g(u, X)g(u, Y) 
+ K(g(u, u))g(u, X x Y) 


where x means the vector product. If m = 2, then 


Q(M,g) (u)(X, Y) = L(g(u, u))g(X, Y) a v(g(u, u))g(u, X)g(u, Y) 
+ K(g(u, u))(g(J9(u), X)g(u, Y) + 9(J7(u), Y)g(u, X)) 
+ Ag(u, u))(g(I9(u), X)g(u, Y) — g(J9(u), Y)g(u, X)) 


where J9 is the canonical almost complex structure on (M,g). In the dimension 
m = 1 we get 
am.) (u)(X,Y) = w(g(u, u))g(X,Y). 


33.24. If we combine the results from 33.20-33.23 we deduce that all natural 
metrics on tangent bundles of Riemannian manifolds depend on six arbitrary 
smooth functions on positive real numbers if m > 1, and on three functions in 
dimension one. 

The same result remains true for oriented Riemannian manifolds if m > 3 
or m = 1, but the metrics depend on 7 real functions if m = 3 and on 10 real 
functions in dimension two. 


34. Multilinear natural operators 


We have already discussed several ways how to find natural operators and 
all of them involve some results from representation theory. Our general proce- 
dures work without any linearity assumption and we also used them in section 
30 devoted to the bilinear operators of the type of Frélicher-Nijenhuis bracket. 
However, there are very effective methods involving much more linear represen- 
tation theory of the jet groups in question which enable us to solve more general 
classes of problems concerning linear geometric operations. 

In fact, the representation theory of the Lie algebras of the infinite jet groups, 
i.e. the formal vector fields with vanishing absolute terms, plays an important 
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role. Thus, the methods differ essentially if these Lie algebras have finite dimen- 
sion in the geometric category in question. The best known example beside the 
Riemannian manifolds is the category of manifolds with conformal Riemannian 
structure. 

Although we feel that this theory lies beyond the scope of our book, we would 
like to give at least a survey and a sort of interface between the topics and the 
terminology of this book and some related results and methods available in the 
literature. For a detailed survey on the subject we recommend [Kirillov, 80, 
pp. 3-29]. The linear natural operators in the category of conformal pseudo- 
Riemannian manifolds are treated in the survey [Baston, Eastwood, 90]. 

Some basic concepts and results from representation theory were treated in 
section 13. 


34.1. Recall that every natural vector bundles F),...,Em,E: Mfn —-~ FM 
of order r correspond to G?.-modules Vi,...,Vm,V. Further, m-linear natural 
operators D: C®(E) ®--- @ Em) = C™(E) x ... x C®(En) — C®(E) are 
of some finite order k (depending on D), cf. 19.9, and so they correspond to 
m-linear G'+-equivariant mappings D defined on the product of the standard 
fibers T*V; of the k-th prolongations J*E;, D: TPV; x ... x T*Vm — V, see 
14.18 or 18.20. Equivalently, we can consider linear G*+’-equivariant maps 
D: TEV, @---@T*V,, + V. We can pose the problem at three levels. 

First, we may fix all bundles F),... , £,,, £ and ask for all m-linear operators 
D: E,@::-@En ~ E. This is what we always have done. 

Second, we fix only the source £, @---G E,,, so that we search for all m-linear 
geometric operations with the given source. The methods described below are 
efficient especially in this case. 

Third, both the source and the target are not prescribed. 

We shall first proceed in the latter setting, but we derive concrete results only 
in the special case of first order natural vector bundles and m = 1. Of course, the 
results will appear in a somewhat implicit way, since we have to assume that the 
bundles in question correspond to irreducible representations of GL = GL(n). 
We do not lose much generality, for all representations of GL(n) are completely 
reducible, except the exceptional indecomposable ones (cf. [Boerner, 67, chapter 
V]). But although all tensorial representations are decomposable, it might be a 
serious problem to find the decompositions explicitly in concrete examples. This 
also concerns our later discussion on bilinear operations. In particular, we do 
not know how to deduce explicitly (in some short elementary way) the results 
from section 30 from the more general results due P. Grozman, see below. 


34.2. Given linear representations 7, p of a connected Lie group G on vector 
spaces V, W, we know that a linear mapping y: V — W is a G-module ho- 
momorphism if and only if it is a gmodule homomorphism with respect to the 
induced representations T'7, Tp of the Lie algebra g on V, W, see 5.15. So if 
we find all g*+’-module homomorphisms D: TEV, @ --- @ TEV, — V, we de- 
scribe all (G'+")+-equivariant maps and so all operators natural with respect to 
orientation preserving diffeomorphisms. Hence we shall be able to analyze the 
problem on the Lie algebra level. But we first continue with some observations 
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concerning the G7+*-modules. 

Recall that for every G.-module V with homogeneous degree d (as a Gi- 
module) the induced Gt+*-module T*V decomposes as G'L(n)-module into the 
sum TRV = Vo ®---@ Vy of GL(n)-modules V; with homogeneous degrees d — i. 
Hence given an irreducible Gl-module W and a G*+"-module homomorphism 
y: T*V = W such that kery does not include Viz, W must have homogeneous 
degree d—k and TEV is a decomposable G’+*-module by virtue of 13.14. Hence 
in order to find all Gk*+™-module homomorphisms with source TV we have to 
discuss the decomposability of this module. Note T*V is always reducible if 
k > 0, cf. 13.14. A corollary in [Terng, 78, p. 812] reads 

If V is an irreducible G1-module, then T*V is indecomposable except V = 
APR™, k =1. 

So an explicit decomposition of T(A?R"*) leads to 


Theorem. All non zero linear natural operators D: E, ~ E between two nat- 
ural vector bundles corresponding to irreducible G!-modules are 

(1) Ey = APT*, B= AP*'T*, D=k.d, wherek ECR, n> p>0 

(2) AE, =E, Paki KER. 


This theorem was originally formulated by J. A. Schouten, partially proved 
by [Palais, 59] and proved independently by [Kirillov, 77] and [Terng, 78]. Terng 
proved this result by direct (rather technical) considerations and she formulated 
the indecomposability mentioned above as a consequence. Her methods are not 
suitable for generalizations to m-linear operations or to more general categories 
over manifolds. 


34.3. If we pass to the Lie algebra level, we can include more information ex- 
tending the action of g**” to an action of the whole algebra g = g_1 Ogo®@... 
of formal vector fields X = ae =o Ua oo on R”. In particular, the action of 
the (abelian) subalgebra of constant vector fields g_, will exclude the general 
reducibility of TEV. 


Lemma. The induced action of g§*" on TEV = (J*E)oR” is given by the Lie 
differentiation aa X.jés = jk(L_xs) and this formula extends the action to 
the Lie algebra g of formal vector fields. Every g*+’-module homomorphism 
yp: TEV = W is a g-module homomorphism. 


Proof. We have 


io’ X.598 = ~ alee expt.jot® xX (ge s)= (by 13.2) 
= Silo Sjrtemix os) = (by 14.18) 
= 2| jk (E(FIX) 080 FIX,) = (by 6.15) 
= iil xe 


Each g*+"-module homomorphism y: T*V — W defines an operator D natural 
with respect to orientation preserving local diffeomorphisms. It follows from 6.15 
that every natural linear operator commutes with the Lie differentiation (this 
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can be seen easily also along the lines of the above computation and we shall 
discuss even the converse implication in chapter XI). Hence for all jg°X € g, 
“k k 
Jos € TV 


jo Xp(jRs) = L_xDs(0) = D(L_xs)(0) = p(ik(L_xs)) = PIS X58) 


and so y is a g-module homomorphism. 


34.4. Consider a G’-module V, a g-module homomorphism y: TFV — W and 
its dual y*: W* > (TEV)*. If W is a G2-module, then the subalgebra 6, = 
Gq © Gq41 © --- ing acts trivially on the image Imy* Cc (TEV)*. 

We say that a g-module V is of height p if g,.V = 0 for allg > pandg,.V 40. 


Definition. The vectors v € T*V with trivial action of all homogeneous com- 
ponents of degrees greater then the height of V are called singular vectors. 

An analogous definition applies to subalgebras a C g with grading and a- 
modules. 

So the linear natural operations between irreducible first order natural vec- 
tor bundles are described by g*+!-submodules of singular vectors in (TEV)*. 
Similarly we can treat m-linear operators on replacing (T*V)* by (TEV\)* @ 
--»@ (T*Vm)*. Since all modules in question are finite dimensional, it suffices 
to discuss the highest weight vectors (see 34.8) in these submodules which can 
also lead to the possible weights of irreducible modules V. For this purpose, one 
can use the methods developed (for another aim) by Rudakov. Remark that the 
Kirillov’s proof of theorem 34.2 also analyzes the possible weights of the modules 
V, but by discussing the possible eigen values of the Laplace-Casimir operator. 

First we have to derive some suitable formula for the action of g on (TFV)*. 
In what follows, V and W will be G-modules and we shall write 0; = aor € g-1. 


34.5. Lemma. (TEV)* = Sane S*(g_1) @V*. 


Proof. Every multi index a = 71... tq), 41 < +++ < tq, yields the linear map 
ETeV =v, alii s) = (Cg. 28 L_a, |, 8)(0)- 


Since the elements in g_; commute, we can view the elements in S!@!(g_,) as 
linear combinations of maps £4. Now the contraction with V* yields a linear 
map )>*_, S'(g_1) @V* > (TEV)*. This map is bijective, since (T*V)* has a 
basis induced by the iterated partial derivatives which correspond to the maps 
be. 


This identification is important for our computations. Let us denote 0; = 
L_a, € g*, = S'(g_1), so the elements £4 can be viewed as (, = ;,0.. SS = 
Slel(g_1) and we have £4 = 0 if |a| > k. Further, for every @ € g we shall denote 
GE ph = (1) Ops (eae Oust lene 
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34.6. Lemma. The action of  € gg on ly @v € S”? @®V* is 


bla @v= S> lg @(adl,Ouvt+ SY > (€go (ade,.£)) @v. 
B+y=a B+y=a 
lyl=a lyl=qt1 


Proof. We compute with 0 = j&X € gq 
£.(lq @ v)(I98) = —(la ® v)(L.508) = (la ® v) (Ig (Lx8)) = ((la 0 £xs)(0), v). 


Since 0; 0 Ly = Ly of; + Lia, y) for all Y € g, 1 <j <n, and [0;,g)] C gi-1, 
we get 


L.(Le ® v) (jos) = (Ci, “Ss £;, Lx, 8(0), v) + (Cis Sine £;,1£-9,, x] $(0), v) 


and the same procedure can be applied p times in order to get the Lie derivative 
terms just at the left hand sides of the corresponding expressions. Each choice 
of indices among i1,... , 4p determines just one summand of the outcome. Hence 
we obtain (the sum is taken also over repeating indices) 


£.(lq ® v)(j58) = S> ((adé,.£).€28(0), v). 
B+y=a 


Further ad¢,.é = 0 whenever |y| > g+1 and for all vector fields Y € gOgi®... 
we have 


(Ly © €38)(0),v) = —((€s8)(0), Ly v) 


so that only the terms with |y| = q or |y| = q+1 can survive in the sum (notice 
Y € gp, p> 1, implies Lyv = 0). Since 6 = jXY € go acts on (the jet of constant 
section) v by £.u = L_yv(0), we get the result. 


34.7. Example. In order to demonstrate the computations with this formula, 
let us now discuss the linear operations in dimension one. 

We say that V is a g*-module homogeneous in the order if there is ko such 
that gz,-v = 0 implies v = 0 and gy.v = 0 for all v and! > ky. Each g*-module 
includes a submodule homogeneous in order. Indeed, the isotropy algebra of 
each vector v contains some kernel 6;, 1 < k, denote |, the minimal one. Let p 
be the minimum of these l’s. Then the set of vectors with |, = p is a submodule 
homogeneous in order. In particular, every irreducible module is homogeneous 
in order. 

Consider a gt module V homogeneous in order. For every non zero vector 
a=) @ve S?(g_1) @V* Cc (TEV)* and £ € gi we get 


la = —p* @ (01, 4u + (B)A? o[, [01,4] ®v. 


Take = x? so that [0,4] = 20 =: 2h and [0;, [01, 4] = 20). 
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Assume now 6;.a = 0. Then 
0 = £.a = &' @ (—2ph.v + p(p — 1)v) 


so that 2h.v = (p—1)v or p=0. 
Further, set ¢= 234. 


O=La= (2)? @ (dr, [A1,4]-v — QA ?.[01, [A1, [A1, A] @ v 
= 0)? & (3p(p — 1)h.v — p(p — 1)(p — 2)v). 


Hence either p = 0 or p = 1 or 3h.v = 3(p—1)v = (p—2)v. The latter is not 
possible, for it says p = —1. The case p = 0 is not interesting since the action 
of 6; on all vectors in V* = S°(g_1) ® V* is trivial. But if p = 1 we get h.v =0 
and so the homogeneity in order implies the action of gt on V is trivial. Hence 
V = R if irreducible. Moreover, the submodule generated by a in (T}R)* is 
é, ® R with the action h.té; = 0+ té;. Hence if y: TLV — W is a g-module 
homomorphism and if both V and W are irreducible, then either y factorizes 
through y: V — W which means V = W, y = k.idy, or V = R, W = R* with 
the minus identical action of gt. In this way we have proved theorem 34.2 in the 
dimension one. 


34.8. The situation in higher dimensions is much more difficult. Let us mention 
some concepts and results from representation theory. Our source is [Zhelobenko, 
Shtern, 83] and [Naymark, 76]. 

Consider a Lie algebra g and its representation p in a vector space V. An 
element A € g* is called a weight if there is a non zero vector v € V such that 
p(x)v = A(x)v for all « € g. Then v is called a weight vector (corresponding 
to A). If h C g is a subalgebra, then the weights of the adjoint representation 
of § in g are called roots of the algebra g with respect to h. The corresponding 
weight vectors are called the root vectors (with respect to §). 

A maximal solvable subalgebra 6 in a Lie algebra g is called a Borel subalgebra. 
A maximal commutative subalgebra  C g with the property that all operators 
adz, x € h, are diagonal in g is called a Cartan subalgebra. 

In our case g = gl(n), the upper triangular matrices form the Borel subalgebra 
6b, while the diagonal matrices form the Cartan subalgebra h. Let us denote 
n, the derived algebra [b,,6+], ie. the subalgebra of triangular matrices with 
zeros on the diagonals. Consider a gl(n)-module V. A vector v € V is called 
the highest weight vector (with respect to b;) if there is a root \ € h* such that 
x.v — A(x)v = 0 for all « € b and xv = 0 for all x € ny. The root d is called 
the highest weight. In our case we identify h* with R”. 

The highest weight vectors always exist for complex representations of com- 
plex algebras and are uniquely determined for the irreducible ones. The pro- 
cedure of complexification allows to use this for the real case as well. So each 
finite dimensional irreducible representation of gl(n) is determined by a high- 
est weight (A1,-.-,An) € C such that all A; — Aj; are non negative integers, 
ti=1,...,n—-1. 


286 Chapter VII. Further applications 


34.9. Examples. Let us start with the weight of the canonical representation 
on R” corresponding to the tangent bundle T. The aie ofa = (ar). aF = 55} 
for some j < i, (corresponding to the action of X = 2’ 55 ; given by the negative 
of the Lie derivative) on a highest weight vector v must be zero, so that only its 
first coordinate can be nonzero. Hence the weight is (1,0,...,0). 

Now we compute the weights of the irreducible modules A?R”*. The action 
of X = ae, on a (constant) form w is L_xw. Since Lydzx! = dida* we 
get (cf. 7.6) that if X.w = 0 for all 7 < 7 then w is a constant multiple of 
dx”—P+1 \... A dx”. Further, the action of L_xi/agi ON dx A --- A dx” is 
minus identity if ¢ appears among the indices i; and zero if not. Hence the 
highest weight is (0,...,0,—1,...,—1) with n — p zeros. Similarly we compute 
the highest weight of the dual A?R”, (1,...,1,0,...,0) with n — p zeros. 

Analogously one finds that the highest weight vector of S?R™* is the sym- 
metric tensor product of p copies of dx” and the weight is (0,...,0,—p). 


34.10. Let us come back to our discussion on singular vectors in (T*V)* for an 
irreducible gl(n)-module V. In our preceding considerations we can take suitable 
subalgebras with grading instead of the whole algebra g of formal vector fields. 
It turns out that one can describe in detail the singular vectors in dimension two 
and for the subalgebra of divergence free formal vector fields. We shall denote 
this algebra by s(2) and we shall write s5 for the Lie algebras of the corresponding 
jet groups. We shall not go into details here, they can be found in [Rudakoy, 74, 
pp. 853-859]. But let us indicate why this description is useful. A subalgebra 
a C g is called a testing subalgebra if there is an isomorphism s(2) > a C g 
of algebras with gradings and a distinguished subspace w(a) C g_1 such that 
g-1 =a_1 @w(a), [a, w(a)] = 0. 

Lemma. Let V be a gi-module, (TeV i use » S*(g-1) ®@ V* andacg bea 
testing subalgebra. Then V = a “(w(a)) @ V* C (TRV)* is an ag-module 
and there is an a-module isomorphism (TV )* See 9 5*(a_1) ® V onto the 
image. 


Proof. V = >> S'(w(a)) ® V* is an ag-module, for [a, w(a)] = 0. We have 


Veo 1) @V = S* (a1) © 6 S3(w(a)) @ V* 
= ey S*(a_-1 @ w(a)) @V*. 


34.11. It turns out that there are enough testing subalgebras in the algebra of 
formal vector fields. Using the results on s(2), Rudakov proves that for every g}- 
module V the homogeneous singular vectors can appear only in V* @ S'(g_1)@ 
V* c (TEV)*. This is equivalent to the assertion that all linear natural operators 
are of order one. 

Let us remark that this was also proved by [Terng, 78] in a very interesting 
way. She proved that every tensor field is locally a sum of fields with polynomial 
coefficients of degree one in suitable coordinates (different for each summand) 
and so the naturality and linearity imply that the orders must be one. 
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34.12. Now, we know that if there is a homogeneous singular vector 2 which 
does not lie in V* Cc (T!V)* then there must be a highest weight singular vector 
x € g*, ®V%, for all linear representations in question are finite dimensional. 
Let us write x = ae 1; ® u;, where k < n and all @; are assumed linearly 
independent. 


Proposition. Let x = Ss 1; @ u; be a singular vector of highest weight with 
respect to the Borel algebra b4 C gi. Ifu; #0,i =1,...,p, and up41 = 0, 
then u; = 0,1 = p+1,...,k, and up is a highest weight vector with weight 
A = (1,...,1,0,...,0) with n —p+1 zeros. Then the weight of x is uw = 
(1,...,1,0,...,0) with n — p zeros. 


Proof. Since x is singular, we have for all k, j, | (we do not use summation 
conventions now) 


(1) 


= k_l_o = (2) k,l_0 a es: eee 
0=-2 © 5a + dup lp @ Up = din 1@ [gg L gag) Up = ga7-UR +e Bai Ul: 


In particular, for all k, 7 


(2) ote. up =0 
(3) a) Op =-2£ soo uy. 


Further, x is a highest weight vector with weight = (f1,...,n) and for all i, 
j we have 


i O i O o i_O 
(4) U' gag U = Diy lp OL gaz -Up Sol agp ©’ Ba7] @ Up 


=), @ t' 325 .up +l; @ uj. 


If i > 7, we have at Osx = 0 and so 
(5) ae up=0 pFj 
(6) aw! 25 uj = —Uj. 


Further, 2‘ 52;.2 = px and so (4) implies for all p, i 


(7) a 225 tp = (Hs — 5P Jp. 


The latter formula shows that the vectors up are either zero or root vectors 
of V* with respect to the Cartan algebra h with weights A(p) = (A1,...,An); 
A; = pf; — 6°. Formula (2) implies that either up, = 0 or fy = 1. If up = 0, 
then all u; = 0,1 > p, by (6). Assume up # 0 and wy+1 = 0, ie. py = 1,1 < p. 
Then (5) and (6) show that u, is a highest weight vector. By (3), a) 32> Up = 


A(k)jUn = —a 2, uj, so that for k = p, j > p, (7) implies A(p);up = Uj-Up = 


—a? 2, uj =0. Hence pw; = 1,7=1,...,p, and uw; =0,7=pt+1,...,n. 
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34.13. Now it is easy to prove theorem 34.2. If D: Ey ~ E is a linear natural 
operator between bundles corresponding to irreducible G}-modules V, W, then 
either V* = APR", p = 0,...,n—1, and W* = A?*!R", or D is a zero order 
operator. The dual of the inclusion W* — (T!V)* corresponds to the exterior 
differential up to a constant multiple. 

Let us remark, that the only part of the proof we have not presented in detail 
is the estimate of the order, but we mentioned a purely geometric way how to 
prove this, cf. 34.11. It might be useful in concrete situations to combine some 
general methods with final computations in the above style. 


34.14. The method of testing subalgebras is heavily used in [Rudakov, 75] deal- 
ing with subalgebras of divergence free formal vector fields and Hamiltonian vec- 
tor fields. The aim of all the mentioned papers by Rudakov is the study of infinite 
dimensional representations of infinite dimensional Lie algebras of formal vector 
fields. His considerations are based on the study of the space }>° S’(g_-1) @V* 
and so the results are relevant for our purposes as well. We should remark that in 
the cited papers the action slightly differs in notation and the vector fields x’ as 
are identified with the transposed matrix (a‘,) to our (a?) and so the weights cor- 
respond to the Borel subalgebra of lower triangular matrices. Due to Rudakov’s 
results, a description of all linear operations natural with respect to unimodular 
or symplectic diffeomorphisms is also available. In the unimodular case we get 
the following result. We write Sé,, for the category of n-dimensional manifolds 
with fixed volume forms and local diffeomorphisms preserving the distinguished 
forms. 


Theorem. All non zero linear natural operators D: E, ~ E between two first 
order natural bundles on category S¢,, corresponding to irreducible representa- 
tions of the first order jet group are 

(1) Ey = £, D=kid,k eR 

(2) By = APT*, E= AP*1T*, D=k.d, kER, n>p>0 

(3) Ey = A"1T*, E= A'T*, D=k.(doiod): A"-1T* = A"T* a A°T* = 
A'T*, KER. 


Let us point out that this theorem describes all linear natural operations not 
only up to decompositions into irreducible components but also up to natural 
equivalences. For example, to find linear natural operations with vector fields 
we have to notice R” & A”~“'R™, aoe aad i(525) (dz! A---A dz”). Hence the 
Lie differentiation of the distinguished volume forms corresponds to the exte- 
rior differential on (n — 1)-forms, the identification of n-forms with functions 
yields the divergence of vector fields and the exterior differential of the diver- 
gence represents the ‘composition’ of exterior derivatives from point (3). Beside 
the constant multiples of identity, there are no other linear operations (with 
irreducible target). 

We shall not describe the Hamiltonian case. We remark only that then not 
even the differential forms correspond to irreducible representations and that 
the interesting operations live on irreducible components of them. 
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34.15. Next we shall shortly comment some results concerning m-linear oper- 
ations. We follow mainly [Kirillov, 80]. So p* will denote a representation dual 
to a representation p of G1+ and we write A for the one-dimensional represen- 
tation given by a+>+ deta~'. Further [’,(M) is the space of all smooth sections 
of the vector bundle E, over M corresponding to p. In particular P,4(M) co- 
incides with Q”M. To every representation p we associate the representation 
p:= p* @A. The pointwise pairing on ,(M) x Tp+(/) gives rise to a bilinear 
mapping [’,(M) x T'g(M) — Q"(M), a natural bilinear operation of order zero. 
Given two sections s € [,(M), § € P9(M) with compact supports we can inte- 
grate the resulting n-form, let us write (s,8) for the outcome. We have got a 
bilinear functional invariant with respect to the diffeomorphism group Diffi/. 

For every m-linear natural operator D of type (p1,-..- ,Pm;p) we define an 
(m + 1)-linear functional 


F’p(81,-+-;$m;$m41) = (D(81,.--; 5m); 8m41); 


defined on sections s; € T,,(M), i = 1,...,m, 8m41 € TPg(M) with compact 
supports. The functional Fp satisfies 

(1) Fp is continuous with respect to the C°°-topology on T,, and I's 

(2) Fp is invariant with respect to DifflZ 

(3) Fp = 0 whenever N'"{'supps; = 0. 

We shall call the functionals with properties (1)—(3) the invariant local func- 
tionals of the type (p1,... , Pm; Pp): 


Theorem. The correspondence D ++ Fp is a bijection between the m-linear 
natural operators of type (p1,.-.,Pm3p) and local linear functionals of type 


(p1, Sis ,Pm3 P)- 
The proof is sketched in [Kirillov, 80] and consists in showing that each such 


functional is given by an integral operator the kernel of which recovers the natural 
m-linear operator. 


34.16. The above theorem simplifies essentially the discussion on m-linear nat- 
ural operations. Namely, there is the action of the permutation group Un+41 


on these operations defined by (¢F'p)(s1,--- ,8m41) = Fo(So15-++;8o(m-+1))s 
a € Un4i1- Hence a functional of type (p1,...,Pmjp) is transformed into a 
functional of type (~,-1(1),--+;Po-1(m+41)) and so for every operation D of the 


type (p1,---;Pm;p) there is another operation 0D. If o(m+1) = m-+1, then 
this new operation differs only by a permutation of the entries but, for example, 
if o transposes only m and m+ 1, then cD is of type (1,.-- ; Pm—1; P; Pm): 

In the simplest case m = 1, the exterior derivative d: Q?M — 0?+!M is 
transformed by the only non trivial element in Nz into d: N"-?-1!M > Or-PM. 

If m = 2, the action of %3 becomes significant. We shall now describe all 
operations in this case. Those of order zero are determined by projections of 
P1 © p2 onto irreducible components. 


34.17. First order bilinear natural operators. We shall divide these op- 
erations into five classes, each corresponding to some intrinsic construction and 
the action of Ys. 
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1. Write 7 for the canonical representation of G}* on R”, i.e. [;(M) are the 
smooth vector fields on M. For every representation p we have the Lie derivative 
£:1,(M) xT,(M) — T,(M), a natural operation of type (7, 9;e). The action 
of X3 yields an operation of type (p,/;7) allowing to construct invariantly a 
covector density from any two tensor fields which admit a pointwise pairing into 
a volume form. This operation appears often in the lagrangian formalism and 
Nijenhuis called it the lagrangian Schouten concomitant. 

2. This class contains the operations of the types (A*r @ A", A'r @ A+; A" Tr @ 
A“), where k, 1, m are certain integers between zero and n while «, A, fu are 
certain complex numbers. 

Assume first k +1 > +1. Then an operation exists ifm =k+l—n-—1, 
fu =K+2A—1. Let us choose an auxiliary volume form v € [a(M) and use the 
identification A*r @ A* & A"-*7*@ A*—!, i.e. we shall construct an operation of 
the type (AF r*@A®, AU Qa; A™ 7*@ AH’) with k’+l! <n—-1,m’ =k/4+l/4+1 
and p! = K+’. Then we can write a field of type A*r @ A* in the form w.v"~1, 
w € A”-*T*M. We define 


(1) D(wy.0"71, we.v*4) = (cydwy A we + cqwy A dusy).v* 


where w isa (n—k)-form, we is a (n—1)-form, and c1, cp are constants. The right 
hand side in (1) should not depend on the choice of v. So let us write v = y.0 
where y is a positive function. Then w,.v"~! = ©1.0°7!, wou"! = &.0°—1, 
with ©; = y*—!.w1, G2 = y*!.wo. After the substitution into (1), there appears 
the extra summand 


(cydy*—1 Aw A pr twe + CoPn—1W1 A dy! A wort 
= ((k — Ley + (-1)*(A = Vea) -d(Ing) Aw A we.v4!. 


Thus (1) is a correct definition of an invariant operation if and only if 


(2) (« — 1)e1 + (—1)*(A — 1)e2 = 0. 


Now take k+1<1+1. We find an operation if and only ifm =k+I-1 
and uw = «+ .. As before, we fix an auxiliary volume form v and we write 
the fields of type A*r @ A* as a.v* where a is a k-vector field. The usual 
divergence of vector fields extends to a linear operation 6, on k-vector fields, 
5y(X1A-+-A Xp) = Wo, (H1) div X).X1A---t---A Xp, where ** means that 
the entry is missing. Of course, this divergence depends on the choice of v. We 
have 


(3) 
k 


Spu(X1N++-A Xx) = G.by(XiA-+-A XK) + (HL Xi(y). XA MAX. 
t=1 


Let us look for a natural operator D of the form 


D(a.v",b.v*) = (€16y(a) Ab + C2 A by(b) + €35y(a A b)) uM. 
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Formula (3) implies that D is natural if and only if 
(4) («-—1et+(K+A—1)e3 =0, (A-Leot(K+A-—1)ce3 = 0. 


The formulas (2) and (4) define the constants uniquely except the case k = 
\ = 1 when we get two independent operations, see also the fifth class. Let 
us point out that the second class involves also the Schouten-Nijenhuis bracket 
APT @ AT ~» AP*+I-!T (the case K = \ = 0, k+1 < n+1), cf. 30.10, sometimes 
also caled the antisymmetric Schouten concomitant, which defines the structure 
of a graded Lie algebra on the fields in question. This bracket is given by 


[XyA---A XE, Yi A+ AY] 
= ag (— UF XG, Vy] AX Ao eA XRAY Ae AN, 


The second class is invariant under the action of 3. 

3. The third class is represented by the so called symmetric Schouten con- 
comitant. This is an operation of type ($"r, S'r; S*+'-17) with a nice geometric 
definition. The elements in S"TM can be identified with functions on T* M fiber- 
wise polynomial of degree k. Since there is a canonical symplectic structure on 
T*M, there is the Poisson bracket on C°(T*M). The bracket of two fiberwise 
polynomial functions is also fiberwise polynomial and so the bracket gives rise 
to our operation. 

The action of ©3 yields an operation of the type (Sr, S'r* @A; S'—*t17* @A). 
If k = 1, this is the Lie derivative and if k = 1, we get the lagrangian Schouten 
concomitant. 

4. This class involves the Frélicher-Nijenhuis bracket, an operation of the type 
(T@APr*, T@A' 7*;7@ AR 7*), k+1 <n. The tensor spaces in question are not 
irreducible, 7 ® A*r* is a sum of A*~!r* and an irreducible representation pz 
of highest weight (1,...,1,0,...,0,—1) where 1 appears k-times (the trace-free 
vector valued forms). The Frélicher-Nijenhuis bracket is a sum of an operation 
of type (px, Pi; Pk+1) and several other simpler operations. 

If we apply the action of %3 to the Frdlicher-Nijenhuis bracket, we get an 
operation of the type (r @ A™7*,7* @ A*r*;7* @ AF+™7*) which is expressed 
through contractions and the exterior derivative. 

5. Finally, there are the natural operations which reduce to compositions of 
wedge products and exterior differentiation. Such operations are always defined 
if at least one of the representations 1, 92, or one of the irreducible components 
of p, ® p2 coincides with A*r*. Since Akr* = A”—'7*, this class is also invariant 
under the action of 3. 

In [Grozman, 80b] we find the next theorem. Unfortunately its proof based 
on the Rudakov’s algebraic methods is not available in the literature. In an 
earlier paper, [Grozman, 80a], he classified the bilinear operations in dimension 
two, including the unimodular case. 


34.18. Theorem. All natural bilinear operators between natural bundles cor- 
responding to irreducible representations of GL(n) are exhausted by the zero 


292 Chapter VII. Further applications 


order operators, the five classes of first order operators described in 34.17, the 
operators of second and third order obtained by the composition of the first and 
zero order operators and one exceptional operation in dimension n = 1, see the 
example below. 


In particular, there are no bilinear natural operations of order greater then 
three. 


34.19. Example. A tensor density on the real line is determined by one com- 
plex number A, we write f(x)(dx)~* € C°°(E)R) for the corresponding fields of 
geometric objects. There is a natural bilinear operator D: E2/3 @ E23 ~ E_5/3 


df/dx  dg/dx 
+3 a2 f /dx? d2g/dx? 


D(f(dx)-?/8, g(d)-?/*) = (2| gj) an% dgiaa® 


) (ax) 


This is a third order operation which is not a composition of lower order ones. 


34.20. The multilinear natural operators are also related to the cohomology 
theory of Lie algebras of formal vector fields. In fact these operators express 
zero dimensional cohomologies with coefficients in tensor products of the spaces 
of the fields in question, see [Fuks, 84]. The situation is much further analyzed 
in dimension n = 1 in [Feigin, Fuks, 82]. In particular, they have described all 
skew symmetric operations LE, 6---@ EL, ~ E,,. They have deduced 


Theorem. For every \ € C,m>0,k € Z, there is at most one skew symmetric 

operation D: A"C° Ey > CE), with p= mA—4m(m-—1)—k, up to a constant 

multiple. A necessary and sufficient condition for its existence is the following: 
either k=0, or 0 < k < m and X satisfies the quadratic equation 


((A + 4)(ki +1) — m) ((A+ $) (ko +1) — m) = 3 (ko — kn)? 


with arbitrary positive ky € Z, ko © Z, ki.ko =k. 


The operator corresponding to the first possibility k = 0, D: A™C(E)R) > 
OM (Bnx—teaimaiy)s admits a simple expression 


fr fl FEY 
fildz)~* A+++ A fin (dz)7> 1 | 2 fa im (da)—™>+3m(m—1) 
jo Hse 


Grozman’s operator from 34.19 corresponds to the choice m = 2, k = 2, 
A = 2/3, ky = 2, kg = 1. The proof of this theorem is rather involved. It 
is based on the structure of projective representations of the algebra of formal 
vector fields on the one-dimensional sphere. 


34.21. The problem of finding all natural m-linear operations has been also for- 
mulated for super manifolds. As far as we know, only the linear operations were 
classified, see [Bernstein, Leites, 77], [Leites, 80], [Shmelev, 83], but their results 
include also the unimodular, and Hamiltonian cases. Some more information is 
also available in [Kirillov, 80]. 
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34.22. The linear natural operations on conformal manifolds. As we 
have seen, the description of the linear natural operators is heavily based on the 
structure of the subalgebra in the algebra of formal vector fields which corre- 
sponds to the jet groups in the category in question. If the category involves 
very few morphisms, these algebras become small. In particular, they might 
have finite dimensions like in the case of Riemannian manifolds or conformal 
Riemannian manifolds. The former example is not so interesting for the follow- 
ing reasons: Since all irreducible representations of the orthogonal groups are 
O(m,R)-invariant irreducible subspaces in tensor spaces, we can work in the 
whole category of manifolds in the way demonstrated in section 33. On the 
other hand, if we include the so called spinor representations of the orthogonal 
group, we get serious problems with the whole setting. However, the second 
example is of highest interest for many reasons coming both from mathematics 
and physics and it is treated extensively nowadays. Let us conclude this section 
with a very short overview of the known results, for more information see the 
survey [Baston, Eastwood, 90] or the papers [Baston, 90, 91], [Branson, 85]. 

Let us write C for the category of manifolds with a conformal Riemannian 
structure, i.e. with a distinguished line bundle in s,t*M , and the morphisms 
keeping this structure. More explicitely, two metrics g, g on M are called confor- 
mal if there is a positive smooth function f on M such that g = f2g. A conformal 
structure is an equivalence class with respect to this equivalence relation. The 
conformal structure on MW can also be described as a reduction of the first order 
frame bundle P!M to the conformal group CO(m,R) = R x O(m,R), and the 
conformal morphisms y are just those local diffeomorphisms which preserve this 
reduction under the P!y-action. Thus, each linear representation of CO(m,R) 
on a vector space V defines a bundle functor on C. The category C is not locally 
homogeneous, but it is local. 

The main difference from the situations typical for this book is that there 
are new natural bundles in the category C. In fact, we can take any linear 
representation of O(m,IR) and a representation of the center R C GL(m,R) 
and combine them together. The representations of the center are of the form 
(t.id)(v) = t~”.v with an arbitrary real number w, which is called the confor- 
mal weight of the representation or of the corresponding bundle functor. Each 
tensorial representation of GL(m, R) induces a representation of CO(m, R) with 
the conformal weight equal to the difference of the number of covariant and 
contravariant indices. In particular, the convention for the weight is chosen in 
such a way that the bundle of metrics has conformal weight two. If we restrict 
our considerations to the tensorial representations, we exclude nearly all natural 
linear operators. 

Each isometry of a conformal manifold with respect to an arbitrary metric 
from the distinguished class is a conformal morphism. Thus, the Riemannian 
natural operators described in section 33 can be taken for candidates in the 
classification. But the remaining problems are still so difficult that a general 
solution has not been found yet. 

Let us mention at least two possibilities how to treat the problem. The 
first one is to restrict ourselves to locally conformally flat manifolds, i.e. we 
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consider only a subcategory in C which is admissible in our sense. Thus, the 
classification problem for linear operators reduces to a (difficult) problem from 
the representation theory. But what remains then is to distinguish those natural 
operators on the conformally flat manifolds which are restrictions of natural 
operators on the whole category, and to find explicite formulas for them. For 
general reasons, there must be a universal formula in the terms of the covariant 
derivatives, curvatures and their covariant derivatives. The best known example 
is the conformal Laplace operator on functions in dimension 4 


D=V°Vat FR 


where V°V, means the operator of the covariant differentiation applied twice 
and followed by taking trace, and R is the scalar curvature. The proper confor- 
mal weights ensuring the invariance are —1 on the source and —3 on the target. 
The first summand Do = V°V<, of D is an operator which is natural on the 
functions with the specified weights on conformally flat manifolds and the sec- 
ond summand is a correction for the general case. In view of this example, the 
question is how far we can modify the natural operators (homogeneous in the 
order and acting between bundles corresponding to irreducible representations of 
CO(m,R)) found on the flat manifolds by adding some corrections. The answer 
is rather nice: with some few exceptions this is always possible and the order 
of the correction term is less by two (or more) than that of Do. Moreover, the 
correction involves only the Ricci curvature and its covariant derivatives. This 
was deduced in [Eastwood, Rice, 87] in dimension four, and in [Baston, 90] for 
dimensions greater than two (the complex representations are treated explicitely 
and the authors assert that the real analogy is available with mild changes). In 
particular, there are no corrections necessary for the first order operators, which 
where completely classified by [Fegan, 76]. Nevertheless, the concrete formu- 
las for the operators (first of all for the curvature terms) are rarely available. 
Another disadvantage of this approach is that we have no information on the 
operators which vanish on the conformally flat manifolds, even we do not know 
how far the extension of a given operator to the whole category is determined. 
The description of all linear natural operators on the conformally flat mani- 
folds is based on the general ideas as presented at the begining of this section. 
This means we have to find the morphisms of g-modules W* — (T'°°V)*, where 
g is the algebra of formal vector fields on R” with flows consisting of conformal 
morphisms. One can show that g = 0(n + 1,1), the pseudo-orthogonal algebra, 
with grading g = g_-1 890 @g1 = R" Sco(n, R)@R™. The lemmas 34.5 and 34.6 
remain true and we see that (T°°V)* is the so called generalized Verma module 
corresponding to the representation of CO(n,IR) on V. Each homomorphism 
W* — (T°°V)* extends to a homomorphism of the generalized Verma modules 
(T°W)* — (LTe°V)* and so we have to classify all morphisms of generalized 
Verma modules. These were described in [Boe, Collingwood, 85a, 85b]. In par- 
ticular, if we start with usual functions (i.e. with conformal weight zero), then 
all conformally invariant operators which form a ‘connected pattern’ involving 
the functions are drawn in 33.18. (The latter means that there are no more 
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operators having one of the bundles indicated on the diagram as the source or 
target.) A very interesting point is a general principal coming from the repre- 
sentation theory (the so called Jantzen-Zuzkermann functors) which asserts that 
once we have got such a ‘connected pattern’ all other ones are obtained by a 
general procedure. Unfortunately this ‘translation procedure’ is not of a clear 
geometric character and so we cannot get the formulas for the corresponding 
operators in this way, cf. [Baston, 90]. The general theory mentioned above 
implies that all the operators from the diagram in 33.18 admit the extension to 
the whole category of conformal manifolds, except the longest arrow 0° > Q™. 
By the ‘translation procedure’, the same is ensured for all such patterns, but the 
question whether there is an extension for the exceptional ‘long arrows’ is not 
solved in general. Some of them do extend, but there are counter examples of 
operators which do not admit any extension, see [Branson, 89], [Graham, 92]. 

Another more direct approach is used by [Branson, 85, 89] and others. They 
write down a concrete general formula in terms of the Riemannian invariants 
and they study the action of the conformal rescaling of the metric. Since it is 
sufficient to study the infinitesimal condition on the invariance with respect to 
the rescaling of the metric, they are able to find series of conformally invariant 
operators. But a classification is available for the first and second order operators 
only. 


Remarks 


Proposition 30.4 was proved by [Koldi, Michor, 87]. Proposition 31.1 was 
deduced in [Kold7, 87a]. The natural transformations J’ — J" were determined 
in [Kolaz, Vosmanska, 89]. The exchange map e, from 32.4 was introduced by 
[Modugno, 89a]. 

The original proof of the Gilkey theorem on the uniqueness of the Pontryagin 
forms, [Gilkey, 73], was much more combinatorial and had not used H. Weyl’s 
theorem. A much earlier solution to the problem can be also found in [Abramov, 
5la, 51b].. Our approach is similar to [Atiyah, Bott, Patodi, 73], but we do 
not need their polynomiality assumption. The Gilkey theorem was generalized 
in several directions. For the case of Hermitian bundles and connections see 
[Atiyah, Bott, Patodi, 73], for oriented Riemannian manifolds see [Stredder, 75], 
the metrics with a general signature are treated in [Gilkey, 75]. The uniqueness of 
the Levi-Civita connection among the polynomial conformal natural connections 
on Riemannian manifolds was deduced by [Epstein, 75]. The classification of the 
first order liftings of Riemannian metrics to the tangent bundles covers the results 
due to [Kowalski, Sekizawa, 88], who used the so called method of differential 
equations in their much longer proof. Our methods originate in [Slovdk, 89] and 
an unpublished paper by W. M. Mikulski. 
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CHAPTER VIII. 
PRODUCT PRESERVING FUNCTORS 


We first present the theory of those bundle functors which are determined by 
local algebras in the sense of A. Weil, [Weil, 51]. Then we explain that the Weil 
functors are closely related to arbitrary product preserving functors Mf — Mf. 
In particular, every product preserving bundle functor on Mf is a Weil functor 
and the natural transformations between two such functors are in bijection with 
the homomorphisms of the local algebras in question. 

In order to motivate the development in this chapter we will tell first a math- 
ematical short story. For a smooth manifold M/, one can prove that the space 
of algebra homomorphisms Hom(C'° (MM, R), IR) equals MW as follows. The ker- 
nel of a homomorphism y : C®(M,R) — R is an ideal of codimension 1 in 
C~(M,R). The zero sets Zs := f~'(0) for f € kery form a filter of closed 
sets, since Zs Zy = Z724,2, which contains a compact set Zp for a function 
f which is unbounded on each non compact closed subset. Thus ()} Pelee Zy is 
not empty, it contains at least one point xo. But then for any f € C™(M,R) 
the function f — y(f)1 belongs to the kernel of y, so vanishes on 29 and we have 
f (xo) = 9(f). 

An easy consequence is that Hom(C'™(M,R),C°(N,R)) = C°(N, M). So 
the category of algebras C™(M,R) and their algebra homomorphisms is dual to 
the category Mf of manifolds and smooth mappings. 

But now let D be the algebra generated by 1 and ¢ with ec? = 0 (sometimes 
called the algebra of dual numbers or Study numbers, it is also the truncated 
polynomial algebra of degree 1). Then it turns out that Hom(C'™(M,R),D) = 
TM, the tangent bundle of M. For if y is a homomorphism C°(M,R) — D, 
then toy : C~(M,R) — D — R equals ev, for some « € M and y(f) — 
f(x).1 = X(f).e, where X is a derivation over x since y is a homomorphism. 
So X is a tangent vector of M with foot point x. Similarly we may show that 
Hom(C®(M,R),D@D)=TTM. 

Now let A be an arbitrary commutative real finite dimensional algebra with 
unit. Let W(A) be the subalgebra of A generated by the idempotent and nilpo- 
tent elements of A. We will show in this chapter, that Hom(C™(M,R), A) = 
Hom(C™(M,R),W(A)) is a manifold, functorial in M, and that in this way we 
have defined a product preserving functor Mf — Mf for any such algebra. A 
will be called a Weil algebra if W(A) = A, since in [Weil, 51] this construc- 
tion appeared for the first time. We are aware of the fact, that Weil algebras 
denote completely different objects in the Chern-Weil construction of character- 
istic classes. This will not cause troubles, and a serious group of mathematicians 
has already adopted the name Weil algebra for our objects in synthetic differ- 
ential geometry, so we decided to stick to this name. The functors constructed 
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in this way will be called Weil functors, and we will also present a covariant 
approach to them which mimics the construction of the bundles of velocities, 
due to [Morimoto, 69], cf. [Koldz, 86]. 

We will discuss thoroughly natural transformations between Weil functors and 
study sections of them, a sort of generalized vector fields. It turns out that the 
addition of vector fields generalizes to a group structure on the set of all sections, 
which has a Lie algebra and an exponential mapping; it is infinite dimensional 
but nilpotent. 

Conversely under very mild conditions we will show, that up to some covering 
phenomenon each product preserving functor is of this form, and that natural 
transformations between them correspond to algebra homomorphisms. This has 
been proved by [Kainz-Michor, 87] and independently by [Eck, 86] and [Luciano, 
88]. 

Weil functors will play an important role in the rest of the book, and we will 
frequently compare results for other functors with them. They can be much 
further analyzed than other types of functors. 


35. Weil algebras and Weil functors 


35.1. A real commutative algebra A with unit 1 is called formally real if for any 
a1,---,4n € A the element 1+a7+---+ 4a? is invertible in A. Let FE = fe € 
A:e? =e,e #0} CA be the set of all nonzero idempotent elements in A. It is 
not empty since 1 € E. An idempotent e € F is said to be minimal if for any 
e’ € E we have ee’ = € or ee’ = 0. 


Lemma. Let A be a real commutative algebra with unit which is formally real 
and finite dimensional as a real vector space. 

Then there is a decomposition 1 = e; +---++ ex into all minimal idempotents. 
Furthermore A = A, @---@® Ag, where A; = e;A = R-e€; 6 Ni, and N; is a 
nilpotent ideal. 


Proof. First we remark that every system of nonzero idempotents €1,... ,é; 
satisfying e;e; = 0 for i ¥ 7 is linearly independent over R. Indeed, if we multiply 
a linear combination k,e; + ---+k,e, = 0 by e; we obtain kj = 0. Consider a 
non minimal idempotent e #4 0. Then there exists e’ € F with e 4 ee’ =:€ 4 0. 
Then both é and e— € are nonzero idempotents and é(e — €) = 0. To deduce the 
required decomposition of 1 we proceed by recurrence. Assume that we have a 
decomposition 1 = e; +--+ +e, into nonzero idempotents satisfying e;e; = 0 
for i # j. If e; is not minimal, we decompose it as e; = &; + (e; — &;) as above. 
The new decomposition of 1 into r+ 1 idempotents is of the same type as the 
original one. Since A is finite dimensional this proceedure stabilizes. This yields 
1 =e, +--+ e, with minimal idempotents. Multiplying this relation by a 
minimal idempotent e, we find that e appears exactly once in the right hand 
side. Then we may decompose A as A = A; @--:@ Ag, where A; := e;A. 

Now each A; has only one nonzero idempotent, namely e;, and it suffices to 
investigate each A; separately. To simplify the notation we suppose that A = Aj, 
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so that now 1 is the only nonzero idempotent of A. Let N :={n€ A: nt = 
0 for some k} be the ideal of all nilpotent elements in A. 

We claim that any x € A\ N is invertible. If not then zA C A is a proper 
ideal, and since A is finite dimensional the decreasing sequence 


ADd@tAD2AD--- 


of ideals must become stationary. If c* A = 0 then x € N, thus there is a k such 
that «*+"A = 2" A £0 for all £> 0. Then 2?*A = x A and there is some y € A 
with 2* = «?*y. So we have (a*y)? = x*y # 0, and since 1 is the only nontrivial 
idempotent of A we have a*y = 1. So 2*~1y is an inverse of x as required. 

So the quotient algebra A/N is a finite dimensional field, so A/N equals R 
or C. If A/N = C, let « € A be such that e+ N = /-1€ C= A/N. Then 
1+a?+N=N=0inC,so1+27? is nilpotent and A cannot be formally real. 
Thus A/N = Rand A=R-1@N as required. 


35.2. Definition. A Weil algebra A is a real commutative algebra with unit 
which is of the form A = R-14N, where N is a finite dimensional ideal of 
nilpotent elements. 

So by lemma 35.1 a formally real and finite dimensional unital commutative 
algebra is the direct sum of finitely many Weil algebras. 


35.3. Some algebraic preliminaries. Let A be a commutative algebra with 
unit and let M be a module over A. The semidirect product A{M] of A and M 
or the idealisator of M is the algebra (A x M,+,-), where (a1,7™1) - (a2, m2) = 
(a1a2,a,M2 + am). Then M is a (nilpotent) ideal of A[M]. 

Let M™*" = {(tij) : tiy € M,1 <i < m,1 < j < n} be the space of all 
(m x n)-matrices with entries in the module M. If S € A™*™ and T € M™*”" 
then the product of matrices ST € M"*" is defined by the usual formula. 

For a matrix U = (u;;) € A"*” the determinant is given by the usual formula 
det(U) = Yooes, signe []f_, vi,o(i). It is n-linear and alternating in the columns 
of U. 

Lemma. If m = (m;) € M”™! is a column vector of elements in the A-module 
M and if U = (uj) € A”*” is a matrix with Um = 0 € M”*! then we have 
det(U)m; = 0 for each i. 

Proof. We may compute in the idealisator A[M], or assume without loss of gen- 
erality that all m,; € A. Let u,; denote the j-th column of U. Then 7 uijm; = 0 


for all 7 means that mju., = — Tea M;Us;, thus 
det(U)m1 = det(myuy1, Us2,+- +, Uen) 
= det(— D755.) MjUsj, Us2,---,Uen) = 0 


Lemma. Let I be an ideal in an algebra A and let M be a finitely generated 
A-module. If IM = M then there is an element a € I with (1—a)M =0. 

Proof. Let M = 3*"_, Am; for generators m; € M. Since IM = M we have 
Mm, = yet t;;m,; for some T = (t,;) € I”*". This means (1, — T)m = 0 for 
m = (m;) € M”™!. By the first lemma we get det(1,, —T)m,; = 0 for all j. But 
det(1, —T) =1-—a for somea€ I. 
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Lemma of Nakayama. Let (A,I) be a local algebra (i.e. an algebra with a 

unique maximal ideal I) and let M be an A-module. Let Ni,N2o C M be 

submodules with N, finitely generated. If N, C No+IN, then we have N; C No. 
In particular IN, = N, implies N, = 0. 


Proof. Let IN; = N;. By the lemma above there is some a € J with (l—a)N, = 
0. Since J is a maximal ideal (so A/I is a field), 1 — a is invertible. Thus 
N, = 0. If Ny C No + JIN, we have I((M + N2)/Na) = (M, + N2)/No thus 
(Ni + N2)/No = 0 or Ny = No. 


35.4. Lemma. Any ideal I of finite codimension in the algebra of germs 
En := C§°(IR", R) contains some power M* of the maximal ideal M,, of germs 
vanishing at 0. 


Proof. Consider the chain of ideals €, D I+ Mn DI+M2? D---. Since I has 
finite codimension we have 1+.M* = I+ME*1 for some k. So ME C I+M,M* 
which implies M* C I by the lemma of Nakayama 35.3 since M* is finitely 
generated by the monomials of order k in n variables. 


35.5. Theorem. Let A be a unital real commutative algebra. Then the fol- 
lowing assertions are equivalent. 

1) A is a Weil algebra. 

2) Aisa finite dimensional quotient of an algebra of germs €,, = C>°(R", R) 


for some n. 

3) A is a finite dimensional quotient of an algebra R[X1,..., Xn] of poly- 
nomials. 

4) A is a finite dimensional quotient of an algebra R[[X1,... , Xn]] of formal 


power series. 
5) A is a quotient of an algebra J (R",R) of jets. 


Proof. Let A = R-196N, where N is the maximal ideal of nilpotent ele- 
ments, which is generated by finitely many elements, say X,,...,X,. Since 
R[X1,...,X,] is the free real unital commutative algebra generated by these 
elements, A is a quotient of this polynomial algebra. There is some k& such that 
x*+1 = 0 for all z € N, so A is even a quotient of the jet algebra J*é(R”,R). 
Since the jet algebra is itself a quotient of the algebra of germs and the algebra 
of formal power series, the same is true for A. That all these finite dimensional 
quotients are Weil algebras is clear, since they all are formally real and have 
only one nonzero idempotent. 


If A is a quotient of the jet algebra Jj (IR”, IR), we say that the order of A is 
at most r. 


35.6. The width of a Weil algebra. Consider the square N? of the nilpotent 
ideal N of a Weil algebra A. The dimension of the real vector space N/N? is 
called the width of A. 

Let M Cc R{@1,...,2%n] denote the ideal of all polynomials without con- 
stant term and let J C R[z1,... ,x,] be an ideal of finite codimension which 
is contained in M?. Then the width of the factor algebra A = R[x1,... ,@n|/T 
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is n. Indeed the nilpotent ideal of A is M/I and (M/I)? = M?/I, hence 
(M/I)/(M/I)? = M/M? is of dimension n. 


35.7. Proposition. If M is a smooth manifold and I is an ideal of finite 
codimension in the algebra C™(M,R), then C™®(M,R)/I is a direct sum of 
finitely many Weil algebras. 

If A is a finite dimensional commutative real algebra with unit, then we have 
Hom(C'™(M,R), A) = Hom(C'™(M,R),W(A)), where W(A) is the subalgebra 
of A generated by all idempotent and nilpotent elements of A (the so-called Weil 
part of A). In particular W(A) is formally real. 


Proof. The algebra C°(M, R) is formally real, so the first assertion follows from 
lemma 35.1. If ¢ : C°(M,R) — A is an algebra homomorphism, then the kernel 
of y is an ideal of finite codimension in C®(M,R), so the image of y is a direct 
sum of Weil algebras and is thus generated by its idempotent and nilpotent 
elements. 


35.8. Lemma. Let M be a smooth manifold and let yp: C°(M,R) — A be an 
algebra homomorphism into a Weil algebra A. 

Then there is a point x € M and some k > 0 such that ker py contains the 
ideal of all functions which vanish at x up to order k. 


Proof. Since (1) = 1 the kernel of ¢ is a nontrivial ideal in C°°(M, R) of finite 
codimension. 

If A is a closed subset of M we let C™(A,R) denote the algebra of all real 
valued functions on A which are restrictions of smooth functions on M. For a 
smooth function f let Zs := f—'(0) be its zero set. For a subset S Cc C°°(A, R) 
we put Zs :=(\{Z- : f € S}. 


Claim 1. Let I be an ideal of finite codimension in C'(A,R). Then Z; is a 
finite subset of A and Z; = @ if and only if J = C™(A,R). 

Zr is finite since C°(A,R)/I is finite dimensional. Zp = @ implies that f is 
invertible. So if J A C™(A,R) then {Z; : f € I} is a filter of nonempty closed 
sets, since Zp 1 Zy = Zpr4g2. Let h € C°(M,R) be a positive proper function, 
i.e. inverse images under h of compact sets are compact. The square of the 
geodesic distance with respect to a complete Riemannian metric on a connected 
manifold M is such a function. Then we put f = h|A € C™(A,R). The sequence 
f, f?, f?,... is linearly dependent mod J, since I has finite codimension, so 
g =>), i f* € I for some (A;) 4 0 in R". Then clearly Z, is compact. So this 
filter of closed nonempty sets contains a compact set and has therefore nonempty 
intersection Z7 =) re, Zp. 


Claim 2. If I is an ideal of finite codimension in C°(M,R) and if a function 
f € C~(M,R) vanishes near Z;, then f € I. 

Let Z; C Uy C Uy C Up where U; and Uz are open in M such that f|U2 = 0. 
The restriction mapping C°(M,R) — C™°(M \ U;1,R) is a surjective algebra 
homomorphism, so the image I’ of J is again an ideal of finite codimension in 
C™(M\U,,R). But clearly Zp = 0, so by claim 1 we have I’ = C™(M\Uj,,R). 


35. Weil algebras and Weil functors 301 


Thus there is some g € J such that g|(M \ Ui) = f\(MZ \ Ui). Now choose 
h € C%(M,R) such that h = 0 on U; and h = 1 off Uz. Then f = fh = ghe I. 


Claim 8. For the ideal ker y in C®(M,R) the zero set Z; consists of one point 
x only. 

Since ker y is a nontrivial ideal of finite codimension, Ze; y is not empty and 
finite by claim 1. For any function f € C°(M,R) which is 1 or 0 near the points 
in Zery the element y(f) is an idempotent of the Weil algebra A. Since 1 is 
the only nonzero idempotent of A, the zero set Z; consists of one point. 

Now by claims 2 and 3 the ideal ker y contains the ideal of all functions which 
vanish near 7. So » factors to the algebra Co°(M,R) of germs at x, compare 
35.5.(2). Now ker y C CS°(M,R) is an ideal of finite codimension, so by lemma 
35.4 the result follows. 


35.9. Corollary. The evaluation mapping ev : M — Hom(C™(M,R),R), 
given by ev(x)(f) := f(x), is bijective. 


This result is sometimes called the exercise of Milnor, see [Milnor-Stasheff, 
74, p. 11]. Another (similar) proof of it can be found in the mathematical short 
story in the introduction to chapter VIII. 


Proof. By lemma 35.8, for every y € Hom(C'™(M,R),R) there is an x € M 
and a k > 0 such that kery contains the ideal of all functions vanishing at 
x up to order k. Since the codimension of kery is 1, we have kery = {f € 
C™(M,R): f(x) = 0}. Then for any f € C™(M,R) we have f — f(x)1 € kery, 
so o(f) = f(z). 


35.10. Corollary. For two manifolds M, and Mz the mapping 


C™(M,, Mz) > Hom(C™ (M2, R),C°(M;,R)) 
fre(f:grgof) 


is bijective. 


Proof. Let x; € M; and » € Hom(C™(M2,R),C™(M4),R)). Then evz, og 
is in Hom(C™(M2,R),R), so by 35.9 there is a unique x2 € Me such that 
CVz, 9 = eUz,. If we write x2 = f(x), then f : My — Mp and y(g) = go f for 
all g € C™®(M2,R). This also implies that f is smooth. 


35.11. Chart description of Weil functors. Let A= R-1@WN be a Weil 
algebra. We want to associate to it a functor Ty, : Mf — Mf from the category 
Mf of all finite dimensional second countable manifolds into itself. We will give 
several descriptions of this functor, and we begin with the most elementary and 
basic construction, the idea of which goes back to [Weil, 53]. 


Step 1. If p(t) is a real polynomial, then for any a € A the element p(a) € A is 
uniquely defined; so we have a (polynomial) mapping T'4(p) : A > A. 
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Step 2. If f € C@(R,R) and Al+ne€R-1@N = A, we consider the Taylor 


expansion j° f(A)(t) = 020 res of f at \ and we put 


() 
Ta(fy(al +n) = fA ne 


which is finite sum, since n is nilpotent. Then T'4(f) : A — A is smooth and we 
get Tal(f ° g) = Ta(f) ° Ta(g) and Ta (Idg) = Idy. 


Step 3. For f € C@(R™,R) we want to define the value of T,4(f) at the vec- 
tor (Ayl + 11,..-,Aml +m) € A" =Ax...x A. Let again j°@f(A)(t) = 
went 4+ d® f(A)t® be the Taylor expansion of f at \ € R™ for t € R™. Then 
we put 


Ta(f)Ail +m,..-,Aml1 + 1m) = f(A) + ae df 22 nee, 


cen 


which is again a finite sum. 


Step 4. For f € C°(R™,R*) we apply the construction of step 3 to each com- 
ponent f; :R™” — R of f to define T4(f) : A™ > A®. 

Since the Taylor expansion of a composition is the composition of the Taylor 
expansions we have T4(f og) = Ta(f) ° Ta(g) and T4(Idgm) = Idam. 

If ¢: A — B is a homomorphism between two Weil algebras we have y* o 
Taf =Tefog™ for f €C*%(R™,R*). 


Step 5. Let t = 14: A— A/N =R be the projection onto the quotient field 
of the Weil algebra A. This is a surjective algebra homomorphism, so by step 4 
the following diagram commutes for f € C°(R™, R*): 


A™ Taf AR 


ma] ie 


If U C R™ is an open subset we put T4(U) := (r)-1(U) =U x N™, which is 
an open subset in T4(R”) := A™. If f : U — V is a smooth mapping between 
open subsets U and V of R™ and R*, respectively, then the construction of steps 
3 and 4, applied to the Taylor expansion of f at points in U, produces a smooth 
mapping T4f :T4U — TaV, which fits into the following commutative diagram: 


UxN™ = rau —4f rv — Vx Nt 


Nek ale” 


f 


U ————_>+V 
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We have T,4(fog) = Taf oTag and T,4(Idy) = Idr,yu, so Ty is now a covariant 
functor on the category of open subsets of R™’s and smooth mappings between 
them. 


Step 6. In 1.14 we have proved that the separable connected smooth manifolds 
are exactly the smooth retracts of open subsets in R’’s. If M is a smooth 
manifold, let i: / — R™ be an embedding, let iM) C U C R™ be a tubular 
neighborhood and let ¢g: U — U be the projection of U with image i(M). Then 
q is smooth and go q = q. We define now T'4(/) to be the image of the smooth 
retraction T4q:T4U — TU, which by 1.13 is a smooth submanifold. 

If f : M — M’ is a smooth mapping between manifolds, we define Tyf : 
TaM > T4M' as 

hae Ty 2 nay Soa 
which takes values in T'4M’. 

It remains to show, that another choice of the data (7, U,q,R”) for the man- 
ifold M leads to a diffeomorphic submanifold T4M, and that T4f is uniquely 
defined up to conjugation with these diffeomorphisms for M and M’. Since this 
is a purely formal manipulation with arrows we leave it to the reader and give 
instead the following: 


Step 6’. Direct construction of 74M for a manifold M using atlases. 

Let M be a smooth manifold of dimension m, let (Ug, Ua) be a smooth atlas 
of M with chart changings uag := Ua ° ita? : ug(Uag) > Ua(Uag). Then the 
smooth mappings 


Ta(ug(Uag)) ie) Ta (ta (Uag)) 


m m 
WA | fe 


ug Uap) ——~2 —> ta (Ua) 

form again a cocycle of chart changings and we may use them to glue the open 
sets T4(ua(Ua)) = Ua(Ua) x N™ C T4(R™) = A™ in order to obtain a smooth 
manifold which we denote by T4M. By the diagram above we see that 74M 
will be the total space of a fiber bundle T(74,M) = 14,17 : TaM — M, since 
the atlas (T4(Uq), T4(ua)) constructed just now is already a fiber bundle atlas. 
Thus 74M is Hausdorff, since two points 7; can be separated in one chart if 
they are in the same fiber, or they can be separated by inverse images under 
Ta,m Of open sets in M separating their projections. 

This construction does not depend on the choice of the atlas. For two atlases 
have a common refinement and one may pass to this. 

If f € C@(M,M’) for two manifolds M, M’, we apply the functor T,4 to 
the local representatives of f with respect to suitable atlases. This gives local 
representatives which fit together to form a smooth mapping Taf : TaM — 
TaM’. Clearly we again have T4(f og) = Taf oTag and T,4(Idjr) = Idr, as, so 
that T4: Mf — Mf is a covariant functor. 
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35.12. Remark. If we apply the construction of 35.11, step 6’ to the algebra 
A = 0, which we did not allow (1 4 0 € A), then ToM depends on the choice 
of the atlas. If each chart is connected, then T>M = 7mo(M), computing the 
connected components of M. If each chart meets each connected component of 
M, then ToM is one point. 


35.13. Theorem. Main properties of Weil functors. Let A= R-16N 
be a Weil algebra, where N is the maximal ideal of nilpotents. Then we have: 

1. The construction of 35.11 defines a covariant functor T, : Mf — Mf 
such that (T4M, 74,.,M,N*™™) is a smooth fiber bundle with standard fiber 
Ndim™M | For any f € C%(M, M’) we have a commutative diagram 


TaM TAT T4M' 
raas| [raw 
| 


M M’. 


So (T'4,7,4) is a bundle functor on Mf, which gives a vector bundle on Mf if 
and only if N is nilpotent of order 2. 

2. The functor T4 : Mf — Mf is multiplicative: it respects products. 
It maps the following classes of mappings into itself: immersions, initial im- 
mersions, embeddings, closed embeddings, submersions, surjective submersions, 
fiber bundle projections. It also respects transversal pullbacks, see 2.19. For 
fixed manifolds M and M’ the mapping Ty : C®@(M, M') = C™(T4M,T4M’) is 
smooth, i.e. it maps smoothly parametrized families into smoothly parametrized 
families. 

3. If (Ua) is an open cover of M then T’4(Uq) is also an open cover of T4M. 

4. Any algebra homomorphism y : A — B between Weil algebras induces 
a natural transformation T(y, ) = T, : Ta — Tg. If ¢ is injective, then 
T(y,M) : T4aM — TgM is a closed embedding for each manifold M. If y is 
surjective, then T(y, IZ) is a fiber bundle projection for each M. So we may 
view T as a co-covariant bifunctor from the category of Weil algebras times M f 


to Mf. 


Proof. 1. The main assertion is clear from 35.11. The fiber bundle m4,7 : 
T4M — M isa vector bundle if and only if the transition functions T'4 (ua) are 
fiber linear N¢™™ —, N4m™" So only the first derivatives of wag should act on 
N, so any product of two elements in N must be 0, thus N has to be nilpotent 
of order 2. 

2. The functor 74 respects products in the category of open subsets of R™’s 
by 35.11, step 4 and 5. All the other assertions follow by looking again at the 
chart structure of 74M and by taking into account that f is part of Tf (as the 
base mapping). 

3. This is obvious from the chart structure. 

4. We define T(y, R™) := y™ : A™ — B™. By 35.11, step 4, this restricts to 
a natural transformation T4 — Tp on the category of open subsets of R™’s and 
by gluing also on the category Mf. Obviously T is a co-covariant bifunctor on 
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the indicated categories. Since mg 0 y = 74 (y respects the identity), we have 
T(mp,M)oT(y,M) =T(na4,M), 80 T(y, M):TaM — TpM is fiber respecting 
for each manifold M. In each fiber chart it is a linear mapping on the typical 
fiber Noe M_s, NG M. 

So if ¢ is injective, T(y, M) is fiberwise injective and linear in each canonical 
fiber chart, so it is a closed embedding. 

If y is surjective, let Ni := kery C Na, and let V C Ny be a linear com- 
plement to N,. Then for m = dim M and for the canonical charts we have the 
commutative diagram: 


T,M eM) T3M 
T(p,Un 
T4(Ua) (e, Ua) Tx (Ua) 
Ta(te) Tp(Ue) 
: Id x(y|Na)™ 2 
Ug(Ua) x N® As) Uia(Ua) x NB 
| | 


Id x0 x Iso 


Ua(Ua) x NI" x V™ Ua(Ua) x Ox NB 


So T(y, M) is a fiber bundle projection with standard fiber (ker vy)”. 


35.14. Theorem. Algebraic description of Weil functors. There are 
bijective mappings nm,a : Hom(C%(M,R),A) — Ta(M) for all smooth man- 
ifolds M and all Weil algebras A, which are natural in M and A. Via n the 
set Hom(C®(M,R), A) becomes a smooth manifold and Hom(C™(_ ,R), A) is 
a global expression for the functor T,. 


Proof. Step 1. Let (a*) be coordinate functions on R". By lemma 35.8 for 
wy € Hom(C™(R",R), A) there is a point x(y) = (x! (y),...,2"(y)) € R” such 
that ker y contains the ideal of all f € C°°(R", R) vanishing at x(y) up to some 
order k, so that v(x’) = x*(y)-1+ v(x’ — x*(y)), the latter summand being 
nilpotent in A of order < k. Applying y to the Taylor expansion of f at x(y) 
up to order & with remainder gives 


So y is uniquely determined by the elements v(x’) in A and the mapping 


Mrn,a : Hom(C%(R",R), A) > A”, 
ny) == (y(z"),---,e(2")) 
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is injective. Furthermore for g = (g',...,g™) € C®(R",R™) and coordinate 
functions (y',...,y™) on R™ we have 


(nama © (9*)*)(y) = (v(y*og),---, e(y 09) 
= (v(9*),.+-, (9) 
= (Ta(g')(y(2"), oe .,9(x")), ae 4Talg™) ele’), sony y(x"))), 


SO 7p»,4 is natural in R”. It is also bijective since any (a,...,@n) € A” 
defines a homomorphism y : C™(R",R) — A by the prescription y(f) := 
Taf (@1,---,@n)- 


Step 2. Let i: U — R” be the embedding of an open subset. Then the image of 
the mapping 
Hom(C™(U,R), A) “> Hom(C®(R",R), A) 4 A” 
is the set 74 gn(U) = Ta(U) C A”, and (i*)* is injective. 
To see this let py € Hom(C*(U,R), A). By lemma 35.8 kery contains the 


ideal of all f vanishing up to some order k at a point x(y) € U C R”, and since 
p(a") = x"(y)-1+ y(a" — x'(y)) we have 


TAR” (MR ,a(p o4*)) = WA(p(a"),---, p(x") = aly) € U. 
As in step 1 we see that the mapping 


apn (U) 3 (a1,...,an) + (C°(U,R) 3 f > Ta(f)(ai,..-,an)) 


is the inverse to 7Rn,4 0 (i*)*. 


Step 3. The two functors Hom(C™( ,R),A) and T4 : Mf — Set coincide 
on all open subsets of R”’s, so they have to coincide on all manifolds, since 
smooth manifolds are exactly the retracts of open subsets of R”’s by 1.14.1. 
Alternatively one may check that the gluing process described in 35.11, step 
6, works also for the functor Hom(C®(  ,R), A) and gives a unique manifold 
structure on it which is compatible to T4M. 


35.15. Covariant description of Weil functors. Let A be a Weil algebra, 
which by 35.5.(2) can be viewed as €,,/I, a finite dimensional quotient of the 
algebra €,, = Cf°(R", R) of germs at 0 of smooth functions on R”. 


Definition. Let M be a manifold. Two mappings f,g : R" — M with f(0) = 
g(0) = x are said to be J-equivalent, if for all germs h € C°°(M,R) we have 
hof—hogel. 


The equivalence class of a mapping f : R” — M will be denoted by ja(f) 
and will be called the A-velocity at 0 of f. Let us denote by J4(M) the set of 
all A-velocities on M. 
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There is a natural way to extend J4 to a functor Mf — Set. For every 
smooth mapping f : M — N between manifolds we put Ja(f)(ja(g)) := ja(fog) 
for g € C™(R”, M). 

Now one can repeat the development of the theory of (n,1)-velocities for the 
more general space J4(M) instead of J*(IR",M) and show that J4(M) is a 
smooth fiber bundle over WM, associated to a higher order frame bundle. This 
development is very similar to the computations done in 35.11 and we will in 
fact reduce the whole situation to 35.11 and 35.14 by the following 


35.16. Lemma. There is a canonical equivalence 


Ja(M) — Hom(C®(M,R), A), 
ja(f) > (C*(M,R) 5 9 ja(go f) € A), 
which is natural in A and M and a diffeomorphism, so the functor J4 : Mf > 
FM is equivalent to T,. 
Proof. We just have to note that J4(R) = €,/I = A. 


Let us state explicitly that a trivial consequence of this lemma is that the Weil 
functor determined by the Weil algebra €,,/M**1 = J§(R",R) is the functor 
T* of (n,1r)-velocities from 12.8. 


35.17. Theorem. Let A and B be Weil algebras. Then we have: 


(1) We get the algebra A back from the Weil functor T4 by Ta4(R) = A 
with addition +4 = Ta(+kr), multiplication ma = T4(mp) and scalar 
multiplication me = Ta(mt): A A. 

(2) The natural transformations T, — Tg correspond exactly to the algebra 
homomorphisms A — B 


Proof. (1) This is obvious. (2) For a natural transformation y : T4 — Tp its 
value yg : T4(R) = A > Tp(R) = B is an algebra homomorphisms. The inverse 
of this mapping is already described in theorem 35.13.4. 


35.18. The basic facts from the theory of Weil functors are completed by the 
following assertion, which will be proved in more general context in 36.13. 


Proposition. Given two Weil algebras A and B, the composed functor T40Tg 
is a Weil functor generated by the tensor product A® B. 


Corollary. (See also 37.3.) There is a canonical natural equivalence T40Tp ~ 
Tp oT, generated by the exchange algebra isomorphism A® B= B® A. 
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36. Product preserving functors 


36.1. A covariant functor fF: Mf — Mf is said to be product preserving, if 
the diagram 


F(pr2) 
—, 


F(M) pet aale F(M, x M2) F(M2) 


is always a product diagram. Then F'(point) = point, by the following argument: 


F (point) rca F (point x point) aa) F (point) 
pa 


point 


Each of fi, f, and fo determines each other uniquely, thus there is only one 
mapping f, : point — F(point), so the space F'(point) is single pointed. 
The basic purpose of this section is to prove the following 


Theorem. Let F be a product preserving functor together with a natural trans- 
formation tp : F — Id such that (F, 7p) satisfies the locality condition 18.3.(i). 
Then F' = T, for some Weil algebra A. 


This will be a special case of much more general results below. The final proof 
will be given in 36.12. We will first extract uniquely a sum of Weil algebras from 
a product preserving functor, then we will reconstruct the functor from this 
algebra under mild conditions. 


36.2. We denote the addition and the multiplication on the reals by +,m : 
R? — R, and for \ € R we let m, : R = R be the scalar multiplication by \ and 
we also consider the mapping A: point — R onto the value i. 


Theorem. Let fF: Mf — Mf be a product preserving functor. Then either 
F(R) is a point or F(R) is a finite dimensional real commutative and formally real 
algebra with operations F'(+), F(m), scalar multiplication F(m), zero F'(0), 
and unit F(1), which is called Al(F). If p : F, — F> is a natural transformation 
between two such functors, then Al(y) := yr: Al(F,) > Al(F2) is an algebra 
homomorphism. 


Proof. Since F' is product preserving, we have F(point) = point. All the laws 
for a commutative ring with unit can be formulated by commutative diagrams 
of mappings between products of the ring and the point. We do this for the ring 
R and apply the product preserving functor F’ to all these diagrams, so we get 
the laws for the commutative ring F(R) with unit F(1) with the exception of 
F'(0) # F(1) which we will check later for the case F'(R) 4 point. Addition F'(+) 
and multiplication F(m) are morphisms in M f, thus smooth and continuous. 


36. Product preserving functors 309 


For A € R the mapping F'(m)) : F(R) — F(R) equals multiplication with the 
element F(A) € F(R), since the following diagram commutes: 


F(R) x point ——~"’_, F(R) x F(R) ——— F(R) 


= F(Id x.) | Fim) 


F(R x point) ——“—~"_>. F(R x R) 


We may investigate now the difference between F(R) = point and F(R) ¥ point. 
In the latter case for \ 4 0 we have F(A) # F(0) since multiplication by F(A) 
equals F'(m)) which is a diffeomorphism for A 4 0 and factors over a one pointed 
space for \ = 0. So for F(R) 4 point which we assume from now on, the group 
homomorphism A +> F'(A) from R into F(R) is actually injective. 

In order to show that the scalar multiplication \ +> F'(m)) induces a contin- 
uous mapping R x F(R) — F(R) it suffices to show that R— F(R), AK F(A), 
is continuous. 

(F(R), F(+), F(m_1), F(0)) is a commutative Lie group and is second count- 
able as a manifold since F(R) € Mf. We consider the exponential mapping 
exp : £ — F(R) from the Lie algebra £ into this group. Then exp(ZL) is 
an open subgroup of F(R), the connected component of the identity. Since 
{F(A) : A € R} is a subgroup of F(R), if F(A) ¢ exp(£) for all A # 0, then 
F(R)/ exp(Z) is a discrete uncountable subgroup, so F(R) has uncountably many 
connected components, in contradiction to F(R) € Mf. So there is \) 4 0 in 
R and vo 4 0 in £ such that F'(Ao) = exp(vo). For each v € £ andr EN, 
hence r € Q, we have F(m,) exp(v) = exp(rv). Now we claim that for any 
sequence \,, — A in R we have F(A,,) > F(A) in F(R). If not then there is a 
sequence A, > A in R such that F(\,) € F(R) \U for some neighborhood U of 
F(A) in F(R), and by considering a suitable subsequence we may also assume 
that OF (Naa — X) is bounded. By lemma 36.3 below there is a C™-function 
f:R—R with f(42) =A, and f(0) =. Then we have 


F(An) = F(f)F (mg) (0) = F(f)E(ma-n) exp(vo) = 
= F(f)exp(27" v9) > F(f) exp(0) = F(f(0)) = FQ), 


contrary to the assumption that F'(A,,) ¢ U for all n. So A+ F(A) is a contin- 
uous mapping R — F(R), and F(R) with its manifold topology is a real finite 
dimensional commutative algebra, which we will denote by Al(F’) from now on. 

The evaluation mapping evjq, : Hom(C®(R,R), Al(F’)) — Al(F) is bijective 
since it has the right inverse 7 + (C®(R,R) 5 f - F(f).). But by 35.7 the 
evaluation map has values in the Weil part W(Al(F)) of Al(F), so the algebra 
Al(F) is generated by its idempotent and nilpotent elements and has to be 
formally real, a direct sum of Weil algebras by 35.1. 
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Remark. In the case of product preserving bundle functors the smoothness of 
A +> F(A) is a special case of the regularity proved in 20.7. In fact one may also 
conclude that F(R) is a smooth algebra by the results from [Montgomery-Zippin, 
55], cited in 5.10. 


36.3. Lemma. [Krieg], 82] Let 1, » in R, let t, € R, ty > 0, tr — 0 strictly 
monotone, such that 
An — An 
ee. neN 
(tn oe tn4i)* 


is bounded for all k. Then there is a C°-function f : R > R with f(tn) = An 
and f(0) = 2 such that f is flat at each ty. 


Proof. Let yp € C™(R,R), yp = 0 near 0, y = 1 near 1, and 0 < y < 1 elsewhere. 
Then we put 


A for t < 0, 


tn ee tn41 
At for ty < te 


beta 
fO= of 1) Anti) + Anti for tng St < tn, 


and one may check by estimating the left and right derivatives at all t, that f 
is smooth. 


36.4. Product preserving functors without Weil algebras. Let F : 
Mf — Mf be a functor with preserves products and assume that it has 
the property that F(R) = point. Then clearly F(R”) = F(R)" = point and 
F'(M) = point for each smoothly contractible manifold 1. Moreover we have: 


Lemma. Let fo, fi : M — N be homotopic smooth mappings, let F be as 
above. Then F'(fo) = F (fi): F(M) — F(N). 


Proof. A continuous homotopy h : Mx [0,1] > N between fo and f; may first be 
reparameterized in such a way that h(z,t) = fo(a) for t < e and h(a, t) = f(z) 
for 1—e < t, for some ¢ > 0. Then we may approximate h by a smooth 
mapping without changing the endpoints fp and f;. So finally we may assume 
that there is a smooth h: M x R— N such that ho ins; = f; for i = 0,1 where 
ins, : M — M x R is given by ins;(x) = (x,t). Since 


F (pry) F(pr2) 


F(M)<——— F(M x R) F(R) 


F(M) x point point 


is a product diagram we see that F(pr,) = Idpyag). Since pr; o ins; = Idyy we 
get also F(ins,;) = Idp(jz) and thus F( fo) = F(h) o F(inso) = F(h) 0 F(ins;) = 
FU fi): 
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Examples. For a manifold M let M =) Mz, be the disjoint union of its con- 
nected components and put Hy(M) := U, 41(Ma;R), using singular homology 
with real coefficients, for example. If M is compact, H;(M) € Mf and H, be- 
comes a product preserving functor from the category of all compact manifolds 
into Mf without a Weil algebra. 

For a connected manifold M the singular homology group Hi(M,Z) with 
integer coefficients is a countable discrete set, since it is the abelization of the 
fundamental group 71(/), which is a countable group for a separable connected 
manifold. Then again by the Kiinneth theorem H;(_ ;Z) is a product preserv- 
ing functor from the category of connected manifolds into Mf without a Weil 
algebra. 

More generally let K be a finite CW-complex and let [K,M] denote the 
discrete set of all (free) homotopy classes of continuous mappings kK — M, 
where M is a manifold. Algebraic topology tells us that this is a countable set. 
Clearly [K, ] then defines a product preserving functor without a Weil algebra. 
Since we may take the product of such functors with other product preserving 
functors we see, that the Weil algebra does not determine the functor at all. For 
conditions which exclude such behaviour see theorem 36.8 below. 


36.5. Convention. Let A = A; @---@ A, bea formally real finite dimensional 
commutative algebra with its decomposition into Weil algebras. In this section 
we will need the product preserving functor Ty := Ty, x... x Ta, : Mf > 
Mf which is given by T'4(M) := T4,(M) x ... x T4,(M2). Then 35.13.1 for 
T4 has to be modified as follows: m4: TaM — MF is a fiber bundle. All 
other conclusions of theorem 35.13 remain valid for this functor, since they are 
preserved by the product, with exception of 35.13.3, which holds for connected 
manifolds only now. Theorem 35.14 remains true, but the covariant description 
(we will not use it in this section) 35.15 and 35.16 needs some modification. 


36.6. Lemma. Let F: Mf — Mf bea product preserving functor. Then the 
mapping 


XF.M: F(M) —_— Hom(C™(M, R), Al(F)) => TayryM 
xr.m(x)(f) = F(f)(2), 


is smooth and natural in F and M. 


Proof. Naturality in F and M is obvious. To show that x is smooth is more 
difficult. To simplify the notation we let Al(F’) =: A = Ai ©--:@ Ax be the 
decomposition of the formally real algebra Al(F’) into Weil algebras. 

Let h = (h!,...,h") : M — R® be a closed embedding into some high 
dimensional R”. By theorem 35.13.2 the mapping T'4(h) :T4M — TR” is also 
a closed embedding. By theorem 35.14, step 1 of the proof (and by reordering the 
product), the mapping 7rn,4 : Hom(C™(R”, R), A) — A” is given by nan, 4(y) = 


(y(a*))"_,, where (x") are the standard coordinate functions on R”. We have 
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F(R") = F(R)" = A” = T,4(R"). Now we consider the commuting diagram 


F(M) 
xrw| 
Hom(C™(M,R), A) “4. T4(M) 
any [rac 
Hom(C™(R", R), A) —2"4 5 T4(R") —— F(R") 


For z € F(M) we have 


(npn,a © (h*)* 0 xRu)(Z) = nen, A(Xr.M(z) 0 h*) 
= (xem (z)(a" oh),...,xru(z)(2" o h)) 
= (xe,m(z)(h),.--,x#,m(z)(h")) 
= (F(HY)(2),..., F(A")(2)) = F(h)(2). 


This is smooth in z € F(M). Since nw,a is a diffeomorphism and T'4(h) is a 
closed embedding, x r,,¢ is smooth as required. 


36.7. The universal covering of a product preserving functor. Let 
F: Mf — Mf be a product preserving functor. We will construct another 
product preserving functor as follows. For any manifold M we choose a universal 
cover qu: M—M (over each connected component of M separately), and we let 
m1 (M) denote the group of deck transformations of M — M, which is isomorphic 
to the product of all fundamental groups of the connected components of M. It 
is easy to see that 7,(M) acts strictly discontinuously on T4(M), and by lemma 
36.6 therefore also on F(M). So the orbit space 


F(M) := F(M)/m(M) 


is asmooth manifold. For f : M, — Mz we choose any smooth lift f : M => Mg, 
which is unique up to composition with elements of 7,(M;). Then Ff factors 
as follows: 7 
- F 
F(M,) ay. F (Mp) 


Ln 


a F sz 
F(M) FM, F (Mg). 
The resulting smooth mapping F (f) does not depend on the choice of the lift 
f. So we get a functor PF: Mf — Mf and a natural transformation g = qr : 
F = F, induced by F'(quz) : F(M) — F(M), which is a covering mapping. This 
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functor F is again product preserving, because we may choose (M, x M2)~ = 
M, x Mos and (My x Mp2) = ™1(M1) x ™1(Mo), thus 


F(M, x Mp2) = F((M, x Mo2)~)/m™1 (Mi x M32) = 
= F(M,)/m(M1) x F(M)/11(Mz) = F(M,) x F(M)). 


Note finally that T4 4 T, if A is sum of at least two Weil algebras. As an exam- 
ple consider A = R@R, then T4(M) = M x M, but Ty(S1) = R?/Z(27, 27) = 
St XR. 


36.8. Theorem. Let F be a product preserving functor. 


(1) If M is connected, then there exists a unique smooth mapping Wru : 
Tayry(M) — F(M) which is natural in F and M and satisfies x p14 © 


WRr.M = 4Tayr),m * 
(M) F(M) 
~ fos 


(2) If F maps embeddings to injective mappings, then xp: F(M) > 
Tayr)(M) is injective for all manifolds M, and it is a diffeomorphism for 
connected M. 

(3) If M is connected and wp, is surjective, then xp, and Wry are cov- 
ering Mappings. 


VRM 


Tar) 


Tayr)(M). 


Remarks. Condition (2) singles out the functors of the form T4 among all 
product preserving functors. Condition (3) singles the coverings of the T4’s. A 
product preserving functor satisfying condition (3) will be called weakly local . 


Proof. We let Al(F’) =: A= Ai @--:@ A, be the decomposition of the formally 
real algebra Al(F’) into Weil algebras. We start with a 


Sublemma. If M is connected then xp, is surjective and near each yp € 
Hom(C™(M,R), A) = T4(M) there is a smooth local section of xF,u. 


Let p = git:::+ x for yp: € Hom(C™(M,R), Ai). Then by lemma 35.8 for 
each 7 there is exactly one point 2; € M such that y;(f) depends only on a finite 
jet of f at x;. Since M is connected there is a smoothly contractible open set 
U in M containing all z;. Let g: R™ — M be a diffeomorphism onto U. Then 
(g*)* : Hom(C™(R™, R), A) — Hom(C'™(M,R), A) is an embedding of an open 
neighborhood of y, so there is ¢ € Hom(C'™(R™, R), A) depending smoothly on 
y such that (g*)*(@) = y. Now we consider the mapping 


Hom(C™(R™,R), A) 2) Ta(R™) & F(R™) =, 


7), F(M) 2% Hom(C™(M,R), A). 
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We have (ym ° F(g) o Mam )(G) = ((9*)* © Xm o mem)(G) = (9*)*(9) = &, 
since it follows from lemma 36.6 that yam o npm = Id. So the mapping sy := 
F(g) 0 tym o (g**)~t : T4U — F(M) is a smooth local section of xa¢ defined 
near y. We may also write sy = F(iy)°o(yvru)~! : TaU = F(M), since for 
contractible U the mapping xf.v is clearly a diffeomorphism. So the sublemma 
is proved. 

(1) Now we start with the construction of Wp4,. We note first that it suffices 
to construct wp, for simply connected M because then we may induce it for 
not simply connected M using the following diagram and naturality. 


Ft) — Tyr 2". pcan) 
(Mm) =“, F(M). 


Furthermore it suffices to construct wp, for high dimensional M since then we 
have 


Ta(M x R) PRLMxXR F(M x R) 


| | 


Ta(M) x F(R) Yam *1EP®) , aay) x F(R). 

So we may assume that MM is connected, simply connected and of high dimension. 
For any contractible subset U of M we consider the local section sy of xr, 
constructed in the sublemma and we just put wp r(y) := su(y) for p € T4aU C 
T4aM. We have to show that wp, ,y is well defined. So we consider contractible 
U and U’ in M with y € Ta(UNU’). If r(y) = (a1,.-.,2%) € M* as in 
the sublemma, this means that x1,...,7, € UMU’. We claim that there are 
contractible open subsets V, V’, and W of M such that 21,...,7, EVAV'N 
W and that V C UNW and V’ Cc U'AW. Then by the naturality of x 
we have su(y) = sv(y) = sw(y) = sv’(y) = su’(y) as required. For the 
existence of these sets we choose an embedding H : R? — M such that c(t) = 
H(t,sint) € U, c(t) = H(t,—sint) € U' and AH(27j,0) = x; for 7 = 1,...,k. 
This embedding exists by the following argument. We connect the points by 
a smooth curve in U and a smooth curve in U’, then we choose a homotopy 
between these two curves fixing the 7;’s, and we approximate the homotopy by 
an embedding, using transversality, again fixing the x;’s. For this approximation 
we need dim M > 5, see [Hirsch, 76, chapter 3]. Then V, V’, and W are just 
small tubular neighborhoods of c, c’, and H. 

(2) Since a manifold M/ has at most countably many connected components, 
there is an embedding J : M@ — R" for some n. Then from 

F(t) 
—— 


F(M) F(R”) 
xe] >) XF,R" 


T(t) 


36. Product preserving functors 315 


lemma 36.6, and the assumption it follows that yp.7 is injective. If M is fur- 
thermore connected then the sublemma implies furthermore that yr. is a dif- 
feomorphism. 

(3) Since you = q, and since q is a covering map and 7 is surjective, it follows 
that both y and w are covering maps. 


In the example F' = Tgeg considered at the end of 36.7 we get that Wpsi : 
F(S!) = R?/Z(27, 2m) — F(S') = S! x S! = R?/(Z(27,0) x Z(0,27)) is the 
covering mapping induced from the injection Z(27, 27) — Z(27,0) x Z(0, 27). 


36.9. Now we will determine all weakly local product preserving functors F’ on 
the category conM f of all connected manifolds with Al(F’) equal to some given 
formally real finite dimensional algebra A with k Weil components. Let F' be 
such a functor. 

For a connected manifold M we define C(M) by the following transversal 
pullback: 


C(M) ———> F(M) 


| | 


Tax(M) — Mt 9 .7,M, 


where 0 is the natural transformation induced by the inclusion of the subalgebra 
R* generated by all idempotents into A. 

Now we consider the following diagram: In it every square is a pullback, and 
each vertical mapping is a covering mapping, if F’ is weakly local, by theorem 
36.8. 

me —_0 _.r.m 


+ + 


M* /my(M) ——> Ta(M) 


M* ——_+ T,(M). 


Thus F(M) = T4(M)/G, where G is the group of deck transformations of 
the covering C(M) — M®*, a subgroup of 7(M)* containing 7(M) (with its 
diagonal action on M*). Here g = (91,---,9x) € ™(M)* acts on Ta(M) = 
Ta,(M) x... x Ta,(M) via Ta, (91) x... x Ta, (ge). So we have proved 

36.10. Theorem. A weakly local product preserving functor F' on the cat- 


egory conMf of all connected manifolds is uniquely determined by specifying 
a formally real finite dimensional algebra A = Al(F’) and a product preserving 
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functor G : conMf — Groups satisfying 7, C G C mf, where 7 is the funda- 
mental group functor, sitting as diagonal in r*, and where k is the number of 
Weil components of A. 


The statement of this theorem is not completely rigorous, since 7; depends 
on the choice of a base point. 


36.11. Corollary. On the category of simply connected manifolds a weakly 
local product preserving functor is completely determined by its algebra A = 
Al(F) and coincides with T4. 

If the algebra Al(F’) = A of a weakly local functor F is a Weil algebra (the 
unit is the only idempotent), then F = T 4 on the category conM f of connected 
manifolds. In particular F' is a bundle functor and is local in the sense of 18.3.(i). 


86.12. Proof of theorem 36.1. Using the assumptions we may conclude that 
trem: F(M) — M is a fiber bundle for each M € Mf, using 20.3, 20.7, and 
20.8. Moreover for an embedding iy : U — M of an open subset F'(iy) : F(U) > 
F(M) is the embedding onto F(M)|U = mp 4,(U). Let A= Al(F). Then A can 
have only one idempotent, for even the bundle functor pr; : Mx M — M is not 
local. So A is a Weil algebra. 

By corollary 36.11 we have F = T,4 on connected manifolds. Since F is local, 
it is fully determined by its values on smoothly contractible manifolds, i.e. all 
R™’s. 


36.13. Lemma. For product preserving functors F, and Fy on Mf we have 
Al(f) o F,) = Al(F,) @ Al(F2) naturally in Fy and Fy. 


Proof. Let B be a real basis for Al(F). Then 


Al(F2 0 Fi) = F2(Fi(R)) = F(]] R-b) = Il F(R) - , 
beB beB 


so the formula holds for the underlying vector spaces. Now we express the 
multiplication Fy(m) : Al(F,) x Al(F,) — Al(F)) in terms of the basis: b;b; = 
Ye ch b,, and we use 


F(Fi(m)) = (F,(m)*)* : Hom(C™(Al(F,) x Al(F,),R), Al(Fy)) > 
— Hom(C(Al(F;), R), Al(F3)) 


to see that the formula holds also for the multiplication. 


Remark. We chose the order Al(f;) ® Al(£2) so that the elements of Al(F2) 
stand on the right hand side. This coincides with the usual convention for writing 
an atlas for the second tangent bundle and will be essential for the formalism 
developed in section 37 below. 


36.14. Product preserving functors on not connected manifolds. Let 
F be a product preserving functor Mf — Mf. For simplicity’s sake we assume 
that F maps embeddings to injective mappings, so that on connected manifolds 
it coincides with T'4 where A = Al(F’). For a general manifold we have T'4((/) = 
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Hom(C™(M,R), A), but this is not the unique extension of F|conMf to Mf, 
as the following example shows: Consider P,(M) = Mx... x M (k times), 
given by the product of Weil algebras R*. Now let P¢(M) =|], Px(Ma) be the 
disjoint union of all P,(M.) where M, runs though all connected components 
of M. Then Pf is a different extension of P;,|conMf to Mf. 

Let us assume now that A = Al(F) is a direct sum on k Weil algebras, 
A= A, ®---@ Ax and let t: T4 — Py be the natural transformation induced 
by the projection on the subalgebra R* generated by all idempotents. Then also 
F°(M) = 7~!(P¢(M)) C T4(M) is an extension of F|conMf to Mf which 
differs from T4. Clearly we have F°(M) =|], F (Ma) where the disjoint union 
runs again over all connected components of M. 


Proposition. Any product preserving functor F : Mf — Mf which maps 
embeddings to injective mappings is of the form F = G{ x ... x GS, for product 
preserving functors G; which also map embeddings to injective mappings. 


Proof. Let again Al(F’) = A = A; ®--: @ A, be the decomposition into Weil 
algebras. We conclude from 36.8.2 that yr: F(M) > T4() is injective for 
each manifold M. We have to show that the set {1,...,k} can be divided into 
equivalence classes ),...,Jn such that F(Z) C T4(M) is the inverse image 
under 7 : T4(M) — Pi(M) of the union of all Ny x... x Nx where the N; run 
through all connected components of M in such a way that 7,7 € I, for some r 
implies that N; = N;. Then each J,. gives rise to Go = TS, 1, Ay 

To find the equivalence classes we consider X = {1,...,k} as a discrete man- 
ifold and consider F(X) C T4(X) = X*. Choose an element 7 = (%1,..., ix) € 
F(X) with maximal number of distinct members. The classes J, will then be 
the non-empty sets of the form {s:i, = j} for 1 <j <k. Let n be the number 
of different classes. 

Now let D be a discrete manifold. Then the claim says that 


F(D) = {(di,...,dx) € D* : s,t € I, implies d, = d; for all r}. 


Suppose not, then there exist d = (d1,...,d,) € F(D) and r,s,t with s,t € I, 
and d, # d;. So among the pairs (i1,d1),...,(i%,dx) there are at least n + 1 
distinct ones. Let f : X x D — X be any function mapping those pairs to 
1,...,n +1. Then F(f)(i,d) = (f(t1,d1),..., f(t, de)) € F(X) has at least 
n +1 distinct members, contradicting the maximality of n. This proves the 
claim for D and also F(R” x D) = A™ x F(D) is of the right form since the 
connected components of R’™ x D correspond to the points of D. 

Now let M be any manifold, let p : M — mo(M) be the projection of M 
onto the (discrete) set of its connected components. For a € F(M) the value 
F(p)(a) € F(mo(M)) just classifies the connected component of P, (MZ) over 
which a lies, and this component of P,(/Z) must be of the right form. Let 
%1,...,0% © M such s,t € I, implies that x, and 2; are in the same connected 
component M,., say, for all r. The proof will be finished if we can show that the 
fiber 1 (a1,...,a%) C T4(M) is contained in F(M) C T4(M). Let m = dim M 
(or the maximum of dim M; for 1 <i <n if M is not a pure manifold) and let 
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N = R™ x {1,...,n}. We choose yi,...,y, € N and a smooth mapping g : 
N — M with g(y;) = 7; which is a diffeomorphism onto an open neighborhood 
of the x; (a submersion for non pure M). Then clearly Ta(g)(t~1(y1,---,Ye)) = 
nm1(x1,-..,@), and from the last step of the proof we know that F(N) contains 
m1(y1,---,Yk). So the result follows. 


By theorem 36.10 we know the minimal data to reconstruct the action of F 
on connected manifolds. For a not connected manifold M we first consider the 
surjective mapping M — 79(M) onto the space of connected components of MW. 
Since 7(M) € Mf, the functor F' acts on this discrete set. Since F' is weakly 
local and maps points to points, F'(mo(M)) is again discrete. This gives us a 
product preserving functor Fo on the category of countable discrete sets. 

If conversely we are given a product preserving functor Fo on the category of 
countable discrete sets, a formally real finite dimensional algebra A consisting 
of k Weil parts, and a product preserving functor G : conMf — groups with 
ma CGC a*, then clearly one can construct a unique product preserving weakly 
local functor F: Mf — Mf fitting these data. 


37. Examples and applications 


37.1. The tangent bundle functor. The tangent mappings of the algebra 
structural mappings of R are given by 
TR = R’, 
T(+)(a,a’)(b, b') = (a+b,a’ +0’), 
T(m)(a, a’)(b, b’) = (ab, ab! + a’b), 
T(my)(a,a’) = (Aa, Aa’). 


So the Weil algebra TR = Al(T) =: D is the algebra generated by 1 and 6 with 
6? = 0. It is sometimes called the algebra of dual numbers or also of Study 
numbers. It is also the truncated polynomial algebra of order 1 on R. We will 
write (a + a’d)(b+ b/d) = ab + (ab! + a’b)6 for the multiplication in TR. 

By 35.17 we can now determine all natural transformations over the category 
Mf between the following functors. 


(1) The natural transformations T — T consist of all fiber scalar multipli- 
cations m) for \ € R, which act on TR by m)(1) = 1 and m)(0) = A.6. 
(2) The projection 7: T — Idyy is the only natural transformation. 


37.2. Lemma. Let F: Mf — Mf be a multiplicative functor, which is also 
a natural vector bundle over Id,y¢ in the sense of 6.14, then F(M) =V @TM 
for a finite dimensional vector space V with fiberwise tensor product. Moreover 
for the space of natural transformations between two such functors we have 


Nat(V @T,W @T) = L(V,W). 


Proof. A natural vector bundle is local, so by theorem 36.1 it coincides with 
Ta, where A is its Weil algebra. But by theorem 35.13.(1) T4 is a natural 
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vector bundle if and only if the nilideal of A = F(R) is nilpotent of order 
2, so A = F(R) = R-1@V, where the multiplication on V is 0. Then by 
construction 35.11 we have F(M) = V @TM. Finally by 35.17.(2) we have 
Nat(V @T,W @T) = Hom(R-16V,R-10W)=L(V,W). 


37.3. The most important natural transformations. Let F’, F\, and F 
be multiplicative bundle functors (Weil functors by theorem 36.1) with Weil 
algebras A = RGN, Ay = R® Ni, and Ag = R@ No where the N’s denote 
the maximal nilpotent ideals. We will denote by N(F’) the nilpotent ideal in the 
Weil algebra of a general functor F’. By 36.13 we have Al(F) o F,) = A; ® Ao. 
Using this and 35.17 we define the following natural transformations: 


1) The projections 7, : Fy — Id, m2 : Fy — Id induced by (A.1 +7) 
A € R. In general we will write mp : F — Id. Thus we have also 
For, : Fy ° Fy = Fy and To Fy : Fy ° Fy — Fy. 

2) The zero sections 0; : Id > F, and 02 : Id — F) induced by R = Aj, 
At X.1. Then we have F401 : Fy = Fy ° Fy, and 0oF : Fy Fr Fy ° Fy. 

3) The isomorphism A; ®@ Ag & Ao @ Aj, given by a1 @ a2 + ay @ ay, induces 
the canonical flip mapping kr,.p, = kK: Fy 0 F, — Fo Fo. We have 
KF, Fo = ae 

4) The multiplication m in A is a homomorphism 4A@ A — A which induces 
a natural transformation u = up: FoF > F. 

5) Clearly the Weil algebra of the product F\ X1q F) in the category of 
bundle functors is given by R.1@ N; 6 Ng. We consider the two natural 
transformations 


(12F\, F271), OF, x,ah Oo Tor, : Fp ° Fy — (Fi Xa Fa). 


The equalizer of these two transformations will be denoted by vl : F2 * 
PF, — Fo F, and will be called the vertical lift. At the level of Weil 
algebras one checks that the Weil algebra of F2 * F\ is given by R.1@ 
(Ni ® No). 

(6) The canonical flip « factors to a natural transformation kp,.p, : F2*F, > 
Fy * Fy with vlo KFo*F, = KF) F, © vl. 

(7) The multiplication 4 induces a natural transformation poul: Fx F > F. 


It is clear that & expresses the symmetry of higher derivatives. We will see that 
the vertical lift vl expresses linearity of differentiation. 

The reader is advised to work out the Weil algebra side of all these natural 
transformations. 


37.4. The second tangent bundle. In the setting of 35.5 we let Fy = Fp =T 
be the tangent bundle functor, and we let T? = To T be the second tangent 
bundle. Its Weil algebra is Dy := Al(T?) = D@D = R* with generators 
1, 51, and 6 and with relations 67 = 63 = 0. Then (1,61;62,6,62) is the 
standard basis of R+ = T?R in the usual description, which we also used in 6.12. 
From the list of natural transformations in 37.1 we get mT : (61,62) + (6,0), 
Tr : (01,62) + (0,6), and p =+0(nT,Tr) : T? = T, (61,52) + (6,6). Then we 
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have T * T = T, since N(T) ® N(L) = N(T), and the natural transformations 
from 37.3 have the following form: 


4:7? + T?, 
K(al ate 1101 + 1909 + 130102) =al + ©9041 abe 1109 + 130109. 
vl:T—>T?, vi(al+26) =al+ 26469. 


mT :T? > T?, 

myT (al + 2161 + €2d2 + £36162) = al + ©1601 + ATQd2 + ATZ51 00. 
Tm, :T? 3 T?, 

Tm) (al + 2101 + £202 + £36162) = al + Aw101 + £202 + A351 00. 


(+7): T? xp T? 3 T?, 

(+T)((a1 + 2161 + 2262 + 136152), (a1 + 2141 + yod2 + y3d162)) = 

al + 2101 + (@2 + y2)d2 + (x3 + y3)d1069. 

(T+)((a1 + 2101 + #209 + ©36162), (a1 + y1d1 + %2d2 + y3d102)) = 
= al + (x1 + y1)d1 + ©2d2 + (x3 + y3)d1d0. 


The space of all natural transformations Nat(T,T?) ~ Hom(D, D2) turns out to 
be the real algebraic variety R?UpR? consisting of all homomorphisms 6 ++ 216,+ 
£262 + 236162 with 2122 = 0, since 6? = 0. The homomorphism 6 +> 251 + yd162 
corresponds to the natural transformation (+7) o (ul o my,0T o m,), and the 
homomorphism 6 ++ 262+ 6162 corresponds to (T+)o(vlom,, T00m,). So any 
element in Nat(T,T?) can be expressed in terms of the natural transformations 
{0T, T0, (T+), (+7), P72, 7T, vl,m) for  € R}. 

Similarly Nat(T?, 7?) ¥ Hom(D2, D2) turns out to be the real algebraic vari- 
ety (IR? Up R?) x (R? Up R?) consisting of all 


on = £161 + £02 + 130162 
dg y1d1 + yod2 + Y30102 
with r122 = yi1y2 = 0. Again any element of Nat(T?,T?) can be written in 


terms of {0T,T0, (T+), (+7), 17, 7T,«,m)T,Tm), for A € R}. If for example 
x2 = y1 = 0 then the corresponding transformation is 


(+T) o(my,T oTmz,,(T+) 9° (vlo +0 (mz, 0 TT, my, 0 Tr), 0T o mz, 0 TT)). 


Note also the relations T7oK = nT, Ko (T+) = (4T)o(K x &), Kovl = vl, 
koTm, = my T; so k interchanges the two vector bundle structures on T? > T, 
namely ((+7),m)T,7T) and ((T+),Tm),T7), and vl : T > T? is linear for 
both of them. The reader is advised now to have again a look at 6.12. 


37.5. In the situation of 37.3 we let now Ff, = F be a general Weil functor and 
Ff, =T. So we consider To F' which is isomorphic to F'o T via Kp 7. In general 
we have (fF Xqq Fo) * F = Fy * F xq Fo * F, so +:T XtaT — T induces a fiber 
addition (+* F):T*F xjT*F —4T*F,andm,*F:T*xF OTx*Fisa 
fiber scalar multiplication. So T * F' is a vector bundle functor on the category 
Mf which can be described in terms of lemma 37.2 as follows. 
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Lemma. In the notation of lemma 37.2 we have T * F = N @T, where N is 
the underlying vector spaces of the nilradical N(F’) of F. 


Proof. The Weil algebra of T * F is R.1@ (N(F) @ N(T)) by 37.3.(5). We have 
N(F) ® N(L) = N(F) @®R.6 = N as vector space, and the multiplication on 
N(F) ® N(T) is zero. 


37.6. Sections and expansions. For a Weil functor F' with Weil algebra 
A=R.1@N and for a manifold M we denote by Xp(M) the space of all smooth 
sections of try: F(M) — M. Note that this space is infinite dimensional in 
general. Recall from theorem 35.14 that 


F(M) =T,4(M) ““* Hom(C™(M,R), A) 


is an isomorphism. For f € C™(M,R) we can decompose F(f) = Ta(f) : 
F(M) > F(R)=A=R.16N into 


F(f) =Ta(f) = (form) @N(f), 
N(f): F(M) ON. 


Lemma. 
(1) Each X, € F(M), =771(x) for x € M defines an R-linear mapping 


which satisfies 


Dx, (f.9) = Dx, (f).9(a) + f(2).Dx, (9) + Dx, (f)-Dx, (9)- 


We call this the expansion property at x € M. 
(2) Each R-linear mapping € : C°(M,R) — N which satisfies the expansion 
property at « © M is of the form € = Dx, for a unique X, € F(M),z. 
(3) The R-linear mappings € : C°(M,R) — C®(M,N) = N @C™(M,R) 
which have the expansion property 


(a) &(f.g) =E(f).9 + f-€(9) + E(f)-€(9), fg <¢C™(M,R), 


are exactly those induced (via 1 and 2) by the smooth sections of m : 
F(M)— M. 


Linear mappings satisfying the expansion property 1 will be called expansions: 
if N is generated by 6 with 6**1 = 0, so that F(M) = J*(IR, M), then these 
are parametrized Taylor expansions of f to order k (applied to a k-jet of a 
curve through each point). For X € Xp(M/) we will write Dy : C@(M,R) - 
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C™(M,N) = N@C™(M,R) for the expansion induced by X. Note the defining 
equation 


(b) F(f)oX = f.l+Dx(f) = (f.1,Dx(f)) or 
f(x).1+ Dx(f)(x) = F(f)(X(«)) = nir_a(X(2))(f)- 


Proof. (1) and (2). For y € Hom(C®(M,R), A) = F'(M) we consider the foot 
point 7(nu,4(~)) = nu r(t(y)) = 2 € M and nya(y) = Xe € F(M),. Then 
we have y(f) = Ta(f)(X.) and the expansion property for Dx, is equivalent to 
9(f.9) = 9(f)-9(9)- 

(3) For each « € M the mapping f +> €(f)(a) € N is of the form Dx (2) for a 
unique X(x) € F(M), by 1 and 2, and clearly X : M — F(M) is smooth. 


37.7. Theorem. Let F be a Weil functor with Weil algebra A = RI OQ N. 

Using the natural transformations from 37.3 we have: 

1) ¥r(M) is a group with multiplication XoY = pwroFk(Y)oX and identity 
Or. 

2) Xr.r(M) is a Lie algebra with bracket induced from the usual Lie bracket 
on X7(M) and the multiplication m: Nx N > N by [a@X,b@Y]|rar = 
a.b @ [X,Y]. 

3) There is a bijective mapping exp : Xr.7(M) — Xr(M) which expresses 
the multiplication © by the Baker-Campbell-Hausdorff formula. 


4) The multiplication ©, the Lie bracket [| , J|r«r, and exp are natural 
in F (with respect to natural operators) and M (with respect to local 
diffeomorphisms). 


Remark. If F = T, then X7(M) is the space of all vector fields on M, the 
multiplication is X oY = X + Y, and the bracket is [X,Y]rxr = 0, and exp is 
the identity. So the multiplication in (1), which is commutative only if F is a 
natural vector bundle, generalizes the linear structure on X(1/). 


37.8. For the proof of theorem 37.7 we need some preparation. If a € N and 
X € X(M) is a smooth vector field on M, then by lemma 37.5 we have a@® X € 
Xr«r(M) and for f ¢ C°(M,R) we use Tf(X) = f.1+df(X) to get 
(T* F)(f)(a@ X) = (Idy @Tf)(a® X) 
=fl+adf(xX)=fl+axX(f) 
= f.1+Daex(f) by 37.6.(b). Thus 
(a) Dia (f) = Daex(f) = aX (f) = a.df(X). 


So again by 37.5 we see that X7,(J4) is isomorphic to the space of all R-linear 
mappings € : C@(M,R) — N ® C™®(M,R) satisfying 


E(f.g) = €(f)-9 + f(g). 


These mappings are called derivations. 
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Now we denote £ := Lp(C™~(M,R),N @ C™(M,R)) for short, and for €, 
7 € L we define 


(b) €en:=(m@Idg~,R)) ° (Idw @€) 07 : C*(M,R) > 
+ N @C™(M,R) — N@N @C™(M,R) — N @C™(M,R), 


where m: N@WN — N is the (nilpotent) multiplication on N. Note that 
D® :%p(M) — Land D'™* : ¥p,47(M) — CL are injective linear mappings. 


37.9. Lemma. 1. C is a real associative nilpotent algebra without unit under 
the multiplication e, and it is commutative if and only ifm=0:NxN—-N. 
(1) For X,Y € Xp(M) we have Dyroy = =DeeDP+DE+ DE. 
(2) For X,Y € Xrsr(M) we have = = DE 0 DE Dee DE. 
(3) For € € £ define 


Then exp, log : £ — L are bijective and inverse to each other. exp(€) is 
an expansion if and only if € is a derivation. 


Note that i = 0 lacks in the definitions of exp and log, since £ has no unit. 


Proof. (1) We use that m is associative in the following computation. 


Ee (7 eC) = (m@ Idew (py) o (Id @€) 0 (N # C) 

= (m @ Id) o (dy 8) 0 (m @ Id) o (Idy @m) 0 ¢ 

= (m @ Id) o (m@ Idy @ Id) o (Idvqn @&) o (Idy @N) 0 ¢ 
= (m@ Id) 0 (Idy ®m @ Id) 0 (Idwaqn @E) 0 (Idw @y) o€¢ 
eee 

=i 


fenje 


So e is associative, and it is obviously R-bilinear. The order of nilpotence equals 
that of N. 
(2) Recall from 36.13 and 37.3 that 


F(F(R)) =A®@A= ((R1@R1)6(R1@N)) 6 ((N@R1)6(N@N)) 
~ AO F(N) = F(R.1) x F(N) & F(R.1 x N) = F(A). 
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We will use this decomposition in exactly this order in the following computation. 


flt+Diy(f)=F(f)o(XoY) _ by 37.6.(b) 
=F(f)oupmoF(Y)oX by 37.7(1) 
=preoF(F(f))oF(Y)ox since p is natural 
=moF(F(f)oY)oX 
=moF(f1,Dy(f))oX by 37.6.(b) 
= mo ((1@ F(f) 0X) ® (F(Dy(f)) ° X)) 


=mo (1@(f.1+ Dk(f)) + (DF(f) @1+ (dw @D¥)(DF(N)))) 
= f+ Dx(f) + Dy(f) + (Dx © Dy)(f). 


(3) For vector fields X, Y € X(M) on M and a, b € N we have 


Dieex, b9Y]rer(F) = Da.velx,y](f) 
=a.b.[X,Y]|(f) by 37.8.(a) 
= a.b(X(Y(f)) — Y(X(f))) 
(m ® Idge nr) © Id @DIZK) o DISE (f) — 


= (Dix * Diay — Diay * Dasx) (Sf): 


(4) After adjoining a unit to £ we see that exp(€) = e§ — 1 and log(€) = 
log(1 + €). So exp and log are inverse to each other in the ring of formal power 
series of one variable. The elements 1 and € generate a quotient of the power 
series ring in R.1@ £, and the formal expressions of xp and log commute with 
taking quotients. So exp = log. The second assertion follows from a direct 
formal computation, or also from 37.10 below. 


37.10. We consider now the R-linear mapping C of £ in the ring of all R-linear 
endomorphisms of the algebra A ® C™(M,R), given by 


Ce := mo (Id4 @€) : A® C™(M,R) — 
—- A®N®C™*(M,R)cC AQ AQC~(M,R) — ASC~(M,R), 


where m: A@A-— A is the multiplication. We have C¢(a ® f) = a.€(f). 


Lemma. 


(1) Ceen = Ce 0 Cy, so C is an algebra homomorphism. 
(2) € € £ is an expansion if and only if Id+C¢ is an automorphism of the 
commutative algebra A ® C™(M,R). 
€ is a derivation if and only 1 is a derivation of the algebra 
(3) € € L is a derivation if and only if Cg is a derivati f the algeb 
A®C™(M,R). 
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Proof. This is obvious. 


87.11. Proof of theorem 37.7. 1. It is easily checked that £ is a group with 
multiplication £07 = €en+€+7, with unit 0, and with inverse €~' = 7°, (—€)*" 
(recall that e is a nilpotent multiplication). As noted already at the of 37.8 the 
mapping D¥ : Xp(M) — CL is an isomorphism onto the subgroup of expansions, 
because Id ++C' 0 D¥ : ¥p(M) — L — End(A @ C®(M,R)) is an isomorphism 
onto the subgroup of automorphisms. 

2. CoDT*¥ : ¥747(M) > End(A@C™(M,R)) is a Lie algebra isomorphism 
onto the sub Lie algebra of End(A ® C'°(M,R)) of derivations. 

3. Define exp : Xr.r(M) — Xr(M) by re aes = exp(D%). The Baker- 
Campbell-Hausdorff formula holds for 


exp : Der(A ® C°°(M,R)) — Aut(A ® C*(M,R)), 


since the Lie algebra of derivations is nilpotent. 
4. This is obvious since we used only natural constructions. 


37.12. The Lie bracket. We come back to the tangent bundle functor T and 
its iterates. For T the structures described in theorem 37.7 give just the addition 
of vector fields. In fact we have Xo Y = X+Y, and [X,Y]r.r =0. 

But we may consider other structures here. We have by 37.1 Al(Z’) = D = 
R.1@R.6 for 6? =0. So N & R with the nilpotent multiplication 0, but we still 
have the usual multiplication, now called m, on R. 

For X, Y € ¥r(M) we have Dx € L = Le(C™(M,R),C™(M,R)), a deriva- 
tion given by f.1+ Dx(f).6 = Tf o X, see 37.6.(b) — we changed slightly the 
notation. So Dx(f) = X(f) = df(X) in the usual sense. The space £ has one 
more structure now, composition, which is determined by specifying a generator 
6 of the nilpotent ideal of Al(7’). The usual Lie bracket of vector fields is now 
given by Dix,y] = Dx ° Dy = Dy ° Dx. 


37.13. Lemma. In the setting of 37.12 we have 
(-T)o (TY oX,KpoTX oY) = (T+) 0 (vl o[X,Y],0T oY) 


in terms of the natural transformations descibed in 37.4 


This is a variant of lemma 6.13 and 6.19.(4). The following proof appears 
to be more complicated then the earlier ones, but it demonstrates the use of 
natural transformations, and we write out carefully the unusual notation. 


Proof. For f € C%°(M,R) and X, Y € Xr(M) we compute as follows using 
repeatedly the defining equation for Dx from 37.12: 


T°foTYoX =T(TfoY)oX =T(f.1@ Dy(f).b1) o X 
= (Tf oX).1@ (L(Dy(f)) o X).d1, since T preserves products, 
= f1+Dx(f).d2 + (Dy(f).1+ Dx Dy (f).52)-61 
= f.1+ Dy(f).6. + Dx(f).d2 + Dx Dy(f).6162. 
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Now we use the natural transformation and their commutation rules from 37.4 
to compute: 
T*f o(-T)o (TY oX,npoTX oY)= 
=(-T)o(T?foTY oX,KpoT*folTX oY) 
= (-T)o (f.1+ Dy(f).61 + Dx(f).62 + Dx Dy(f).6152, 
Kr (f-1+ Dx(f).61 + Dy(f).62 + Dy Dx (f).5162)) 
= (-T) 0 (f.1+ Dy(f).61 + Dx(f).62 + Dx Dy(f).6152, 
f.1+ Dy(f).61 + Dx(f).d2 + Dy Dx (f).6162)) 
= f.1+ Dy(f).d1 + (Dx Dy — Dy Dx)(f).6162 
= (T+) 0 (0T o(f.1+ Dy(f).6), vl o (f.1+ Dixy (f)-9)) 
=(T+)o(0T oT foY,vloTf o[X, Y]) 
= (T+)0 (Tf o0T oY,T’f ovlo[X,Y]) 
=T’ f o(T+)0(0T 0 Y,vl 0 [X,Y]). 


37.14. Linear connections and their curvatures. Our next application 
will be to derive a global formula for the curvature of a linear connection on a 
vector bundle which involves the second tangent bundle of the vector bundle. 
So let (E,p,M) be a vector bundle. Recall from 11.10 and 11.12 that a linear 
connection on the vector bundle E can be described by specifying its connector 
K:TE— E. By lemma 11.10 and by 11.11 any smooth mapping K : TE — E 
which is a (fiber linear) homomorphism for both vector bundle structure on TE, 
and which is a left inverse to the vertical lift, Koulg = pro: ExyE => TE -— E, 
specifies a linear connection. 

For any manifold N, smooth mapping s : N — E, and vector field X € X(N) 
we have then the covariant derivative of s along X which is given by Vxs := 
KoTsoxX:N—-TN—-TE-— E, see 11.12. 

For vector fields X, Y € X(M) and a section s € C™®(EF) the curvature R? 
of the connection is given by R’(X,Y)s = ([Vx, Vy] — Vix,y])s, see 11.12. 


37.15. Theorem. 
(1) Let K : TE — E be the connector of a linear connection on a vector 
bundle (E,p,M). Then the curvature is given by 
R®(X,Y)s =(KoTK ong—KoTK)oT*soTX oY 


for X, Y € X(M) and a section s € C™(E). 
(2) Ifs: N > E is a section along f := pos: N — M then we have for 
vector fields X, Y € X(N) 
VxVys ee VyVxs = Vix,y]§ = 
=(KoTKokg—Ko0TK)oT*s0TX oY = 
= RE(TfoX,TfoY)s. 
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(3) Let K :T?M — M bea linear connection on the tangent bundle. Then 
its torsion is given by 


Tor(X,Y) =(Koky—K)oTX oY. 


Proof. (1) Let first mf : E — E denote the scalar multiplication. Then we have 
Z|, mF = vlg where vlg : E — TE is the vertical lift. We use then lemma 
37.13 and the commutation relations from 37.4 and we get in turn: 


vlpo K = Z| mi ok = 2, Kom” 
=TKo Z|, mp" =TK ovlrerp,rm): 
R(X, Y)s =VxVys— Vy V x8 — Vix,yj8 
=KoT(KoTsoY)oX—KoT(KoTsoX)oY—KoTso[x,Y] 
KoTso0[X,Y]=Kouvlgo K oTs0 [X,Y] 
=KoTK ouvlrproTso([x,Y] 
= KoTK oT’ sovlry 0 [X,Y] 
= KoTK 0T*so0((TY 0X —KkyoTX oY) (T—-) 0py oY) 


=KoTKoT*s0TY 0X —KoTK oT*sonyoTX oY —0. 


Now we sum up and use T?s 0 Ky = Kp 0 T?s to get the result. 

(2) The same proof as for (1) applies for the first equality, with some obvious 
changes. To see that it coincides with R? (Tf oX,Tf oY)s it suffices to write 
out (1) and (T?s 0 TX 0 Y)(x) € T?E in canonical charts induced from vector 
bundle charts of E. 

(3) We have in turn 


Tor(X,Y) =VxY -—VyX — [X,Y] 
=KoTYoX—KoTXoY—Kovlry o [X,Y] 

Kovlpm 0 [X,Y] = Ko ((TY 0X — ky oTX OY) (T—) Oru oY) 
=KoTYoX—KokyoTXoY—0. 


37.16. Weil functors and Lie groups. We have seen in 10.17 that the 
tangent bundle TG of a Lie group G is again a Lie group, the semidirect product 
g « G of G with its Lie algebra g. 

Now let A be a Weil algebra and let T’4 be its Weil functor. In the notation 
of 4.1 the manifold T4(G) is again a Lie group with multiplication T4(j) and 
inversion T'4(v). By the properties 35.13 of the Weil functor T4 we have a sur- 
jective homomorphism 74 : T4G — G of Lie groups. Following the analogy with 
the tangent bundle, for a € G we will denote its fiber over a by (T'4)aG C TG, 
likewise for mappings. With this notation we have the following commutative 
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diagram: 
g@ N —+g@A 


0 — (Ta)og Tag 9g 0 
(T)o eso] T'4 eso] ow" 
e—>(T4)eG TaG TA 2G e€ 


For a Lie group the structural mappings (multiplication, inversion, identity el- 
ement, Lie bracket, exponential mapping, Baker-Campbell-Hausdorff formula, 
adjoint action) determine each other mutually. Thus their images under the 
Weil functor T4 are again the same structural mappings. But note that the 
canonical flip mappings have to be inserted like follows. So for example 


g® A= Tag = Ta(TeG) = T.(TaG) 


is the Lie algebra of T4G and the Lie bracket is just T4([ , |). Since the 
bracket is bilinear, the description of 35.11 implies that [X © a,Y © b]ryg = 
[X,Y], ® ab. Also T,4exp% = exp?4°. Since exp® is a diffeomorphism near 
0 and since (T'4)o(exp®) depends only on the (invertible) jet of exp@ at 0, the 
mapping (T'4)o(exp®) : (Ta)og — (Ta)cG is a diffeomorphism. Since (T4)og is 
a nilpotent Lie algebra, the multiplication on (T'4)-G is globally given by the 
Baker-Campbell-Hausdorff formula. The natural transformation 0g :G —- T4G 
is a homomorphism which splits the bottom row of the diagram, so T'4G is the 
semidirect product (T'4)og x G via the mapping Typ : (u,g) > Ta(pg)(u). 

Since we will need it later, let us add the following final remark: If w% : TG 
T-G is the Maurer Cartan form of G (i.e. the left logarithmic derivative of Idg) 
then 

kg 0 Taw? ok: TT4G & T4TG — TaleG & TeTsG 


is the Maurer Cartan form of T4G. 


Remarks 


The material in section 35 is due to [Eck,86], [Luciano, 88] and [Kainz-Michor, 
87], the original ideas are from [Weil, 51]. Section 36 is due to [Eck, 86] and 
[Kainz-Michor, 87], 36.7 and 36.8 are from [Kainz-Michor, 87], under stronger 
locality conditions also to [Eck, 86]. 36.14 is due to [Eck, 86]. The material in 
section 37 is from [Kainz-Michor, 87]. 
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CHAPTER IX. 
BUNDLE FUNCTORS 
ON MANIFOLDS 


The description of the product preserving bundle functors on Mf in terms 
of Weil algebras reflects their general properties in a rather complete way. In 
the present chapter we use some other procedures to deduce the basic geometric 
properties of arbitrary bundle functors on Mf. Hence the basic subject of this 
theory is a bundle functor on Mf that does not preserve products. Sometimes 
we also contrast certain properties of the product-preserving and non-product- 
preserving bundle functors on Mf. First we study the bundle functors with 
the so-called point property, i.e. the image of a one-point set is a one-point 
set. In particular, we deduce that their fibers are numerical spaces and that 
they preserve products if and only if the dimensions of their values behave well. 
Then we show that an arbitrary bundle functor on manifolds is, in a certain 
sense, a ‘bundle’ of functors with the point property. For an arbitrary vector 
bundle functor F on Mf with the point property we also derive a canonical Lie 
group structure on the prolongation FG of a Lie group G. 

Next we introduce the concept of a flow-natural transformation of a bundle 
functor F on manifolds. This is a natural transformation FT — TF with the 
property that for every vector field X: M — TM its functorial prolongation 
FX: FM — FTM is transformed into the flow prolongation FX: FM — 
TFM. We deduce that every bundle functor F on manifolds has a canonical flow- 
natural transformation, which is a natural equivalence if and only if F preserves 
products. Then we point out some special features of natural transformations 
from a Weil functor into an arbitrary bundle functor on M f. This gives a rather 
effective method for their description. We also deduce that the homotheties are 
the only natural transformations of the r-th order tangent bundle T” into itself. 
This demonstrates that some properties of T‘") are quite different from those of 
Weil bundles, where such natural transformations are in bijection with a usually 
much larger set of all endomorphisms of the corresponding Weil algebras. In the 
last section we describe basic properties of the so-called star bundle functors, 
which reflect some constructions of contravariant character on M f. 


38. The point property 


38.1. Examples. First we mention some examples of vector bundle functors 
which do not preserve products. In 37.2 we deduced that every product pre- 
serving vector bundle functor on Mf is the fibered product of a finite number 
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of copies of the tangent bundle T. In particular, every such functor is of order 
one. Hence all tensor powers ®?T, p > 1, their sub bundles like S?T, A?T and 
any combinations of them do not preserve products. This is also easily verified 
by counting dimensions. An important example of an r-th order vector bundle 
functor is the r-th tangent functor J") described in 12.14 and 41.8. Let us men- 
tion that another interesting example of an r-th order vector bundle functor, the 
bundle of sector r-forms, will be discussed in 48.4. 


38.2. Proposition. Every bundle functor F: Mf — Mf transforms embed- 
dings into embeddings and immersions into immersions. 


Proof. According to 1.14, a smooth mapping f: WM — N is an embedding if 
and only if there is an open neighborhood U of f((/) in N and a smooth map 
g: UM « such that go f = idjyy. Hence if f is an embedding, then FU C FN 
is an open neighborhood of F'f(f'M) and Figo Ff = idry. 

The locality of bundle functors now implies the assertion on immersions. 
However this can be also proved easily considering the canonical local form 
i: R”™ — R™*", x & (a,0), of immersions, cf. 2.6, and applying F to the 
composition of i and the projections pr;: R™+”" — R™. 


38.3. The point property. Let us write pt for a one-point manifold. A bundle 
functor F' on Mf is said to have the point property if F (pt) = pt. Given such 
functor F let us consider the maps iz: pt —~ M, i,(pt) = a, for all manifolds 
M and points x € M. The regularity of bundle functors on Mf proved in 20.7 
implies that the maps cy: M — F'M, cu (x) = Fiz(pt) are smooth sections of 
pm: FM — M. By definition, cyof = F'focy for all smooth maps f: M— N, 
so that we have found a natural transformation c: Idyyf — F. 

If F = T, for a Weil algebra A, this natural transformation corresponds to 
the algebra homomorphism idy 60: R- R@® N = A. The r-th order tangent 
functor has the point property, i.e. we have found a bundle functor which does not 
preserve the products in any dimension except dimension zero. The technique 
from example 22.2 yields easily bundle functors on M f which preserve products 
just in all dimensions less then any fixed n € N. 


38.4. Lemma. Let S be an m-dimensional manifold and s € S be a point. 
If there is a smoothly parameterized system h, of maps, t € R, such that all 
h, are diffeomorphisms except for t = 0, ho(S) = {s} and hy = idg, then S is 
diffeomorphic to R™™*%. 


Proof. Let us recall that if 5 = U?2,S, where S;, are open submanifolds dif- 
feomorphic to R™ and S$; C Sx41 for all k, then S is diffeomorphic to R™, see 
[Hirsch, 76, Chapter 1, Section 2]. So let us choose an increasing sequence of 
relatively compact open submanifolds K, C Ky41 C S with S = UP, Kk, anda 
relatively compact neighborhood U of s diffeomorphic to R™. Put So = U. Since 
So is relatively compact, there is an integer n, with K,, D So anda t, > 0 with 
hi, (Kn,) C U. Then we define $; = (h;,)~1(U) so that we have S$; > Kn, D So 
and Sj is relatively compact and diffeomorphic to R™. Iterating this procedure, 
we construct sequences S; and nz satisfying 5; D Kn, D Sk—-1, Nk > Nk-1- 


Let us denote by k,,, the dimensions of standard fibers S,, = FoR™. 
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38.5. Proposition. The standard fibers S,, of every bundle functor F on Mf 
with the point property are diffeomorphic to R’™. 
Proof. Let us write s = crm(0), 0 € R™, and let g,: R™ — R™ be the homoth- 


eties g:(x) = ta, t € R. Since go(R™) = {0}, the smoothly parameterized family 
ht = F'gt|Sm: Sm — Sm satisfies all assumptions of the previous lemma. 


For a product M & M x N -S N the values FM <2 F(M x N) 74 FN 
determine a canonical map 7: F(M x N) ~ FM x FN. 


38.6. Lemma. For every bundle functor F on Mf with the point property all 
the maps 7: F(M x N) > FM x FN are surjective submersions. 


Proof. By locality of F it suffices to discuss the case M = R™, N = R”. Write 
Ox = cre(0) € FR*, k = 0,1,..., and denote i: R™ > R™*”, i(x) = (2,0), 
and j: R” — R™*”, j(y) = (0,y). In the tangent space Tp,,,,, R™+", there are 
subspaces V = TFi(To,, FR”) and W = TF (To, FR"). We clam VOW = 
0. Indeed, if AE VAW, ie. A = TFi(B) = TFI(C) with BE To, FR” 
and C € To, FR", then TF'p(A) = TF p(TFi(B)) = B, but at the same time 
TF p(A) =TFpoTFj(C) = 0m, for poj is the constant map of R” into 0 € R”, 
and A = TFi(B) = 0 follows. 

Hence Tz|(V @W): VOW — To,, FR” x To, FIR” is invertible and so 7 is a 
submersion at 04 and consequently on a neighborhood U C FR™*” of Om+n- 
Since the actions of R defined by the homotheties g, on R™, R” and R™*” 
commute with the product projections p and q, the induced actions on FR”, 
FR", FR™*” commute with 7 as well (draw a diagram if necessary). The family 
Fg; is smoothly parameterized and F'g9(FR™*") = {Om4n}, so that every point 
of FR™*” is mapped into U by a suitable F'g;, t > 0. Further all Fg, with t > 0 
are diffeomorphisms and so 7 is a submersion globally. Therefore the image 
m(FR™*") is an open neighborhood of (Om,0n) € FR” x FR". But similarly 
as above, every point of FIR™ x FR” can be mapped into this neighborhood by 
a suitable F'g,, t > 0. This implies that a is surjective. 


It should be an easy exercise for the reader to extend the lemma to arbitrary 
finite products of manifolds. 


38.7. Corollary. Every bundle functor F on Mf with the point property 
transforms submersions into submersions. 


Proof. The local canonical form of any submersion is p: R" x R* — R”, p(x, y) = 
x, cf. 2.2. Then Fp = pr; o7 is a composition of two submersions 7: F(R” x 
R*) — FR” x FR* and pr;: FR” x FR’ — FR”. Since every bundle functor is 
local, this concludes the proof. 


38.8. Proposition. If a bundle functor F on Mf has the point property, then 
the dimensions of its standard fibers satisfy km4n > km+ky for all0 <m-+n< 
co. Equality holds if and only if F preserves products in dimensions m and n. 


Proof. By lemma 38.6, we have the submersions 7: F(IR™ x R") > FR™ x FIR” 
which implies kinin > km +kn. If the equality holds, then 7 is a local diffeomor- 
phism at each point. Since 7 commutes with the action of the homotheties, it 
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must be bijective on each fiber over R™*+”, and therefore 7 must be a global dif- 
feomorphism. Given arbitrary manifolds M and N of the proper dimensions, the 
locality of bundle functors and a standard diagram chasing lead to the conclusion 
that 

FM <2 F(Mx N) 74 FN 


is a product. 
In view of the results of the previous chapter we get 


38.9. Corollary. For every bundle functor F on Mf with the point property 
the dimensions of its values satisfy dimF'R™ = mdimFR if and only if there is 
a Weil algebra A such that F is naturally equivalent to the Weil bundle T4. 


38.10. For every Weil algebra A and every Lie group G there is a canonical Lie 
group structure on T4G obtained by the application of the Weil bundle T, to 
all operations on G, cf. 37.16. If we replace T4 by an arbitrary bundle functor 
on M f, we are not able to repeat this construction. However, in the special case 
of a vector bundle functor F' on Mf with the point property we can perform 
another procedure. 

For all manifolds M, N the inclusions i,: M — M x N, i,(x) = (2, y), 
jer: N>M XN, jr(y) = (2, y), («,y) € M x N, form smoothly parameterized 
families of morphisms and so we can define a morphism tTy,y: FM x FN — 
F(M x N) by tu,.n (2, w) = Fipyw) (2) + Fjpyr(z)(w), where py: FM — M are 
the canonical projections. One verifies easily that the diagram 


FM x FN —“%.. F(M x N) 


[Pry [FU xa) 

_ _ TxtN EAs 

FM x FN —“*. Fim x N) 
commutes for all maps f: M — M, g: N — N. So we have constructed a 
natural transformation 7: Prodo (F, F’) > F'oProd, where Prod is the bifunctor 
corresponding to the products of manifolds and maps. The projections p: M x 
N—M,q: Mx N — N determine the map (Fp, Fg): FM x N) => FM x FN 
and by the definition of T)y,n, we get (Fp, Fq)°T™,n = ideuxrn. Now, given 
a Lie group G with the operations wu: Gx G — G, v: G > G and e: pt > G, we 
define urg = Fuote.a, vrg = Fv and erg = Fe = cg(e) where cg: G > FG 


is the canonical section. By the definition of 7, we get for every element (z,w) € 


FG x FG over (4,y) € GxG 
ura(z,w) = F(u(,y))(2) + F(u(a, ))(w) 


and it is easy to check all axioms of Lie groups for the operations rg, Veg and 
erg on FG. In particular, we have a canonical Lie group structure on the r-th 
order tangent bundles T‘)G over any Lie group G and on all tensor bundles 
over G. 

Since 7 is the identity if F equals to the tangent bundle T, we have generalized 
the canonical Lie group structure on tangent bundles over Lie groups to all vector 
bundle functors with the point property, cf. 37.2. 
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38.11. Remark. Given a bundle functor F on Mf and a principal fiber bundle 
(P,p, M,G) we might be interested in a natural principal bundle structure on 
Fp: FP — FM with structure group FG. If F is a Weil bundle, this structure 
can be defined by application of F' to all maps in question, cf. 37.16. Though we 
have found a natural Lie group structure on F’'G for vector bundle functors with 
the point property which do not preserve products, there is still no structure of 
principal fiber bundle (FP, F'p, FM, FG) for dimension reasons, see 38.8. 


38.12. Let us now consider a general bundle functor F on Mf and write 
Q = F(pt). For every manifold M the unique map qu: M — pt induces 
Fqu: FM — Q and similarly to 38.3, every point a € Q determines a canonical 
natural section c(a) (x) = Fi,(a). Let G be the bundle functor on Mf defined 
by GM = M x Q on manifolds and Gf = f x idg on maps. 


Lemma. The maps oy(2,a) = c(a)u(x), (a,a) € M x Q, and py(z) = 
(pm (z),Fau(z)), 2 € FM, define natural transformations 0: G > F and 
p: F — G satisfying p° o = id. Moreover the oy, are embeddings and the 
pm are submersions for all manifolds M. In particular, for every a € Q the rule 
FM = (Fqu)\(a), Fuf =F f|F.M determines a bundle functor on Mf with 
the point property. 


Proof. It is easy to verify that o and p are natural transformations satisfying 
poo = id. This equality implies that a, is an embedding and also that pa, 
is a surjective map which has maximal rank on a neighborhood U of the image 
om(M x Q). It suffices to prove that every pgm is a submersion. Consider the 
homotheties g;(#) = tz on R™. Then Fg; is a smoothly parameterized family 
with Fg; = idgm and Fgo(FR™) = Fio o Fgqrm(FR™) C om(R™ x Q). Hence 
every point of FIR” is mapped into U by some F'g, with t > 0 and so ppm has 
maximal rank everywhere. 

Since F'qm is the second component of the surjective submersion paz, all the 
subsets F,M Cc FM are submanifolds and one easily checks all the axioms of 
bundle functors. 


38.13. Proposition. Every bundle functor on Mf transforms submersions 
into submersions. 


Proof. By the previous lemma, every value Ff: FM — FN is a fibered mor- 
phism of Fqy: FM — Q into Fqn: FN — Q over the identity on Q. If f 
is a submersion, then every fF, f: F,M — F,N is a submersion according to 
38.7. 


38.14. Proposition. The dimensions of the standard fibers of every bundle 
functor F on Mf satisfy kmin > km + kn — dimF (pt). Equality holds if and 
only if all bundle functors F,, preserve products in dimensions m and n. 


38.15. Remarks. If the standard fibers of a bundle functor F on Mf are 
compact, then all the functors F, must coincide with the identity functor on 
Mf according to 38.5. But then the natural transformations o and p from 
38.12 are natural equivalences. 
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38.16. Example. Taking any bundle functor G on Mf with the point property 
and any manifold Q, we can define FM = GM x Q and Ff = Gf x ida 
to get a bundle functor with F(pt) = Q. We present an example showing 
that not all bundle functors on Mf are of this type. The basic idea is that 
some of the individual ‘fiber components’ F, of F coincide with the functor T? 
of 1-dimensional velocities of the second order while some other ones are the 
Whitney sums 7’ @ T in dependence on the zero values of a smooth function 
on Q. According to the general theory developed in section 14, it suffices to 
construct a functor on the second order skeleton of Mf. So we take the system 
of standard fibers S;,, = Q x R” x R”, n € No, and we have to define the action 
of all jets from J2(R™,R")9 on Sip. Let us write a?, ay, for the coefficients of 
canonical polynomial representatives of the jets in question. Given any smooth 
function f: Q — R we define a map J?(R™,R")o x Sm — Sn by 

(at, ak, )(q,y°,2™) = (q,ary’, f(qaijy’y? + fz’). 
One verifies easily that this is an action of the second order skeleton on the 
system S,,. Obviously, the corresponding bundle functor F’ satisfies F'(pt) = Q 
and the bundle functors F, coincide with T @ T for all g € Q with f(q) = 0. 
If f(q) 4 0, then F, is naturally equivalent to the functor T?. Indeed, the 


maps R?” > R?”, y's y', and 2? f(q)z' are invertible and define a natural 
equivalence of T? into F,, see 18.15 for a help in a more detailed verification. 


38.17. Consider a submersion f: Y — M and denote by pw: FY ~ FM xyY 
the induced pullback map, cf. 2.19. 


Proposition. The pullback map uw: FY — FM xy Y of every submersion 
f: Y — M is a submersion as well. 


We remark that this property represents a special case of the so-called pro- 
longation axiom which was introduced in [Pradines, 74b] for a more general 
situation. 


Proof. In view of 38.12 we may restrict ourselves to bundle functors with point 
property (in general Fqy: FM — F (pt) and Fqy: FY — F(pt) are fibered 
manifolds and yz is a fibered morphism so that we can verify our assertion 
fiberwise). Further we may consider the submersion f in its local form, i.e. 
f: R™t” = R”, (2, y) + 2, for then the claim follows from the locality of the 
functors. Now we can easily choose a smoothly parametrized family of local 
sections s: Y x M — Y with s(y, f(y)) =y, sy € C™(Y), eg. S(e,y)(Z) = (%, y). 
Then we define a mapping a: FM xy Y — FY, a(z,y) := Fs,(z). Since locally 
F foF sy = idy and py-oF sy = syop\,, we have constructed a section of yz. Since 
the canonical sections cyz: M — FM are natural, we get a(cy(x),y) = cy(y). 
Hence the section goes through the values of the canonical section cy and ps has 
the maximal rank on a neighborhood of this section. Now the action of homo- 
theties on Y = R™*” and M = R™ commute with the canonical local form of f 
and therefore the rank of jz is maximal globally. 


In particular, given two bundle functors F', G on Mf, the natural transfor- 
mation uw: FG — F x G defined as the product of the natural transformations 
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F(p°): FG — F and p" 0G: FG — G is formed by surjective submersions 
UM: F(GM) — FM x M GM. 


38.18. At the end of this section, we shall indicate how the above results can 
be extended to bundle functors on FM,,. The point property still plays an 
important role. Since any manifold M can be viewed as the fibered manifold 
idyy: M — M, we can say that a bundle functor F: FM», — FM has the point 
property if FM = M for all m-dimensional manifolds. Bundle functors on FM m 
with the point property do not admit canonical sections in general, but for every 
fibered manifold gy: Y — M in FM, we have the fibration Fqy: FY — M and 
Fay = qy ©py, where py: FY — Y is the bundle projection of FY. Moreover, 
the mapping C®(qy: Y — M) = C®(Fay: FY — M), s+ Fs is natural with 
respect to fibered isomorphisms. This enables us to generalize easily the proof 
of proposition 38.5 to our more general situation, for we can use the image of 
the section 7: R™ — R™*”, x +> (2,0) instead of the canonical sections ca from 
38.5. So the standard fibers S,, = FR™*” of a bundle functor with the point 
property are diffeomorphic to R*”. 


Proposition. The dimensions k,, of standard fibers of every bundle functor 
PF: FM, — FM with the point property satisfy kn4p) > kn + kp and for every 
F Mm-objects gy: Y ~ M, qv: Y — M the canonical map 7: F(Y XY) > 
FY x, FY is a surjective submersion. Equality holds if and only if F preserves 
fibered products in dimensions n and p of the fibers. So F' preserves fibered 
products if and only if k(n) = n.k(1) for alln € No. 


Proof. Consider the diagram 


F(Y xm Y) 


fe EV Sy FY — Pv 


[> rs 


Fy —_** _.M 


where p and pj are the projections on Y x ay Y. 

By locality of bundle functors it suffices to restrict ourselves to objects from 
a local pointed skeleton. In particular, we shall deal with the values of F' on 
trivial bundles Y = M x S. In the special case m = 0, the proposition was 
proved above. 

For every point « € M we write (FY), := (Fqy)~+(a) and we define a functor 
G=G,: Mf — FM as follows. We set G(Yz) := (FY) and for every map 
f =idy x fi: Y -Y, fi: Yr — Yr we define Gf, := Ff\(FY).: GY, - GY. 
If we restrict all the maps in the diagram to the appropriate preimages, we get 
the product (FY), “+ (FY), x (FY), 2» (FY), and mz: G(Y; x Yz) > 
GY, x GY,. Since G has the point property, 7, is a surjective submersion. 
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Hence 7z is a fibered morphism over the identity on M which is fiber wise 
a surjective submersion. Consequently a is a surjective submersion and the 
inequality kn4+p > kn + kp follows. 


Now similarly to 38.8, if the equality holds, then 7 is a global isomorphism. 


38.19. Vertical Weil bundles. Let A be a Weil algebra. We define a func- 
tor V4: FM, — FM as follows. For every qv: Y — M, we put VaAY: = 
UremTaYy and given f € FM,(Y,Y) we write fr = f|Y2, «© € M, and we set 
Vaf\(VaY )o = Tafe. Since V4(R™t” — R™) = R™ x T,aR” carries a canon- 
ical smooth structure, every fibered atlas on Y — M induces a fibered atlas 
on Va4Y — Y. It is easy to verify that V4 is a bundle functor which preserves 
fibered products. In the special case of the algebra D of dual numbers we get 
the vertical tangent bundle V. 

Consider a bundle functor F: F-M,, — FM with the point property which 
preserves fibered products, and a trivial bundle Y = M x S. If we repeat the 
construction of the product preserving functors G = G,, x € M, from the proof 
of proposition 38.18 we have G, = Ty, for certain Weil algebras A = A,. So 
we conclude that F(idi x fi)|(FY)2 = G2(fi) = Va, (ida x fi)|(FY)a. At 
the same time the general theory of bundle functors implies (we take A = Ao) 
FR™™” = R™ x R” x S, = R™ x A” = VAR™*” for all n € N (including the 
actions of jets of maps of the form idgm x f,). So all the algebras A, coincide and 
since the bundles in question are trivial, we can always find an atlas (Ua, Ya) 
on Y such that the chart changings are over the identity on M. But a cocycle 
defining the topological structure of F'Y is obtained if we apply F' to these chart 
changings and therefore the resulting cocycle coincides with that obtained from 
the functor V4. 

Hence we have deduced the following characterization (which is not a complete 
description as in 36.1) of the fibered product preserving bundle functors on 


FMm.- 


Proposition. Let F: FM,, — FM be a bundle functor with the point prop- 
erty. The following conditions are equivalent. 


(i) F preserves fibered products 
(ii) For all n € N it holds dimS,, = n(dimS}) 
(iii) There is a Weil algebra A such that FY = VaY for every trivial bundle 
Y = M x § and for every mapping f,: S + S we have F(idyy x f1) = 
Va(idys x fi): F(M x S) > F(M x §). 


39. The flow-natural transformation 


39.1. Definition. Consider a bundle functor fF: Mf — FM and the tangent 
functor T: Mf — FM. A natural transformation 1: FT — TF is called a flow- 
natural transformation if the following diagram commutes for all m-dimensional 
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manifolds M and all vector fields X € X(M) on M. 


rtm £™_, FM 


(1) Px! ees |rew 
FM —£4_,TFM 


39.2. Given a map f: Q x M > N, we have denoted by Ff: Q x FM > FN 
the ‘collection’ of F(f(q, )) for all g € Q, see 14.1. Write (x, X) =Y € TR™ = 
R™ x R™ and define pgm: R x TR” — R™, upm(t, Y) = (a + tX) for t € R,. 


Theorem. Every bundle functor F: Mf — FM admits a canonical flow- 
natural transformation 1: FT — TF determined by 


lpm (z) = jo F pm ( 5 z). 


If F has the point property, then c is a natural equivalence if and only if F is a 
Weil functor T4. In this case v coincides with the canonical natural equivalence 
TaT — TT, corresponding to the exchange homomorphism A®D — D@A 
between the tensor products of Weil algebras. 


39.3. The proof requires several steps. We start with a general lemma. 


Lemma. Let M, N, Q be smooth manifolds and let f, g: Q x M — N be 
smooth maps. If eae LY) = jhg( ,y) for some q € Q and all y € M, then 
for every bundle functor F on Mf the maps Ff, Fg: Q x FM — FN satisfy 
EF fl 12) =§hF g( ,2) forallz€ FM. 


Proof. It suffices to restrict ourselves to objects from the local skeleton (IR™), 
m=0,1,..., of Mf. Let r be the order of F' valid for maps with source R™, 
cf. 22.3, and write p for the bundle projection ppm. By the general theory of 
bundle functors the values of F' on morphisms f: R” — R” are determined by 
the smooth associated map Frm pn: J"(R™,R") Xpm FR™ — FR", see section 
14. Hence the map Ff: Q x FR™ — FR” is defined by the composition of 
Fam jan with the smooth map f": Q x FR™ > J"(R™,R") Xpm FR", (q,2z) 
CHAT ACE ),z). Our assumption implies that f"( ,z) and g’( ,z) have the same 
k-jet at gq, which proves the lemma. 


39.4. Now we deduce that the maps vgm determine a natural transformation 
t: FT — TF such that the upper triangle in 39.1.(1) commutes. These maps 
define a natural transformation between the bundle functors in question if they 
obey the necessary commutativity with respect to the actions of morphisms 
between the objects of the local skeleton R™, m = 0,1,.... Given such a 
morphism f: R™ — R" we have 


tan (FT f(z) = 3p Fyre (, FT S(2)) = 50F ((urm)t 0 TS)(2) 
TF f(tam(z)) = TFS (jo F urm(,2)) = 5o(F fo F(urm)2(z)) = 
= joF(f ° (urm)z)(2)- 


338 Chapter IX. Bundle functors on manifolds 


So in view of lemma 39.3 it is sufficient to prove for all Y € TR™, f: R™ — R” 


Jo((F © (Hmm )e)(Y)) = ja (urn )e oT F)(Y). 


By the definition of jz, the values of both sides are T/f(Y). 
Since (Ligm )o = TRm:?: TR” > R™, we have TRRm Olpm = F'(Lpm )o = F rpm. 


39.5. Let us now discuss the bottom triangle in 39.1.(1). Given a bundle functor 
F on Mf, both the arrows FX and FX are values of natural operators and v 
is a natural transformation. If we fix dimension of the manifold M then these 
operators are of finite order. Therefore it suffices to restrict ourselves to the 
fibers over the distinguished points from the objects of a local pointed skeleton. 
Moreover, if we verify ugm o FX = FX on the fiber (FT) R™ for a jet of a 
suitable order of a field X at 0 € R™”, then this equality holds on the whole 
orbit of this jet under the action of the corresponding jet group. Further, the 
operators in question are regular and so the equality follows for the closure of 
the orbit. 


Lemma. The vector field X = so on (IR™,0) has the following two properties. 
(1) Its flow satisfies FIX = pgm o (idg x X): R x R™ > R™. 
(2) The orbit of the jet j3.X under the action of the jet group G’*! is dense 
in the space of r-jets of vector fields at 0 € R™. 


Proof. We have Fl (x) = x+t(1,0,...,0) = pop (t, X(x)). The second assertion 
is proved in section 42 below. 


By the lemma, the mappings tg» determine a flow-natural transformation 
t: FT OTF. 

Assume further that F' has the point property and write k,, for the dimension 
of the standard fiber of FR”. If is a natural equivalence, then k2,, = 2k, for all 
n. Hence proposition 38.8 implies that F preserves products and so it must be 
naturally equivalent to a Weil bundle. On the other hand, assume F' = Ty for 
some Weil algebra A and denote 1 and e the generators of the algebra D of dual 
numbers. For every jaf € TaTR, with f: R* — TR =D, f(x) = g(x) +h(z).e, 
take g: Rx R* SR, q(t, xz) = g(x) + th(z), ie. f(x) = jbq( ,x). Then we get 


tr3(jaf) = joTa(ur)eGat) = joda(g() + th( )) = josaalt, ). 


Hence ig coincides with the canonical exchange homomorphism A ® D — D@ A 
and so v is the canonical natural equivalence T4T — TT 4. 


39.6. Let us now modify the idea from 39.1 to bundle functors on FM,,. 


Definition. Consider a bundle functor F: F-M,, — FM and the vertical tan- 
gent functor V: FM, — FM. A natural transformation .: FV — V F is called 
a flow-natural transformation if the diagram 


FVY aes FY 


(1) Px] “ |rev 


ry —£%_,vry 
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commutes for all fibered manifolds Y with m-dimensional basis and for all ver- 
tical vector fields X on Y. 

For every fibered manifold q: Y — M in ObFM,,, the fibration gory : VY — 
M is an FM,,-morphism. Further, consider the local skeleton (R™T” > R™) 
of FM,, and define 


Lignin: RX VR™" = Rim inte _, RMN (tay, X)H (2,y + tX). 
Then every [igmin(t, ) is a globally defined FM,, morphism and we have 


jolRmtn ( ,2,y,X) = (x,y, X). 


39.7. The proof of 39.3 applies to general categories over manifolds. A bundle 
functor on an admissible category C is said to be of a locally finite order if for 
every C-object A there is an order r such that for all C-morphisms f: A — B 
the values F'f(z), z € F'A, depend on the jets Takes f only. Let us recall that all 
bundle functors on FM,, have locally finite order, cf. 22.3. 


Lemma. Let f, g: Q x mA — mB be smoothly parameterized families of C- 
morphisms with renal y= jg ,y) for some q € Q and all y € mA. Then 


for every regular bundle functor F on C with locally finite order, the maps F Ts 
Fg: Qx FA-— FB satisfy Hee i, 2)= jh F 9( ,2) for allz € FA. 


39.8. Let us define tgmin(z) = J¢F ymin ,z). If we repeat the considerations 
from 39.4 we deduce that our maps tgm+n determine a natural transformation 
u: FV = TF. But its values satisfy Tpy o vy (z) = jdpy o F(uy)t(z) = py(z) € 
VY and so wy(z) € V(FY — BY). Sou: FV > VF and similarly to 39.4 we 
show that the upper triangle in 39.6.(1) commutes. 

Every non-zero vertical vector field on R™*" — R™ can be locally trans- 
formed (by means of an FM,,,-morphism) into a constant one and for all con- 
stant vertical vector fields X on R™+” we have FIX = (pigm+n 0 (idgmin x X)). 
Hence we also have an analogue of lemma 39.5. 


Theorem. For every bundle functor F: FM, — FM there is the canonical 
flow-natural transformation 1: FV — VF. If F has the point property, then v 
is a natural equivalence if and only if F preserves fibered products. 


We have to point out that we consider the fibered manifold structure FY — 
BY for every object Y — BY € ODF M, , ie. ty: FWVY — BY) — V(FY > 
BY). 


Proof. We have proved that v is flow-natural. Assume F' has the point property. 
If . is a natural equivalence, then proposition 38.18 implies that F’ preserves 
fibered products. On the other hand, F’ preserves fibered products if and only if 
FR™” = V4zR™*” for a Weil algebra A and then also F'f coincides with V4 f for 
morphisms of the form idgm x g: R™+” > R™+*, see 38.19. But each pigm+n(t, ) 
is of this form and any restriction of ugm+n to a fiber (VaVR™t"), = TaTR™ 
coincides with the canonical flow natural equivalence T4T — TT 4, cf. 39.2. 
Hence « is a natural equivalence. 
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Let us remark that for F = J" we obtain the well known canonical natural 
equivalence J'V — VJ", cf. [Goldschmidt, Sternberg, 73], [Mangiarotti, Mod- 
ugno, 83]. 


39.9. The action of some bundle functors F: #M,, — FM on morphisms can 
be extended in such a way that the proof of theorem 39.8 might go through for 
the whole tangent bundle. We shall show that this happens with the functors 
J": FM — FM. 

Since J’(R™*” — R™) is a sub bundle in the bundle K7,.R™*” of contact 
elements of order r formed by the elements transversal to the fibration, the 
action of J” f on a jet js extends to all local diffeomorphisms transforming 77 s 
into a jet of a section. Of course, we are not able to recover the whole theory 
of bundle functors for this extended action of J", but one verifies easily that 
lemma 39.3 remains still valid. 

So let us define p,: TR"™™” — R™*” by pr(a, 2,X,Z) = (w@ +tX,24 tZ). 
For every section (x, 2(x), X(x), Z(x)) of TR’’*" — R™, its composition with 
i, and the first projection gives the map «+> «+tX(a). If we proceed in a 
similar way as above, we deduce 


Proposition. There is a canonical flow-natural transformation v: J"T — TJ" 
and its restriction J"V — V J" is the canonical flow-natural equivalence. 


39.10. Remark. Let us notice that 1: TJ” — J”’T cannot be an equivalence 
for dimension reasons if m > 0. The flow-natural transformations on jet bundles 
were presented as a useful tool in [Mangiarotti, Modugno, 83]. 

It is instructive to derive the coordinate description of tgm+n at least in the 
case r = 1. Let us write a map f: (R™*” > R™) = (R™™ - R™) in the 
form z* = f*(a', y?), wl = f%(a", y”). In order to get the action of J'f in the 
extended sense on jis = (y”, y?) we have to consider the map (Go fos)~! = f, 
a’ = fi(z). So z* = f*(f(z), y?(f(z))) and we evaluate that the matrix 0f'/Oz* 
is the inverse matrix to Of*/Ox' + (Of*/Oy?)y? (the invertibility of this matrix 
is exactly the condition on jds to lie in the domain of J+ f). Now the coordinates 
wi of J' f(jjs) are : ; 

q _ OF Of? . Aft , Off 

k Axi Ozk " OyP 45 eq" 
Consider the canonical coordinates x’, y? on Y = R™*” and the additional 
coordinates y? or X*, Y? or y?, Xi, YP or y?, €', n?, nP on JY or TY or J'TY 
or TJ‘Y, respectively. If j1s = (2*, y?, XI,¥%, yt, X" Y,%), then 


J* (wy )e(Jo8) = (a + £X%, y? + tY?, 2 (E)) 
Be (t)(5; + tX}) = (yP + t¥?)65. 
Differentiating by t at 0 we get 
tgmin(at,y?, X7,¥% yh, XS, V8) = (ty yk, X,Y 4 YP — 8, XP). 


This formula corresponds to the definition in [Mangiarotti, Modugno, 83]. 
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40. Natural transformations 


40.1. The first part of this section is concerned with natural transformations 
with a Weil bundle as the source. In this case we get a result similar to the 
Yoneda lemma well known from general category theory. Namely, each point in 
a Weil bundle T'4M is an equivalence class of mappings in C™(R", M) where n 
is the width of the Weil algebra A, see 35.15, and the canonical projections yield 
a natural transformation a: C®(R", ) > T4. Hence given any bundle functor 
F on Mf, every natural transformation y: T4 — F' gives rise to the natural 
transformation x oa: C™(R", ) — F and this is determined by the value of 
(x © @)pn(idgn). So in order to classify all natural transformations x: T4 — F 
we have to distinguish the possible values v := ypn 0 Qpn(idyn) € FIR". Let 
us recall that for every natural transformation y between bundle functors on 
Mf all maps yy are fibered maps over idyy, see 14.11. Hence v € FoR” and 
another obvious condition is Ff(v) = Fg(v) for all maps f, g: R" — M with 
jaf = jag. On the other hand, having chosen such v € FoR”, we can define 
xi,Uaf) = Ff(v) and if all these maps are smooth, then they form a natural 
transformation yy’: T4 — F. 

So from the technical point of view, our next considerations consist in a 
better description of the points v with the above properties. In particular, we 
deduce that it suffices to verify Ff(v) = Fi(v) for all maps f: R" — R"+! with 
jaf = jai where i: R" — R"*1, x & (2,0). 


40.2. Definition. For every Weil algebra A of width n and for every bun- 
dle functor F on Mf, an element v € FOR” is called A-admissible if jaf = 
jai implies F f(v) = Fi(v) for all f € C°(R",R"*!). We denote by Sa(F) C 
S = FoR” the set of all A-admissible elements. 


40.3. Proposition. For every Weil algebra A of width n and every bundle 
functor F on Mf, the map 


X > Xpn(Jaidgn ) 


is a bijection between the natural transformations y: T4 — F and the subset of 
A-admissible elements S4(F) C FoR”. 


The proof consists in two steps. First we have to prove that each v € S'4(F) 
defines the transformation vy’: T4 — F at the level of sets, cf. 40.1, and then 
we have to verify that all maps x4, are smooth. 


40.4. Lemma. Let F: Mf — FM be a bundle functor and A be a Weil 
algebra of width n. For each point v € Sa(F) and for all mappings f, g: R" > 
M the equality j4f = jag implies F f(v) = Fg(v). 


Proof. The proof is a straightforward generalization of the proof of theorem 22.3 
with m = 0. Therefore we shall present it in a rather condensed form. 

During the whole proof, we may restrict ourselves to mappings f, g: R” — R* 
of maximal rank. The reason lies in the regularity of all bundle functors on Mf, 
cf. 22.3 and 20.7. 
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The canonical local form of a map f: R™ — R"*! of maximal rank is i and 
therefore the assertion is trivial for the dimension k = n + 1. 

Since the equivalence on the spaces C®°(R”, R*) determined by A is compat- 
ible with the products of maps, we can complete the proof as in 22.3.(b) and 
22.3.(e) with m = 0, jj replaced by j4 and S;, replaced by S.4(F’). 


Let us remark that for m = 0 theorem 22.3 follows easily from this lemma. 
Indeed, we can take the Weil algebra A corresponding to the bundle T;,"*" of 
n-dimensional velocities of order r;41. Then jaf = jag if and only if jj°*' f = 
jo’*'g and according to the assumptions in 22.3, S4(F) = S,. By the general 
theory, the order r,+41 extends from the standard fiber S$; to all objects of 


dimension n. 


40.5. Lemma. For every Weil algebra A of width n and every smooth curve 
c: R > T4R* there is a smoothly parameterized family of maps y: R x R” > R* 
such that jay = c(t). 


Proof. There is an ideal A in the algebra of germs €,, = C§°(R",R), cf. 35.5, 
such that A = €,/A. Write D? = M"*! where M is the maximal ideal in 
En, and D? = €,/Dy,, ie. Tor = Ty. Then A D> Df, for suitable r and so we 
get the linear projection Df — A, jj f + jaf. Let us choose a smooth section 
s: A — D” of this projection. Now, given a curve c(t) = jaf, in T4R* there 
are the canonical polynomial representatives g, of the jets s(jafi). If c(t) is 
smooth, then g; is a smoothly parameterized family of polynomials and so j4g4¢ 


is a smooth curve with j4g; = c(t). 


Proof of proposition 40.3. Given a natural transformation x: T4 — F’, the value 
Xen (jaidg») is an A-admissible element in FoR”. On the other hand, every 
A-admissible element v € Sa4(F’) determines the maps XQ% : TaR* = FR*, 
Xpe (Jaf) = Ff(v) and all these maps are smooth. By the definition, yg, obey 
the necessary commutativity relations and so they determine the unique natural 
transformation x": T'4 — F with yn (v) =v. 


40.6. Let us apply proposition 40.3 to the case F = T"), the r-th order tangent 
functor. The elements in the standard fiber of T")R” are the linear forms on 
the vector space Jj(IR”,R)o and for every Weil algebra A of width n one verifies 
easily that such a form w lies in S4(T”) if and only if w(jig) = 0 for all g with 
Jag = ja0. 

As a simple illustration, we find all natural transformations T? > T). Every 
element jj f € Tj*R = J§(R, R)o has the canonical representative f(x) = ajx+ 
agx?+-+-+a,x". Let us define 1-forms v; € TOR by ui(96 f) = ai, i = 1,2,...,7r. 
Since jpyf = jjf, the forms v; are D{-admissible if and only if i < g. So 
the linear space of all natural transformations T/ > T () is generated by the 
linearly independent transformations x”, i = 1,...,min{q,r}. The maps x}j, 
can be described as follows. Every j§g € T;'M determines a curve g: R > M 
through « = g(0) up to the order q and given any j! f € J’(M,R)o the value 
xa 969) Uf) is obtained by the evaluation of the i-th order term in fog: R— R 
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at 0 € R. So x43 (gg) might be viewed as the i-th derivative on JZ(M,R)o in 
the direction jjg. 

In general, given any vector bundle functor F on Mf, the natural transfor- 
mations T4 — F carry a vector space structure and the corresponding set S.4(F’) 
is a linear subspace in FoR”. In particular, the space of all natural transforma- 
tions T4 — F is a finite dimensional vector space with dimension bounded by 
the dimension of the standard fiber FoR”. 

As an example let us consider the two natural vector bundle structures given 
by ap: TT M — TM and Tay: TIM — TM which form linearly indepen- 
dent natural transformations TT — T. For dimension reasons these must form 
a basis of the linear space of all natural transformations TT — T. Analogously 
the products Tay A trum: TIM — A?TM generate the one-dimensional space 
of all natural transformations TT — A?T and there are no non-zero natural 
transformations TT — A?T for p > 2. 


40.7. Remark. [Mikulski, 92a] also determined the natural operators trans- 
forming functions on a manifold M of dimension at least two into functions 
on F'M for every bundle functor F: Mf — FM. All of them have the form 
frhoFf, f ¢ C°(M,R), where h is any smooth function h: FR — R. 


40.8. Natural transformations T’” — TT‘). Now we are going to show that 
there are no other natural transformations T’”) — T”) beside the real multiples 
of the identity. Thus, in this direction the properties of T“) are quite different 
from the higher order product preserving functors where the corresponding Weil 
algebras have many endomorphisms as a rule. Let us remark that from the 
technical point of view we shall prove the proposition in all dimensions separately 
and only then we ‘join’ all these partial results together. 


Proposition. All natural transformations T) > T) form the one-parameter 
family 


XOkX, keR. 


Proof. If x' are local coordinates on a manifold M, then the induced fiber co- 
ordinates U;, Wizin,--+5Uiz...i, (Symmetric in all indices) on T{*M correspond 
to the polynomial representant ujx? + Ui igt a”? free Ui, ..i, UO ... a of a 
jet from T7*M. A linear functional on (T/*M), with the fiber coordinates X*, 
XH? X4--tr (symmetric in all indices) has the form 


(1) Og se SO toy A IO 


Let y? be some local coordinates on N, let Y?, Y?1?2,...,Y?!--P" be the induced 
fiber coordinates on T’")N and y? = f?(a") be the coordinate expression of a 
map f: M — N. If we evaluate the jet composition from the definition of the 
action of the higher order tangent bundles on morphisms, we deduce by (1) the 
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coordinate expression of T”) f 


y? = Of? yi tt Oe eee ists 

Oxi ' 9! Axa Axiz ' rl Ox... Oxtr 
Of? OfPs 3 3 

2) YPiePs = 4 OX tets 

(2) Ox" Ox?s 
Of? OfPr 4 : 

YPi--Pr = ae : Xt 

Ox" Ox?r 


where the dots in the middle row denote a polynomial expression, each term of 
which contains at least one partial derivative of f? of order at least two. 

Consider first T() as a bundle functor on the subcategory Mfm Cc Mf. 
According to (2), its standard fiber S = TiOR™ is a G7 -space with the following 
action 


X?'=qi xi i ysige2 4... t XY i---dr 
x = aX + 05, 5% aD a ee es 


iqecis _ pf is Vhi---ds 
(3) XxX" =a7...afX" +... 


Xie = git a XA Ir 
1 OG 


where the dots in the middle row denote a polynomial expression, each term of 


which contains at least one of the quantities aj, ;,,...,@5,__;,- Write 


C4e Ge eee Ga ©. Cry. Crrrnee, oP 


By the general theory, the natural transformations T) — T) correspond 
to G’_-equivariant maps f = (f1, fo,..., f-): S —~ S. Consider first the equiv- 
ariance with respect to the homotheties in GL(m) C G*,. Using (3) we obtain 


RAG 5x4 Rooney RA) = Fy ig New XS) 


(4) ke? fo( Xa, -.0yXeys-.,Xr) = folbM1,+..,8°Xy, 0.2, kX) 


BP PRs 0p Kage = FIG gsc Reggina BX). 


By the homogeneous function theorem (see 24.1), f; is linear in X, and in- 
dependent of Xo,...,X,, while f, = gs(Xs) + hs(X1,..-,Xs_1), where gs is 
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linear in X, and h, is a polynomial in Xj,...,Xs;_1, 2 < s < r. Further, 
the equivariancy of f with respect to the whole subgroup GL(m) implies that 
gs is a GL(m)-equivariant map of the s-th symmetric tensor power S*R” into 
itself. By the invariant tensor theorem (see 24.4), g, = csXs (or explicitly, 
git — CgX tts) with Cs E R. 

Now let us use the equivariance with respect to the kernel BY of the jet 
projection Gf, > GL(m), i.e. a, = 05. The first line of (3) implies 
(5) eX*+ai 


JiJ2 


(cy X F192 4 pis2 (X,))+ 


Piscine Gg (ace zt API (Xy, eho y= 
= c(X* +4 eee Cae Ae dae Bg MO), 
Setting ai, ,, = 0 for all s > 2, we find cp = c and hi1?(X,) = 0. By a 


recurrence procedure of similar type we further deduce 
Cs = C1, h3t-I5(Xy,... »Xe-1) =O 


for all s =3,...,r. 

This implies that the restriction of every natural transformation T”) — T™”) 
to each subcategory Mf, is a homothety with a coefficient k,,. Taking into 
account the injection R > R™, x (x,0,...,0) we find k,, = ky. 


40.9. Remark. We remark that all natural tensors of type () on both TM 
and the so-called extended r-th order tangent bundle (.J” (JW, R))* are determined 
in [Gancarzewicz, Kolar, 93). 
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The tangent functor T is a covariant functor on the category Mf, but its 
dual T* can be interpreted as a covariant functor on the subcategory Mf, of 
local diffeomorphisms of m-manifolds only. In this section we explain how to 
treat functors with a similar kind of contravariant character like T* on the whole 
category Mf. 


41.1. The category of star bundles. Consider a fibered manifold Y > M 
and a smooth map f: N — M. Let us recall that the induced fibered manifold 
f*Y — N is given by the pullback 


fry fy Y 


|| 


f 


N —— M 


The restrictions of the fibered morphism fy to individual fibers are diffeomor- 
phisms and we can write 


Pf YH{Gg een eva, ves 
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Clearly (f og)*Y & g*(f*Y). Let us consider another fibered manifold Y’ > M 
over the same base, and a base-preserving fibered morphism y: Y — Y’. Given 
a smooth map f: N — M, by the pullback property there is a unique fibered 
morphism f*y: f*Y — f*Y’ such that 


(1) fy: o f*p =o fy. 


The pullbacks appear in many well known constructions in differential geome- 
try. For example, given manifolds WM, N and a smooth map f: M — N, the 
cotangent mapping 7“ f transforms every form w € Tiny N into T* fw Ee T*M. 
Hence the mapping f*(T*N) — T*M is a morphism over the identity on M. 
We know that the restriction of T* to manifolds of any fixed dimension and local 
diffeomorphisms is a bundle functor on M f,,, see 14.9, and it seems that the 
construction could be functorial on the whole category Mf as well. However 
the codomain of T* cannot be the category FM. 


Definition. The category FM* of star bundles is defined as follows. The ob- 
jects coincide with those of FM, but morphisms y: (Y — M) > (Y’ > M’) 
are couples (~o, %1) where yo: M — M’ is a smooth map and ¢ : (Yo)*Y’ — Y 
is a fibered morphism over idyy. The composition of morphisms is given by 


(2) (0, W1) © (vo, 1) = (Wo ° Yo, Y1 © ((Yo)*¥1)). 


Using the formulas (1) and (2) one verifies easily that this is a correct definition 
of a category. The base functor B: FM* > Mf is defined by B(Y — M)=M, 
B(¥0, 91) = o- 

41.2. Star bundle functors. A star bundle functor on Mf is a covariant 
functor F: Mf — FM* satisfying 

(i) Bo F = Id, so that the bundle projections determine a natural trans- 
formation p: F — Idyyf. 

(ii) If i: U + M is an inclusion of an open submanifold, then FU = py, (U) 
and Fi = (i,¢1) where y;: 7*(FM) — FU is the canonical identification 
i*(FM) ~ py (U) C FM. 

(iii) Every smoothly parameterized family of mappings is transformed into a 
smoothly parameterized one. 

Given a smooth map f: M — N we shall often use the same notation Ff for 
the second component y in F'f = (f,y). We can also view the star bundle func- 
tors as rules transforming any manifold // into a fiber bundle py: FM — M and 
any smooth map f: M — N into a base-preserving morphism Ff: f*(FN) > 
FM with F(idys) = idpry and F(g ° f) = Ff ° f* (FQ). 


41.3. The associated maps. A star bundle functor F is said to be of order r 
if for every maps f, g: M — N and every point x € M, the equality 77 f = jig 
implies F'f|(f*(F.N))« = Fg|(g*(F'N))x, where we identify the fibers (f*(F.N))» 
and (g*(£N)).. 

Let us consider an r-th order star bundle functor F: Mf — FM*. For every 
r-jet A= jr f € JZ(M, N), we define a map FA: FyN — FM by 


(1) FA=Ffo(frn|(f*(FN))x) >; 
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where fry: f*(FN) — FN is the canonical map. Given another r-jet B = 
jyg € Jy(N, P)z, we have 


F(Bo A) =Ffo(f*(Fg))° (foe l(f*9"*(FP))2)* ° (grPl(9*(FP))y)*- 
Applying 41.1.(1) to individual fibers, we get 
(fenl(f*(FN))c)* 0 Fo = f*(F9) © (forcepyl(F 9" (FP))0) 
and that is why 


(2) F(Bo A) =Ffo(frn|(f*FN)z) | °F 90 (grp|(g*FP)y) 
= FAo FB. 


For any two manifolds WM, N we define 
(3) Fyn: FN xv J"(M,N) > FM, (q, A) — FA(q). 


These maps are called the associated maps to F’. 


Proposition. The associated maps to any finite order star bundle functor are 
smooth. 


Proof. This follows from the regularity and locality conditions in the way shown 
in the proof of 14.4. 


41.4. Description of finite order star bundle functors. Let us consider 

an r-th order star bundle functor F'. We denote (L")°? the dual category to 

LD", Sim, = FoR™, m € No, and we call the system S = {5p,51,...} the system 

of standard fibers of F, cf. 14.21. The restrictions mn: Sn x Lia. on 

lmn(s,A) = F'A(s), of the associated maps 41.3.(3) form the induced action of 

(Z")°P on S. Indeed, given another jet B € L"(n,p) equality 41.3.(2) implies 
lm,p(8, Bo A) = min (ln p(s, B), A). 

On the other hand, let @ be an action of (L")°P on a system S = {5o, S1,...} 
of smooth manifolds and denote ¢,, the left actions of G7, on S;, given by 
lm(A, 8) = lm.m(s, A471). We shall construct a star bundle functor L from these 
data. We put LM := P"M{S,,; | for all manifolds M and similarly to 14.22 we 
also get the action on morphisms. Given a map f: M > N, «eM, f(x) =y, 
we define a map FA: FyN — F,M, 


FA({v, s}) = {u, PO a o Ao u)}, 


where m = dimM, n = dimN, A = ji f, vu © P/N, s € Sn, and u € PM is 
chosen arbitrarily. The verification that this is a correct definition of smooth 
maps satisfying F'(Bo A) = FAo FB is quite analogous to the considerations in 
14.22 and is left to the reader. Now, we define Lf|(f*(FN))+ = FAo fry and 
it follows directly from 41.1.(1) that L(go f) = Lf o f*(Lg). 


348 Chapter IX. Bundle functors on manifolds 


Theorem. There is a bijective correspondence between the set of all r-th order 
star bundle functors on Mf and the set of all smooth actions of the category 
(L")°P on systems S of smooth manifolds. 


Proof. In the formulation of the theorem we identify naturally equivalent func- 
tors. Given an r-th order star bundle functor F’', we have the induced action @ 
of (L")°P on the system of standard fibers. So we can construct the functor LD. 
Analogously to 14.22, the associated maps define a natural equivalence between 
F and L. 


41.5 Remark. We clarified in 14.24 that the actions of the category L” on 
systems of manifolds are in fact covariant functors L" + Mf. In the same way, 
actions of (L")°P correspond to covariant functors (L")°? + Mf or, equivalently, 
to contravariant functors L” + Mf, which will also be denoted by Fins. Hence 
we can summarize: r-th order bundle functors correspond to covariant smooth 
functors L" — Mf while r-th order star bundle functors to the contravariant 
ones. 


41.6. Example. Consider a manifold Q and a point gq € Q. To any manifold M 
we associate the fibered manifold FM = J"(M,Q), —> M andamap f: N — M 
is transformed into a map F'f: f*(F'.M) — FN defined as follows. Given a point 
be f(J"(M, Q)q): b= (2 FFI), we set F f(b) a IR(g ° f) € IT(N, Q)q- One 
verifies easily that F' is a star bundle functor of order r. Let us mention the 
corresponding contravariant functor L" — Mf. We have Fin¢(m) = Jj(R™, Q)q 
and for arbitrary jets jf € Linn, 369 © Fine(m) it holds Fine(96f)(69) = 
jo(9° f): 


41.7. Vector bundle functors and vector star bundle functors. Let F' 
be a bundle functor or a star bundle functor on Mf. By the definition of the 
induced action and by the construction of the (covariant or contravariant) func- 
tor Fing: L" — Mf, the values of the functor F belong to the subcategory of 
vector bundles if and only if the functor Fing takes values in the category Vect of 
finite dimensional vector spaces and linear mappings. But using the construction 
of dual objects and morphisms in the category Vect, we get a duality between 
covariant and contravariant functors Fin¢: L” — Vect. The corresponding dual- 
ity between vector bundle functors and vector star bundle functors is a source 
of interesting geometric objects like r-th order tangent vectors, see 12.14 and 
below. 


41.8. Examples. Let us continue in example 41.6. If the manifold Q happens 
to be a vector space and the point q its origin, we clearly get a vector star bundle 
functor. Taking Q = R we get the r-th order cotangent functor T’*. If we set 
Q = R*, then the corresponding star bundle functor is the functor T7* of the 
(k, r)-covelocities, cf. 12.14. 

The dual vector bundle functor to T’* is the r-th order tangent functor. The 
dual functor to the (k,1r)-covelocities is the functor T/™, see 12.14. 
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Remarks 


Most of the exposition concerning the bundle functors on Mf is based on 
[Kolar, Slovak, 89], but the prolongation of Lie groups was described in [Kolai, 
83]. The generalization to bundle functors on FM, follows [Slovak, 91]. 

The existence of the canonical flow-natural transformation FT — TF was 
first deduced by A. Kock in the framework of the so called synthetic differential 
geometry, see e.g. [Kock, 81]. His unpublished note originated in a discussion 
with the first author. Then the latter developed, with consent of the former, the 
proof of that result dealing with classical manifolds only. 

The description of all natural transformations with the source in a Weil bundle 
by means of some special elements in the standard fiber is a generalization of 
an idea from [Kolai, 86] due to [Mikulski, 89 b]. The natural transformations 
T\) + T were first classified in [Kolat, Vosmanska, 89]. 
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CHAPTER X. 
PROLONGATION OF VECTOR FIELDS 
AND CONNECTIONS 


This section is devoted to systematic investigation of the natural operators 
transforming vector fields into vector fields or general connections into general 
connections. For the sake of simplicity we also speak on the prolongations of vec- 
tor fields and connections. We first determine all natural operators transforming 
vector fields on a manifold M into vector fields on a Weil bundle over M. In the 
formulation of the result as well as in the proof we use heavily the technique of 
Weil algebras. Then we study the prolongations of vector fields to the bundle 
of second order tangent vectors. We like to comment the interesting general 
differences between a product-preserving functor and a non-product-preserving 
one in this case. For the prolongations of projectable vector fields to the r-jet 
prolongation of a fibered manifold, which play an important role in the varia- 
tional calculus, we prove that the unique natural operator, up to a multiplicative 
constant, is the flow operator. 

Using the flow-natural equivalence we construct a natural operator transform- 
ing general connections on Y — M into general connections on T4Y — T4M 
for every Weil algebra A. In the case of the tangent functor we determine all 
first-order natural operators transforming connections on Y — M into connec- 
tions on TY — TM. This clarifies that the above mentioned operator is not the 
unique natural operator in general. Another class of problems is to study the 
prolongations of connections from Y — M to FY — M, where F is a functor 
defined on local isomorphisms of fibered manifolds. If we apply the idea of the 
flow prolongation of vector fields, we see that such a construction depends on an 
r-th order linear connection on the base manifold, provided r means the horizon- 
tal order of F’. In the case of the vertical tangent functor we obtain the operator 
defined in another way in chapter VII. For the functor J+ of the first jet prolon- 
gation of fibered manifolds we deduce that all natural operators transforming 
a general connection on Y — M and a linear connection on M into a general 
connection on J'Y — M form a simple 4-parameter family. In conclusion we 
study the prolongation of general connections from Y — M to VY — Y. From 
the general point of view it is interesting that such an operator exists only in the 
case of affine bundles (with vector bundles as a special sub case). But we can 
consider arbitrary connections on them (i.e. arbitrary nonlinear connections in 
the vector bundle case). 
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Let F be an arbitrary natural bundle over m-manifolds. We first deduce 
some general properties of the natural operators A: T ~ TF, i.e. of the natural 
operators transforming every vector field on a manifold // into a vector field on 
FM. Starting from 42.7 we shall discuss the case that F' is a Weil functor. 


42.1. One general example of a natural operator T ~» TF is the flow operator 
F of a natural bundle F' defined by 


FuX = 2|, FFI) 


where FI* means the flow of a vector field X on M, cf. 6.19. 

The composition TF = To F is another bundle functor on Mf,,, and the 
bundle projection of T is a natural transformation TF — F’. Assume we have 
a natural transformation i: TF — TF over the identity of F. Then we can 
construct further natural operators T ~» TF by using the following lemma, the 
proof of which consists in a standard diagram chase. 


Lemma. If A: T ~ TF is a natural operator and i: TF — TF is a natural 
transformation over the identity of F, then io A: T ~ TF is also a natural 
operator. 


42.2. Absolute operators. This is another class of natural operators T ~» 
TF, which is related with the natural transformations F — F. Let Oj, be the 
zero vector field on M. 


Definition. A natural operator A: T ~ TF is said to be an absolute operator, 
if AyyX = AyOy, for every vector field X on M. 


It is easy to check that, for every natural operator A: T ~ TF, the operator 
transforming every X € C®(TM) into AjOy, is also natural. Hence this is an 
absolute operator called associated with A. 

Let Ly be the Liouville vector field on TM, i.e. the vector field generated by 
the one-parameter group of all homotheties of the vector bundle TM — M. The 
rule transforming every vector field on M into Ly, is the simplest example of 
an absolute operator in the case F = T. The naturality of this operator follows 
from the fact that every homothety is a natural transformation T — T. Such a 
construction can be generalized. Let y(t) be a smooth one-parameter family of 
natural transformations F — F' with y(0) = id, where smoothness means that 
the map (y(t))az: Rx FM — FM is smooth for every manifold M. Then 


4(M) = 2, (i) 


is a vertical vector field on FM. The rule X +> ®(1/) for every X € C™(T'M) 
is an absolute operator T ~+ TF’, which is said to be generated by y(t). 


42.3. Lemma. For an absolute operator A: T ~» TF every AO is a vertical 
vector field on FM. 


Proof. Let J: U += FM, U C Rx FM, be the flow of AjyOyy and let % be 
its restriction for a fixed t € R. Assume there exists W € F,,M and t € R such 
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that pw hi(W) = y 4 x, where py: FM — M is the bundle projection. Take 
f € Diff(M) with the identity germ at x and f(y) #4 y, so that the restriction 
of Ff to F,M is the identity. Since AyjOy is a vector field F' f-related with 
itself, we have F'f o J, = Jo F f whenever both sides are defined. In particular, 
pM(Ff)AW) = fomA(W) = fly) and puA(FS)(W) = put(W) = y, 
which is a contradiction. Hence the value of AysO,y at every W € FM isa 
vertical vector. 


42.4. Order estimate. It is well known that every vector field X on a manifold 
M with non-zero value at « € M can be expressed in a suitable local coordinate 
system centered at x as the constant vector field 


2 
(1) te Se 
This simple fact has several pleasant consequences for the study of natural oper- 


ators on vector fields. The first of them can be seen in the proof of the following 
lemma. 


Lemma. Let X and Y be two vector fields on M with X(x) # O and ji X = jy. 
Then there exists a local diffeomorphism f transforming X into Y such that 
jet f = gy idm. 

Proof. Take a local coordinate system centered at x such that (1) holds. Then 
the coordinate functions Y* of Y have the form Y* = 6} + g(x) with jig’ = 0. 
Consider the solution f = (f*(x)) of the following system of equations 


Bi tg! (f(a)... f(a) = SP 
determined by the initial condition f = id on the hyperplane 2! = 0. Then f 
is a local diffeomorphism transforming X into Y. We claim that the k-th order 
partial derivatives of f at the origin vanish for all 1 < k < r+ 1. Indeed, if 
there is no derivative along the first axis, all the derivatives of order higher than 
one vanish according to the initial condition, and all other cases follow directly 
from the equations. By the same argument we find that the first order partial 
derivatives of f at the origin coincide with the partial derivatives of the identity 
map. 


This lemma enables us to derive a simple estimate of the order of the natural 
operators T ~~ TF. 


42.5.Proposition. If F is an r-th order natural bundle, then the order of every 
natural operator A: T ~ TF is less than or equal to r. 


Proof. Assume first X(x) A O and jiX = j2Y,a © M. Taking a local diffeomor- 
phism f of lemma 42.4, we have locally AwY = (TF f)°o Aw X o(Ff)~+. But 
TF is an (r + 1)-st order natural bundle, so that j7+!f = j%*tidjy implies that 
the restriction of TF f to the fiber of TFM — M over = is the identity. Hence 
AmY|F,M = Ay X|F,M. In the case X (x) = 0 we take any vector field Z with 
Z(x) # 0 and consider the one-parameter families of vector fields X +tZ and 
Y +tZ,t © R. For every t 4 0 we have Ay(X +tZ)|F,M = Am(Y +tZ)|F.M 
by the first part of the proof. Since A is regular, this relation holds for t = 0 as 
well. 
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42.6. Let S be the standard fiber of an r-th order bundle functor F' on M fin, 
let Z be the standard fiber of TF and let gq: Z — S be the canonical projection. 
Further, let V,. = J§TR” be the space of all r-jets at zero of vector fields on R™ 
and let Vo C V,", be the subspace of r-jets of the constant vector fields on R™, i.e. 
of the vector fields invariant with respect to the translations of R™. By 18.19 
and by proposition 42.5, the natural operators A: T ~ TF are in bijection with 
the associated G'+!-equivariant maps A: V,” x S — Z satisfying go A = pro. 
Consider the associated maps A, Ag of two natural operators A,, Ag: T ~~ TF. 


Lemma. If two associated maps A,, Ag: V,. x S — Z coincide on Vo x S C 
Ve x S, then Ay = A». 


Proof. If X is a vector field on R™ with X(0) 4 0, then there is a local diffeo- 
morphism transforming X into the constant vector field 42.1.(1). Hence if the 
G'*1_equivariant maps A, and 2 coincide on Vo x S, they coincide on those 
pairs in V," x S, the first component of which corresponds to an r-jet of a vector 
field with non-zero value at the origin. But this is a dense subset in V,",, so that 


Ai = Az. 


42.7. Absolute operators T ~~ TT. Consider a Weil functor Tg. (We 
denote a Weil algebra by an unusual symbol B here, since A is taken for natural 
operators.) By 35.17, for any two Weil algebras B, and By there is a bijection 
between the set of all algebra homomorphisms Hom(B,, Bz) and the set of all 
natural transformations Tg, — Tg, on the whole category Mf. To determine 
all absolute operators T ~» TT’p, we shall need the same result for the natural 
transformations Tg, — Tg, on Mf, which requires an independent proof. If 
B=R~x N is a Weil algebra of order r, we have a canonical action of G7, on 
(TgR™)o = N™ defined by 


(jo f)(jBg9) = js(f og) 


Assume both B, and Bg are of order r. In 14.12 we have explained a canonical 
bijection between the natural transformations Tg, — Tg, on Mfim and the 
G'-maps Nj” — N45". Hence it suffices to deduce 


Lemma. All G!,-maps Nj” — N3" are induced by algebra homomorphisms 
By — Bog. 


Proof. Let H: Nj” — N35" be a Gt,-map. Write H = (hi(y1,.-.,Ym)) with 
yi € Ny. The equivariance of H with respect to the homotheties in i(G},) C G", 
yields khi(yi,--- ,Ym) = hilkyi,...,kym), k € R, k 4 0. By the homogeneous 
function theorem, all h; are linear maps. Expressing the equivariance of H 
with respect to the multiplication in the direction of the i-th axis in R™, we 
obtain h;(0,... ,yi,-.. ,0) = hj (0,... ,ky,... ,0) for 7 # 7. This implies that 
h; depends on y; only. Taking into account the exchange of the axis in R™, we 
find h; = h(y;), where h is a linear map N; — Ng. On the first axis in R™” 
consider the map x ++ x + x” completed by the identities on the other axes. 
The equivariance of H with respect to the r-jet at zero of the latter map implies 
h(y) + h(y)? = h(y + y?) = h(y) + h(y?). This yields h(y?) = (h(y))? and by 
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polarization we obtain h(yy) = h(y)h(y). Hence A is an algebra homomorphism 
N, — No, that is uniquely extended to a homomorphism B; — Bz by means of 
the identity of R. 


42.8. The group AutB of all algebra automorphisms of B is a closed subgroup 
in GL(B), so that it is a Lie subgroup by 5.5. Every element of its Lie algebra 
D € Aut B is tangent to a one-parameter subgroup d(t) and determines a vector 
field D(M) tangent to (d(t)),, for t = 0 on every bundle TgM. By 42.2, the 
constant maps X ++ D(M) for all X € C™®(TM) form an absolute operator 
op(D): T ~» TTg, which will be said to be generated by D. 


Proposition. Every absolute operator A: T ~» TTg is of the form A = op(D) 
fora D € Aut B. 


Proof. By 42.3, Aj),0q is a vertical vector field. Since Aj;0y, is F f-related with 
itself for every f € Diff(1/), every transformation J; of its flow corresponds to a 
natural transformation of Tg into itself. By lemma 42.7 there is a one-parameter 
group d(t) in AutB such that J = (d(t))a. 


42.9. We recall that a derivation of B is a linear map D: B — B satisfying 
D(ab) = D(a)b+ aD(b) for all a, b € B. The set of all derivations of B is 
denoted by Der B. The Lie algebra of GL(B) is the space L(B, B) of all linear 
maps B — B. We have Der B Cc L(B, B) and Aut BC GL(B). 


Lemma. DerB coincides with the Lie algebra of AutB. 


Proof. If hy is a one-parameter subgroup in Aut B, then its tangent vector be- 
longs to Der B, since 


5rlo /te(ad) = Bt lo te(a)he(b) = (Silo e(a)) b+ a (Fil he(0)) : 


To prove the converse, let us consider the exponential mapping L(B,B) — 
GL(B). For every derivation D the Leibniz formula 


D* (ab) = s G D*(a)D*~*(b) 


: 7 
i=0 


holds. Hence the one-parameter group hy = ae + pk satisfies 
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42.10. Using the theory of Weil algebras, we determine easily all natural trans- 
formations TTg — TT over the identity of Tg. The functor TT corresponds 
to the tensor product of algebras B®D of B with the algebra D of dual numbers, 
which is identified with B x B endowed with the following multiplication 


(1) (a, b)(c, d) = (ac, ad + bc) 


the products of the components being in B. The natural transformations of TT, 
into itself over the identity of Tg correspond to the endomorphisms of (1) over 
the identity on the first factor. 


Lemma. All homomorphisms of B® D = B x B into itself over the identity on 
the first factor are of the form 


(2) h(a, b) = (a, cb + D(a)) 


with any c € B and any D € Der B. 


Proof. On one hand, one verifies directly that every map (2) is a homomorphism. 
On the other hand, consider a map h: B x B > Bx B of the form h(a,b) = 
(a, f(a) + 9(b)), where f, g: B — B are linear maps. Then the homomorphism 
condition for h requires af(c) + ag(d) + cf(a) + cg(b) = f(ac) + g(bc + ad)). 
Setting b = d = 0, we obtain af(c) + cf(a) = f(ac), so that f is a derivation. 
For a = d = 0 we have g(bc) = cg(b). Setting b = 1 and c = b we find 
g(b) = g(1)b. 


42.11. There is a canonical action of the elements of B on the tangent vectors 
of Tg.M, {[Morimoto, 76]. It can be introduced as follows. The multiplication of 
the tangent vectors of M by reals is a map m: Rx TM — TM. Applying the 
functor Tg, we obtain Tgm: Bx TgTM — TgTM. By 35.18 we have a natural 
identification TTgM = TgTM. Then Tgm can be interpreted as a map B x 
TTgM — TTpgM. Since the algebra multiplication in B is the Tg-prolongation 
of the multiplication of reals, the action of c € B on (ay,... ,@m,61,--. ,0m) € 
TTgR” = B?™ has the form 


(1) C(Q1,.-. Am, 01,... , 0m) = (@1,.-- ,@m,cb1,... , bm). 


In particular this implies that for every manifold M the action of c € B on 
TTpM is a natural tensor afj¢(c) of type ({) on M. (The tensors of type (+) 
are sometimes called affinors, which justifies our notation.) 

By lemma 42.1 and 42.10, if we compose the flow operator Tg of Tg with 
all natural transformations TTg — TTp over the identity of Tg, we obtain the 
following system of natural operators T ~ TT 


(2) af(c) o Tg + op(D) for all c € B and all D € Der B. 


356 Chapter X. Prolongation of vector fields and connections 


42.12. Theorem. All natural operators T ~» TTg are of the form 42.11.(2). 


Proof. The standard fibers in the sense of 42.6 are S = N™ and Z = N™ x B™. 
Let A: Vx N™ — N™ x B™ be the associated map of a natural operator 
A: T ~~ TTg and let Ap = A|Yo x N™. Write y € N, (X,Y) € B=Rx N and 
(v;) € Vo, so that vu; € R. Then the coordinate expression of Ag has the form 
Yi = yi and 

Xi = filvi, ys), Yi = gi(Vi, Yi) 


Taking into account the inclusion i(G1,) C GT*!, one verifies directly that Vo 
is a G1 -invariant subspace in V,”. If we study the equivariance of (f;,g;) with 
respect to G1,, we deduce in the same way as in the proof of lemma 42.7 


m? 


(1) X; = f (yi) + hu, Y; = g(yi) + h(i) 


where f: N—R,g: N— N,h: R- N are linear maps and k € R. 

Setting v; = 0 in (1), we obtain the coordinate expression of the absolute 
operator associated with A in the sense of 42.2. By proposition 42.8 and lemmas 
42.3 and 42.9, f =0 and g is a derivation in N, which is uniquely extended into 
a derivation D4 in B by requiring D4(1) = 0. On the other hand, h(1) € N, so 
that c4 = k+A(1) is an element of B. 

Consider the natural transformation H4: TTgp — TTp determined by c,4 and 
Dz, in the sense of lemma 42.10. Since the flow of every constant vector field on 
R”™ is formed by the translations, its Tg-prolongation on TgR™ = R™” x N”™ is 
formed by the products of the translations on R™ and the identity map on N. 
This implies that A and the associated map of H, o Tg coincide on Vo x N™. 
Applying lemma 42.6, we prove our assertion. 


42.13. Example. In the special case of the functor TY of 1-dimensional veloc- 
ities of arbitrary order r, which is used in the geometric approach to higher 
order mechanics, we interpret our result in a direct geometric way. Given 
some local coordinates x’ on M, the r-th order Taylor expansion of a curve 
x'(t) determines the induced coordinates y/,...,yi on T7M. Let X* = da’, 
Y} = dyj,... ,Y;) = dy! be the additional coordinates on TT7 M. The element 
a+(a"*) € Ria]/(x"*") defines a natural tensor afjz(a+(2"t")) =: Qys of type 
({) on T/M, the coordinate expression of which is Qyr(X', Y}, Y,... ,Y) = 
(0, X*, Y},...,¥_,). We remark that this tensor was introduced in another way 
by [de Leén, Rodriguez, 88]. The reparametrization x(t) > a'(kt), OA k ER, 
induces a one-parameter group of diffeomorphisms of T7M that generates the 
so called generalized Liouville vector field Lay on TT M with the coordinate ex- 
pression X* = 0, Y} = sy’, s=1,...,r. This gives rise to an absolute operator 
L:T ~~» TTY. If we ‘translate’ theorem 42.12 from the language of Weil algebras, 
we deduce that all natural operators T ~» TTY form a (2r+1)-parameter family 


linearly generated by the following operators 


TY, QoT/,.--, QroTy, L, Qol,..., Q’ tol. 


For r = 1, ie. if we have the classical tangent functor T, we obtain a 3- 
parameter family generated by the flow operator T, by the so-called vertical lift 
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QoT and by the classical Liouville field on TM. (The vertical lift transforms 
every section X: M — TM into a vertical vector field on TM determined by the 
translations in the individual fibers of TM.) The latter result was deduced by 
[Sekizawa, 88a] by the method of differential equations and under an additional 
assumption on the order of the operators. 


42.14. Remark. The natural operators T ~» TT were studied from a slightly 
different point of view by [Gancarzewicz, 83a]. He has assumed in addition 
that all maps Ajyy: C° (LM) — C®(LT;M) are R-linear and that every Ay X, 
X € C™®(LM) is a projectable vector field on T/M. He has determined and 
described geometrically all such operators. Of course, they are of the form 
af(c)o7T,", for allc € Dj. It is interesting to remark that from the list 42.11.(2) we 
know that for every natural operator A: T ~ TT every Ay, X is a projectable 
vector field on TgM. The description of the absolute operators in the case of 
the functor T7 is very simple, since all natural equivalences T7 — Ty correspond 
to the elements of Gj, acting on the velocities by reparametrization. We also 
remark that for r = 1 Jany&ka determined all natural operators T ~+ TT} by 
direct evaluation, [Krupka, Janyska, 90]. 
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Theorem 42.12 implies that the natural operators transforming vector fields 
to product preserving bundle functors have several nice properties. Some of 
them are caused by the functorial character of the Weil algebras in question. It 
is useful to clarify that for the non-product-preserving functors on Mf one can 
meet a quite different situation. As a concrete example we discuss the second 
order tangent vectors defined in 12.14. We first deduce that all natural operators 
T ~ TT) form a 4-parameter family. Then we comment its most significant 
properties which differ from the product-preserving case. 


43.1. Since T) is a functor with values in the category of vector bundles, the 
multiplication of vectors by real numbers determines the Liouville vector field 
Lu on every T?) M. Clearly, X + Ly, X € C*(TM) is an absolute operator 
T ~ TT). Further, we have a canonical inclusion TM c T?)M. Using 
the fiber translations on T(?)M, we can extend every section X: M > TM 
into a vector field V(X) on T°?)M. This defines a second natural operator 
V:T ~ TT). Moreover, if we iterate the derivative X(Xf) of a function 
f: M — R with respect to a vector field X on M, we obtain, at every point 
x € M, a linear map from (T?*M), into the reals, ie. an element of TM. 
This determines a first order operator C°(TM) —- C%(T(?)M), the coordinate 
form of which is 


i_d jax' a iyj 2 
(1) a Ox? | x Ord Oxt + XOX Ox? Ox 


Since every section of the vector bundle 7?) can be extended, by means of fiber 
translations, into a vector field constant on each fiber, we get from (1) another 
natural operator D: T ~» TT). Finally, T°) means the flow operator as usual. 
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43.2. Proposition. All natural operators T ~» TT) form the 4-parameter 
family 


(1) kT? + koV +k3L+ksD, ki, ko, kg, ka ER. 

Proof. By proposition 42.5, every natural operator A: T ~ TT) has order 
<2. Let V2 = J2(TR™), S = TOR™, Z = (TT®)oR™ and q: Z > S 
be the canonical projection. We have to determine all G3,-equivariant maps 
f:V2.x S > Z satisfying qo f = pra. The action of G?, on V2 is 

(2) XtaaiX!, = Xt =ajahX' + a, Xfal 

while for X‘, we shall need the action 

(3) Xie = Xhp + ay, X' 

of the kernel K3 of the jet projection G3, + G2, only. The action of G2, on S is 


(4) ui = azul + ai ,ul®, a! =aialu™, 


see 40.8.(2). The induced coordinates on Z are Y* = dx’, U' = du’, UY = du", 
and (4) implies 


Vi =aiys 
(5) SG; ,,U a5 AiRiX U” + Azp 
ryig j,,klyym ij , klyym a d7pkl 
UM =a;,,a,uY"™ + aj,a;,,uY"™ + a,a,U™. 


Using (4) we find the following coordinate expression of the flow operator T) 


(6) XtBe + (Xjul + Xjuul*) Bs + (Xbul! + xfu"*) 92 


Consider the first series of components 
¥* = P(X? AYP Age WU”) 


of the associated map of A. The equivariance of f’ with respect to the kernel 
K3 reads 
fe XP x ul,ur®) = fae coe Gee aus 4am X* 8 ul). 


np? npt 


This implies that f* are independent of X%,. Then the equivariance with respect 
to the subgroup ai, = 04 yields 


fi OO AF aw a) = f(x? xf + ah a” -arul’ ur), 
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This gives f’ = f’(X/,u*"). Using the homotheties in i(G7,,) C G},, we obtain 
f' = f'(X’). Example 24.14 then implies 
(7) Ysa 


Consider further the difference A — kT) with k taken from (7) and denote 
by h', h'! its components. We evaluate easily 
(8) Ha GUAPO IE aD ee KG GN Gale CUNET ATID F 


Ts?) rs? 


Quite similarly as in the first step we deduce h = h'(X*,u'™). By homogene- 
ity and the invariant tensor theorem, we then obtain 


(9) hid = cu) + aX'*X!, 

For h', we find 
(10) ade (XX. A up ca’y,,u)™ + aa’, XIX* - 

=i (2a a: 

By (3), h' is independent of X%,. Then the homogeneity condition implies 
(11) hi = fi(XP)X! + gi (XP)u’. 
For X' = 0, the equivariance of (11) with respect to the subgroup a‘ = i reads 
(12) Gj (XP)ut + cai,ui® = gi(XP)(ul + au"). 
Hence gi(X/*) = cd}. The remaining equivariance condition is 
(13) fj(XP) XI + aati, XIX* = fi(XP + af, X™)X). 
This implies that all the first order partial derivatives of F(X /) are constant, so 


that f} are at most linear in X/'. By the invariant tensor theorem, fi(X/)X! = 
eXIX* + bX". Then (13) yields e = a, ie. 


(14) hi = cu’ + bX* + aXIX}. 


This gives the coordinate expression of (1). 


43.3. Remark. For a Weil functor Tp, all natural operators T ~+ TT are of 
the form H o Tg, where H is a natural transformation TTg — TT over the 
identity of Tg. For T), one evaluates easily that all natural transformations 
H: TT?) — TT) over the identity of T°?) form the following 3-parameter 
family 

Y' =k Y', 

Ut =k,U' + koY" + kgu', 

UY =k, U0" + ku’, 
see [Doupovec, 90]. Hence the operators of the form HoT?) form a 3-parameter 
family only, in which the operator D is not included. 
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43.4. Remark. In the case of Weil bundles, theorem 42.12 implies that the 
difference between a natural operator T ~+ TT and its associated absolute 
operator is a linear operator. This is no more true for the non-product-preserving 
functors, where the operator D is the simplest counter-example. 


43.5. Remark. The operators T°), V and L transform every vector field on a 
manifold M into a vector field on T°) M tangent to the subbundle TM c T?) M, 
but D does not. With a little surprise we can express it by saying that the 
natural operator D: T ~» TT®) is not compatible with the natural inclusion 
TM CT®M. 


43.6. Remark. Recently [Mikulski, 92b], has solved the general problem of 
determining all natural operators T ~» TT), r € N. All such operators form an 
(r+2)-parameter family linearly generated by the flow operator, by the Liouville 
vector field of T“) and by the analogies of the operator D from 43.1 defined by 
foXx---Xf, k=1,...,1r. 

—— 


k-times 
44, Induced vector fields on jet bundles 


44.1. Let F be a bundle functor on FM,,,,. The idea of the flow prolongation 
of vector fields can be applied to the projectable vector fields on every object 
p: Y + M of FMy,». The flow FI? of a projectable vector field 7 on Y is 
formed by the local isomorphisms of Y and we define the flow operator F of F’ 
by 

Fyn = #|, F(R). 
The general concept of a natural operator A transforming every projectable 


vector field on Y € ObFM,,,, into a vector field on FY was introduced in 
section 18. We shall denote such an operator briefly by A: Tproj ~» TF. 


44.2. Lemma. If F is an r-th order bundle functor on FMm,n, then the order 
of every natural operator Tpyo; ~~ TF is <r. 


Proof. This is quite similar to 42.5, see [Koldr, Slovak, 90] for the details. 


44.3. We shall discuss the case F’ is the functor J” of the r-th jet prolongation 
of fibered manifolds. We remark that a simple evaluation leads to the following 
coordinate formula for 717 


a es 9 Pp QyP a ¢ 
ra =1 3 WP aon (3 ae yy or vt) Ber 
aa + mP (x,y) aor see [Krupka, 84]. To evaluate 7", we 
have to iterate this formula and use the canonical inclusion J"(Y — M) @ 
JY(J"-1(¥ — M) > M). 


provided 7 = 7'(x) 
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Proposition. Every natural operator A: T,,oj ~» TJ" is a constant multiple of 
the flow operator J". 


Proof. Let V" be the space of all r-jets of the projectable vector fields on 
R'+™ _, R™ with source 0 € R™+”, let V? C V" be the space of all r-jets 
of the constant vector fields and Vo C V° be the subset of all vector fields with 
zero component in R”. Further, let S" or Z” be the fiber of J7(R™t™” — R™) 
or TJ"™(R™*" — R™) over 0 € R™*", respectively. By lemma 44.2 and by the 
general theory, we have to determine all G7+}-maps A: V" x $” > Z" over the 
identity of S”. Analogously to section 42, every projectable vector field on Y 
with non-zero projection to the base manifold can locally be transformed into 
the vector field or. Hence A is determined by its restriction Ag to Vo x S”. 
However, in the first part of the proof we have to consider the restriction A° of 
A to V° x S” for technical reasons. 

Having the canonical coordinates x’ and y? on R™+”, let X*, Y? be the 
induced coordinates on V®, let y?, 1 < la] <r, be the induced coordinates on 
S” and Z' = dz", Z? = dy”, Z? = dy? be the additional coordinates on Z”. The 
restriction A° is given by some functions 


Zt = f'(X7,¥4,y5) 
ZP = fP(X*, V4 ys) 
ZE = fR(X",Y4, yp). 


Let us denote by g’, g?, g? the restrictions of the corresponding f’s to Vo x S$”. 
The flows of constant vector fields are formed by translations, so that their r-jet 
prolongations are the induced translations of J"(R”*" — R’) identical on the 
standard fiber. Therefore 7 roe = sa and it suffices to prove 
g =kX', gh =0, 0 gh = 

We shall proceed by induction on the order r. It is easy to see that the ac- 
tion of i(G}, x Gi) C Git} on all quantities is tensorial. Consider the case 
r = 1. Using the equivariance with respect to the homotheties in i(G1), we 
obtain f’(X7,Y?,y/) = f'(XI,kY”, ky#), so that f’ depends on X* only. Then 
the equivariance of f' with respect to i(G},) yields ft = kX* by 24.7. The equiv- 
ariance of f? with respect to the homotheties in i(G},) gives kf?(X", Y4,y%) = 
f?(X', kY%, ky). This kind of homogeneity implies f? = h?(X*)Y¥4+ API (X")yf 
with some smooth functions h?, hP?. Using the homotheties in i(G},), we fur- 
ther obtain h?(kKX) = h®(X) and hPI(kX) = khPI(X). Hence h? = const 
and h®) is linear in X'. Then the generalized invariant tensor theorem yields 
f? = aY? + by?X'", a, b © R. Applying the same procedure to f?, we find 
f? =cy?, cER. 

Consider the injection G2 — G?,,, determined by the products with the 
identities on R™. The action of an element (a?,a%,) of the latter subgroup is 
given by 


(2) T= any! 
(3) Ze = ane Z + ab Zi 


362 Chapter X. Prolongation of vector fields and connections 


and Vo is an invariant subspace. In particular, (3) with a? = 6? gives an equiv- 
ariance condition 
p 


cy? = bab yty, X? + cy?. 


This yields b = 0, so that g? = 0. Further, the subspace Vo is invariant with the 
respect to the inclusion of Gj, ,, into G%, ,,. The equivariance of f? with respect 
to an element (6%, 6?,a?) € Gh, n 
completes the proof for r = 1. 
For r > 2 it suffices to discuss the g’s only. Using the homotheties in i(G1), 


we find that g? .,, (X/,y3), 1 < |8| <r, is linear in y3. The homotheties in 


s 


means cy? = c(y? + a?). Hence c = 0, which 


i(G1,) and the generalized invariant tensor theorem then yield 


(4) Gp, ig = We 4, + OU eB tac hee PX 
where W?, do not depend on y? ,., s=1,...,7—1, and 
(5) em = Crile ci 

(6) g? = byyPX* +--+ + bey? 4, XML, 


Similarly to the first order case, we have an inclusion Git! 4 Gti determined 
by the products of diffeomorphisms on R” with the identity of R™. One finds 
easily the following transformation law 


7 P — 7Po,F ‘Pp Pp q1 ds 
(7) Yi enig ~ UQYiy ig 7 FY i i Gay -gqs Yi, ++ Vig 


where F? ,_ is a polynomial expression linear in a® with 2 < |a| < s—1 and 
independent of y? ,,. This implies 


7P —_ _Pp74d p Pp qi ds FQst1 

(8) Zi sth geod Tagine + Sg gaa ag oo Ua, S 

where G7. _;, is a polynomial expression linear in a2, with 2 < |a| < s and linear 
7 


in Z2,0<lal<s-—1. 
We deduce that every g?..;,,0 <s <r-—1, is independent of y? .;,. On the 
kernel of the jet projection G™+! — G",, (8) for r = s gives 


2p 1 Or drt 
t= Gay drarg Yi 7 Yi, I : 


Hence g? = 0. On the kernel of the jet projection GT. > G™-1, (8) with s = 
1,...,r—1, implies 


_ Pp qi dr visti dp 
O = C505, gn Yin 1 Ui XTX, 


ie. cs; = 0. By projectability, gé and g?, 0 < |ja| < r—1, correspond to a 
GY, n-equivariant map Vo x S’~! — Z’~!. By the induction hypothesis, g? = 0 
for all 0 < Ja] < r—1. Then on the kernel of the jet projection G7*+! = Gr-1 
(8) gives 0 = G08 a Ue eect Leg, og = 0. 
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44.4. Bundles of contact elements. Consider the bundle functor AK? on 
M fm of the n-dimensional contact elements of order r defined in 12.15. 


Proposition. Every natural operator A: T ~ TK}, is a constant multiple of 
the flow operator Ky. 


Proof. It suffices to discuss the case MM = R™. Consider the canonical fibration 
R™ = R” x R™" — R”. As remarked at the end of 12.16, there is an identifi- 
cation of an open dense subset in K/R™ with J’(R™ — R”). By definition, on 
this subset it holds 7"€ = K7,€ for every projectable vector field € on R™ — R”. 
Since the operator A commutes with the action of all diffeomorphisms preserving 
fibration R™ — R”, the restriction of A to aor is a constant multiple of Kn (527) 
by proposition 44.3. But every vector field on R™ can be locally transformed 
into aie in a neighborhood of any point where it does not vanish. 


We find it interesting that we have finished our investigation of the basic 
properties of the natural operators T ~» TF for different bundle functors on 
M fm by an example in which the constant multiples of the flow operator are 
the only natural operators T ~» TF. 


44.5. Remark. {Kobak, 91] determined all natural operators T ~» TT* and 
T ~ T(TT*) for manifolds of dimension at least two. Let T* be the flow operator 
of the cotangent bundle, Lyy: T*M — TT*M be the vector field generated by 
the homotheties of the vector bundle T*M and way: TM xy T*M — R be the 
evaluation map. Then all natural operators T ~» TT™ are of the form f(w)T* + 
g(w)L, where f, g € C™(R,R) are any smooth functions of one variable. In 
the case F = TT* the result is of similar character, but the complete list is 
somewhat longer, so that we refer the reader to the above mentioned paper. 
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45.1. In 31.1 we deduced that there is exactly one natural operator transforming 
every general connection on Y — M into a general connection on VY — M. 
However, one meets a quite different situation when replacing fibered manifold 
VY — Mes. by the first jet prolongation J'Y — M of Y. Pohl has observed in 
the vector bundle case, [Pohl, 66], that one needs an auxiliary linear connection 
on the base manifold M to construct an induced connection on J'Y + M. Our 
first goal is to clarify this difference from the conceptual point of view. 


45.2. Bundle functors of order (r,s). We recall that two maps f, g of a 
fibered manifold p: Y — M into another manifold determine the same (r, s)-jet 
jy? f =ay°g at ye Y,s>r, if 77 f = j,g and the restrictions of f and g to the 
fiber Yocy) satisfy dy FY) = I (9\Yoty)), see 12.19. 


Definition. A bundle functor on a category C over FM is said to be of order 
(r,s), if for any two C-morphisms f, g of Y into Y 


jy f =Jy°g implies (Ff) |(FY )y = (Fo) (FY )y- 
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For example, the order of the vertical functor V is (0,1), while the functor of 
the first jet prolongation J+ has order (1,1). 


45.3. Denote by J™*TY the space of all (r,s)-jets of the projectable vector 
fields on Y — M. This is a vector bundle over Y. Let F’ be a bundle functor on 
FMmn and F denote its flow operator T,,oj ~ TF. 


Proposition. If the order of F is (r,s) and 7 is a projectable vector field on Y, 
then the value (Fn)(u) at every u € (FY), depends only on j7*n. The induced 
map 

FY @J'™’TY —T(FY) 


is smooth and linear with respect to J™°TY. 


Proof. Smoothness can be proved in the same way as in 14.14. Linearity follows 
directly from the linearity of the flow operator F. 


45.4. Let I be a general connection on p: Y — M. Considering the [-lift 
Té of a vector field € on M, one sees directly that jy VE depends on Ings 
only, y € Y. Let F be a bundle functor on FM,,,, of order (r,s). If we 
combine the map of proposition 45.3 with the lifting map of I, we obtain a 
map FT: FY @ J'TM = TFY linear in J7TM. Let A: TM > J’TM be 
an r-th order linear connection on M, i.e. a linear splitting of the projection 
7: J"TM — TM. By linearity, the composition 


(1) FT 0 (idpy @ A): FY 9TM > TFY 
is a lifting map of a general connection on FY — M. 


Definition. The general connection F(T, A) on FY — M with lifting map (1) 
is called the F-prolongation of [ with respect to A. 

If the order of F is (0,5), we need no connection A on M. In particular, every 
connection [ on Y — M induces in such a way a connection VI on VY — M, 
which was already mentioned in remark 31.4. 


45.5. We show that the construction of F([, A) behaves well with respect to 
morphisms of connections. Given an FM-morphism f: Y — Y over fo: M > 
M and two general connections T on p: Y ~ M and TI on p: Y — M, one sees 
easily that T and TI are f-related in the sense of 8.15 if and only if the following 
diagram commutes Tf 


———— ras 


yetm S2fh .¢ » rx 
In such a case f is also called a connection morphism of T into I’. Further, two 


r-th order linear connections A: TM — J’TM and A: TM — J"TM are called 
fo-related, if for every z € T,M it holds 


A(T fo(z)) ° (jz.fo) = (32T fo) 0 A(z). 


Let F be as in 45.4. 
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Proposition. IfT and I’ are f-related and A and A are fo-related, then F(T, A) 
and F(T, A) are F f-related. 


Proof. The lifting map of F(T, A) can be determined as follows. For every 
X €T,M we take a vector field € on M such that j7€ = A(X) and we construct 
its T-lift Té. Then F(I, A)(u) is the value of the flow prolongation F(T£) at 
ué F,Y. Let A(T fo(X)) = gf, © = fo(x). If A and A are fo-related, the 
vector fields € and € are fo-related up to order r at x. Since I and TI are f- 
related, the restriction of F([€) over x and the restriction of F(T) over Z are 
F f-related. 


45.6. In many concrete cases, the connection F (I, A) is of special kind. We are 
going to deduce a general result of this type. 

Let C be a category over FM, cf. 51.4. Analogously to example 1 from 18.18, 
a projectable vector field 7 on Y € ODbC is called a C-field, if its flow is formed by 
local C-morphisms. For example, for the category P6(G) of smooth principal G- 
bundles, a projectable vector field 7 on a principal fiber bundle is a PB(G)-field 
if and only if 7 is right-invariant. For the category VB of smooth vector bundles, 
one deduces easily that a projectable vector field 7 on a vector bundle F is a 
VB-field if and only if 7 is a linear morphism F — TF, see 6.11. A connection [ 
on (p: Y + M) € ODC is called a C-connection, if T'€ is a C-field for every vector 
field € on M. Obviously, a PB(G)-connection or a VB-connection is a classical 
principal or linear connection, respectively. 

More generally, a projectable family of tangent vectors along a fiber Y;, i.e. a 
section 0: Y, — TY such that Tpoc is a constant map, is said to be a C-family, 
if there exists a C-field 7 on Y such that o is the restriction of 7 to Y,. We shall 
say that the category C is infinitesimally regular, if any projectable vector field 
on a C-object the restriction of which to each fiber is a C-family is a C-field. 


Proposition. If F is a bundle functor of a category C over FM into an in- 
finitesimally regular category D over FM and I is a C-connection, then F(T, A) 
is a D-connection for every A. 


Proof. By the construction that we used in the proof of proposition 45.5, the 
F(T, A)-lift of every vector X € TM is a D-family. Since D is infinitesimally 
regular, the F(T, A)-lift of every vector field on TM is a D-field. 


45.7. In the special case F = J! we determine all natural operators trans- 
forming a general connection on Y — M and a first order linear connection 
A on M into a general connection on J'Y — M. Taking into account the 
rigidity of the symmetric linear connections on M deduced in 25.3, we first as- 
sume A to be without torsion. Thus we are interested in the natural operators 
JI'6Q,P'B ~~ J'(J! = B). 

On one hand, I and A induce the J'-prolongation 7'(I', A) of I with respect 
to A. On the other hand, since J'Y is an affine bundle with associated vec- 
tor bundle VY @ T*M, the section T: Y — J'Y determines an identification 
Ip: J'Y = VY @T*M. The vertical prolongation VI of I is linear over Y, see 
31.1.(3), so that we can construct the tensor product VI @ A* with the dual 
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connection A* on T*M, see 47.14 and 47.15. The identification Jp transforms 
VI ® A* into another connection P(I, A) on J'Y = M. 


45.8. Proposition. All natural operators J' 6 Q,P!B ~ J'(J' — B) form 
the one-parameter family 


(1) tP+(1-t)7', teR. 


Proof. In usual local coordinates, let 

(2) dy? = FP (x, y)da" 
be the equations of I’ and 

(3) dt! = Ai, (x)eidx® 


be the equations of A. By direct evaluation, one finds the equations of 7!(T, A) 
in the form (2) and 


(4) dy? = (= Bya yy 4 Al (FP a vb) da! 


while the equations of P(I’, A) have the form (2) and 


OF? OF? | OFP : j 
(5) dy? = (A OPE oe oe OS Ft)) dec’. 


First we discuss the operators of first order in [ and of order zero in A. 
Let Sy = Jd(J'(R"*™ — R™) — R"*™) be the standard fiber from 27.3, 
So = Jd(R™*” — R™), A= (Q,P'R™)o and Z = Jd (J'(R™*” — R™) — R™). 
By using the general theory, the operators in question correspond to G?, n-maps 
S, x A x So — Z over the identity of So. The canonical coordinates on S$ are 
VY}, Yigr Yj and the action of G7, ,, is given by 27.3.(1)-(3). On So we have the 


well known coordinates Y,” and the action 
(6) Y? = aP 2a! + aba. 
The standard coordinates on A are A‘ ,=At ; and the action is 


The induced coordinates on Z are z?, Z?, Zi, and one evaluates easily that the 
action on both z? and Z? has form (6), while 


7P _ pei ek-l 1 op ,4grak-l 1 oP gd~kel 
Zi = WZ 414; A; + 09,24] 4,4; + 0,2) 4; 4; 
dak 


P ,a~k~l pi~i~ 
ae Ag =i U5 + Og 2 4,45; 


(8) Pak + a?aba 
+ A,Aj5 + Ap; 5. 
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Write Y = (¥?), y = (y?), m = (Yiq)> Yo = (vii), A= (A5;,)- Then the 
coordinate form of a map f: $1; x A x So > Z over the identity of So is 2? = Y? 
and 


Ze = FP(Y,y, yi, y2, A) 


9 
; Zi, = FWY, M1, yo, A). 


The equivariance of f? with respect to the homotheties in i(G1,) yields 
kf? = FP (RY, ky, ky, kyo, kA) 


so that f? is linear in Y, y, y1, A and independent of y2. The homotheties in 
i(G!) give that f? is independent of y; and A. By the generalized invariant 
tensor theorem 27.1, the equivariance with respect to i(G1, x G1) implies 


fP = a¥? + by. 


Then the equivariance with respect to the subgroup K characterized by a’ =6 ‘, 
af, = oF yields 
b=1-a. 


For fj, the homotheties in i(G,) and i(G,) give 


k? fF = fP(kY, ky, ky, kyo, kA) 
kf, = i (RY, ky, Y1) kye, A) 
so that f7; : 
Considering equivariance with respect to i(G;,, x G;,), we obtain f?, in the form 
of a 16-parameter family 


is linear in yg and bilinear in the pairs (Y,y1),(y,y1), (Y, A), (y, A). 


ig = hiv; + koyfi + kaYPygy + kaYPugs + ks Yy'ug; + ke Yj ut: 

+ ky ys, + keyp yds + oul ut; + koygugs + ku Ypak 

+ ky2¥P Ag, + kisY) Me; + kaye Ay + kisye Mk; + key Mk. 
Evaluating the equivariance with respect to K, we find a = 0 and such relations 
among ky,... ,k1g, which correspond to (1). 

Furthermore, 23.7 implies that every natural operator of our type has finite 

order. Having a natural operator of order r in I and of order s in A, we shall 
deduce r = 1 and s = 0, which corresponds to the above case. Let a and y be 


multi indices in x’ and 3 be a multi index in y?. The associated map of our 
operator has the form 2? = Y? and 


Zi = FP Yaps Ay); Zi, = fF (Y, yas, Ay) 
where |a| + |3| <r, |y| < s. Using the homotheties in i(G;,,), we obtain 


hye = PRY ge A): 
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Hence f? is linear in Y, yg and A, and is independent of the variables with 
|a| > 0 or |y| > 0. The homotheties in i(G},) then imply that f? is independent 
of yg with |3| > 1. For f?,, the homotheties in i(G;,,) yield 

(10) ef =f elgg et OlAS) 


so that ff, is a polynomial independent of the variables with |a| > 1 or |7| > 1. 
The homotheties in i(G1) imply 


(11) k ff = FE (KY, BY lyag, Ay) 


D 
aj 


for |a| < 1, |y| < 1. Combining (10) with (11) we deduce that f?, is independent 
of Yas for ja| + |B] > 1 and A, for |y| > 0. 


45.9. Using a similar procedure as in 45.8 one can prove that the use of a 
linear connection on the base manifold for a natural construction of an induced 
connection on J'Y — M is unavoidable. In other words, the following assertion 
holds, a complete proof of which can be found in [Kolai, 87a]. 


Proposition. There is no natural operator Jt ~ J1(J+ = B). 


45.10. If we admit an arbitrary linear connection A on the base manifold in 
the above problem, the natural operators QP! ~» QP! from proposition 25.2 
must appear in the result. By proposition 25.2, all natural operators QP! ~ 
T ®T* ®T* form a 3-parameter family 


N(A) = kiS + kel @ § + kg @ I. 


By 12.16, J4(J'Y — M) is an affine bundle with associated vector bundle 
VJ'Y @T*M. We construct some natural ‘difference tensors’ for this case. 
Consider the exact sequence of vector bundles over J'Y established in 12.16 


0>=VY @ny T*M oVs'y Y4.vy 0 


where @j1y denotes the tensor product of the pullbacks over J'Y. The con- 
nection T determines a map 6([): J'Y — VY @ T*M transforming every 
u € J‘Y into the difference u—T(Gu) € VY @ T*M. Hence for every ky, 
ko, kz we can extend the evaluation map 7M @ 7*M — R into a contraction 
(6(T), N(A)): JIY = VY @pyT*M@T*M CVJ'Y @T*M. By the procedure 
used in 45.8 one can prove the following assertion, see [Koldz, 87a]. 


Proposition. All natural operators transforming a connection [ on Y into a 
connection on J'Y — M by means of a linear connection A on the base manifold 
form the 4-parameter family 


tP(T, A) + (1—t)F7(T, A) + (6(P), N(A)) 


t, ky, ko, kg € R, where A means the conjugate connection of A. 
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46. The cases FY — F'M and FY — Y 


46.1. We first describe a geometrical construction transforming every connec- 
tion T' on a fibered manifold p: Y — M into a connection T4T on Tap: TAY — 
T4M for every Weil functor T'4. Consider I in the form of the lifting map 


(1) Tl: Y@eTM -TY. 
Such a lifting map is characterized by the condition 
(2) (ty, Tp) e} T = idyorm 


where 7: T — Id is the bundle projection of the tangent functor, and by the 
fact that, if we interpret (1) as the pullback map 


pTM > TY, 


this is a vector bundle morphism over Y. Let «: T4T — TT, be the flow-natural 
equivalence corresponding to the exchange homomorphism A ® D — D ® A, see 
35.17 and 39.2. 


Proposition. For every general connectionT: Y 6@TM — TY, the map 
(3) Tal := ky o (T4T) ° (idr,y ® tae TaY @TT4M 3 TT AY 
is a general connection on Tap: TaY — TaM. 


Proof. Applying T4 to (2), we obtain 
(Taty,TaTp) 0 Tal = idr,syeryrm- 


Since « is the flow-natural equivalence, it holds kay o TaT po ie = TT,p and 
Tatty © kg =Tr,y. This yields 


(tray, T Tap) ° Tal = idpyerrsm 


so that TT satisfies the analog of (2). Further, one deduces easily that Ky : 
TaTY — TTuaY is a vector bundle morphism over T4Y. Even fue TT,M = 
TaTM is a linear morphism over T4M, so that the pullback map (T4p)*kqp : 
(LTap)*TT4M — (Tap)*T4TM is also linear. But we have a canonical iden- 
tification (Typ)*TaTM = Ty(p*TM). Hence the pullback form of T4P on 
(Lap)*TT4M — TTY is a composition of three vector bundle morphisms over 
TaY, so that it is linear as well. 


46.2. Remark. If we look for a possible generalization of this construction to 
an arbitrary bundle functor F' on Mf, we realize that we need a natural equiv- 
alence F'T — TF with suitable properties. However, the flow-natural transfor- 
mation FT — TF from 39.2 is a natural equivalence if and only if F’ preserves 
products, i.e. F’ is a Weil functor. We remark that we do not know any natural 
operator transforming general connections on Y — M into general connections 
on FY — FM for any concrete non-product-preserving functor F on Mf. 
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46.3. Remark. Slovak has proved in [Slovdk, 87a] that if I is a linear con- 
nection on a vector bundle p: E — M, then TyT is also a linear connection on 
the induced vector bundle Typ: T4E — T4M. Furthermore, if p: P — M isa 
principal bundle with structure group G, then Typ: T4P — T4M is a principal 
bundle with structure group T4G. Using the ideas from 37.16 one deduces di- 
rectly that for every principal connection [T on P — M the induced connection 
Tal is also principal on T4P — T,M. 


46.4. We deduce one geometric property of the connection T4I’. If we consider 
a general connection [ on Y — M in the form T: Y 8TM — TY, the [-lift TE 
of a vector field €: M — TM is given by 


(1) (TE)(y) = PCy, €(p(y))), ve. PE =To (idy, € op). 


On one hand, [€ is a vector field on Y and we can construct its flow prolongation 
Ta(VE) = ky o Ta(TE). On the other hand, the flow prolongation T4& = Kj, 0 
Ta€ of € is a vector field on T'4M and we construct its T4T-lift (Z4T)(Ta§). 
The following assertion is based on the fact that we have used a flow-natural 
equivalence in the definition of T4I. 


Proposition. For every vector field € on M, we have (Tal)(Za&) = Ta(T6€). 
Proof. By (1), we have Tal (Ta&) = Tal 0 (idryy, TaE 0 Tap) = ky o TaD o 
(idryy, Mar oKy OT 4€ 0 Tap) = ky OT A(T 0 (idy,€ op)) = Ta(T6S). 


We remark that several further geometric properties of T4I are deduced in 
[Slovak, 87a]. 


46.5. Let I be another connection on another fibered manifold Y and let 
f: Y — Y be a connection morphism of [ into [, i.e. the following diagram 
commutes 


TY Tf TY 
(a) Ir lr 
vorsy £273! + orBy 


Proposition. If f: Y Y is a connection morphism of T° into I, then Taf : 
TaY — TaY is a connection morphism of Tal into Tal. 

Proof. Applying T’4 to (1), we obtain TyT fo Tal = (TY) o(T4f ®TaTBf). 
From 46.1.(3) we then deduce directly TT4 foTal = Talo(Taf @TTaBf). 


46.6. The problem of finding all natural operators transforming connections on 
Y — M into connections on T4Y — T'4M seems to be much more complicated 
than e.g. the problem of finding all natural operators T ~» TT, discussed in 
section 42. We shall clarify the situation in the case that T’4 is the classical 
tangent functor T and we restrict ourselves to the first order natural operators. 

Let T be the operator from proposition 46.1 in the case T4 = T. Hence 
T transforms every element of C®~(J'Y) into C~(J'(TY — TBY)), where 
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J' and J'(T — TB) are considered as bundle functors on FMmn. Further we 
construct a natural ‘difference tensor field’ [CyT’] for connections on TY — TBY 
from the curvature of a connection T on Y. Write BY = M. In general, the 
difference of two connections on Y is a section of VY ® T*M, which can be 
interpreted asa map Y ®TM — VY. In the case of TY — TM we have TY © 
TTM — V(LY — TM). To define the operator [C], consider both canonical 
projections pra, Tpu: TTM — TM. If we compose (pru,Tpu): TTM — 
TM ®TM with the antisymmetric tensor power and take the fibered product 
of the result with the bundle projection TY — Y, we obtain a map py: TY © 
TTM — Y @ A?TM. Since Cyl: Y 6 A?TM — VY, the values of CyT o py 
lie in VY. Every vector A € VY is identified with a vector i(A) Ee V(VY — Y) 
tangent to the curve of the scalar multiples of A. Then we construct [CyT](U, Z), 
UeETY,Z€ETTM by translating i(CyT' (uy (U, Z))) to the point U in the same 
fiber of V(TY — TM). This yields a map [Cy]: TY @BTTM — V(TY — TM) 
of the required type. 


46.7. Proposition. All first order natural operators J' ~ J'(T — TB) form 
the following one-parameter family 


T+kC], keR. 


Proof. Let 
(1) dy? = FP (ax, y)dz 


be the equations of I’. Evaluating 46.1.(3) in the case T4 = T, one finds that 
the equations of TT are (1) and 


OF? 23, OFP i, i 
(2) dy? = (Sere + ent) da’ + FP(w, y)dé 


where €' = dx’, n? = dy” are the induced coordinates on TY. The equations of 


[CyT] 


(3) dy? =0, dy? = (SE + SPY) & nde’ 
follow directly from the definition. 

Let S, = Jé(J1(R™*” = R™) | R™*), Q = T(R™”), Z = JA(TR™ 
— TR") be the standard fibers in question and g: Z — Q be the canonical pro- 
jection. According to 18.19, the first order natural operators A: J! ~> J'(T — 
TB) are in bijection with the G?, ,,-maps A: S| x Q > Z satisfying go A = pro. 

2 


mn O11 Sy are 


The canonical coordinates y?, yi,, yj; on S1 and the action of G 
described in 27.3. It will be useful to replace Yi by SP, and Ri; in the same way 
as in 28.2. One sees directly that the action of G?,,, on Q with coordinates €’, 


mn 
n? is 


(4) E=aj, a = ah + abn’. 
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The coordinates on Z are £', 7? and the quantities A?, B?, CP, D? determined 
by 


(5) dy” = APdx' + BPdé’, dn? = CPdz' + DPdé'. 


A direct calculation yields that the action of G?, ,, on Z is (4) and 


es) 
3 
II 


P{ AV) — at dad qkel 
at (Ata! a; + Bpa;,,a) é') 


BP _ _~PRInJ 
Be = a, Bj a; 


YP _ .p(_~d ¢J7 _ ~4 €J AT _ ~*94 or _ ~q sr As 
C! =F |: Gj,67 — 67 A; — G3." — afi A; 
q~Jj q~j ¢k 
+ OF a; + Dia, € ) 
P_ pf ~d jek or ps-l ~q ~q  ~reks purj 
D, = ab (—G9.a€ a,Bja; — a; — ata, a, B; a; 


2d Alot p8 BUTI q~Jj 
at .ain a,,B; a; + Daz). 


Write € = (£*), n= ("7"), y= (uP), yn = (Yi), S = (SP), R= (RF). 

I. Consider first the coordinate functions B?(E,n, y, y1,S, R) of A. The com- 
mon kernel L of 17: G?,,, + Ginn and of the projection G?,,, > G2, x G? 
described in 28.2 is characterized by ai = 6%, a? = 6”, a? = 0, ai, 0, a? = 0. 
The equivariance of B? with respect to L implies that B? are independent of y; 
and $. Then the homotheties in i(G},) C G?,,, yield a homogeneity condition 


kBP = BP(E, kn, ky, kR). 
Therefore we have 
p 7 ik 
B= flor in Gu aay ee, 
with some smooth functions of €. Now the homotheties in i(G!,) give 


kT BP = fP (hE)? + fP) (ke)kty? + fPI* (ke) kh? R4,.. 


iq 


Hence it holds a) ff,(€) = kff,(KE), b) £27 (€) = FE2 (RE), ©) KARE (E) = PEPE (ké). 
If we let k — 0 in a) and b), we obtain ff, = 0 and f?? = const. The relation 
c) yields that is linear in €. The equivariance of B? with respect to the 
whole group i(G!, x G1) implies that iC and se * correspond to the generalized 
invariant tensors. By theorem 27.1 we obtain 


BP= a Re + coy? 


with real parameters c1, c2. Consider further the equivariance of B? with respect 
to the subgroup K C G?,,, characterized by a; = 6;, af = 62. This yields 


myn 


o Rie + coy? = ake + c2(y? + a2). 
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This relation implies cp = 0. 
II. For A? we obtain in the same way as in I 


A? = aRP.@ + c3y?. 


The equivariance with respect to subgroup K gives cz = 1 and c; = 0. 
III. Analogously to I and II we deduce 


DP = REE + cay? 


Taking into account the equivariance of D? with respect to K, we find cq = 1. 
IV. Here it is useful to summarize. Up to now, we have deduced 


(7) AP = OREO ft; Be =O. DP = Ree af. 
Consider the difference A — T, where T is the operator (1) and (2). Write 
(8) EP = CP — yi,€? — yin’. 


Using aj, we find easily that E? does not depend on S?,. By (6) and (8), the 
action of K on E? is 

(9) —aiit_ £7 REL” + aah até RIL" + al i REf? + EP = bee ane 

= EP (E,7 + a8 ,y5 +45, ube + be + afuye, R) - 

If we set E? = ay}, €7Ri,€* + FP, then (9) implies that F? is independent of y. 
The action of i(G1, x Gi.) on F?(E,7, y, R) is tensorial. Hence we have the same 
situation as for B? in I. This implies F? = kR?,€/ + ey?. Using once again (9) 
we obtain a = b =e = 0. Hence E? = kR}.€? and C? = yi.€) + yin? + KRPE. 
Thus we have deduced the coordinate form of our statement. 


46.8. Prolongation of connections to FY — Y. Given a bundle functor 
F on Mf and a fibered manifold Y — M, there are three canonical structures 
of a fibered manifold on FY, namely FY — M, FY — FM and FY — YY. 
Unlike the first two cases, it seems that there should be only poor results on the 
prolongation of connections to FY — Y. We first present a negative result for 
the case of the tangent functor T. 


Proposition. There is no first order natural operator transforming connections 
on Y — M into connections on TY — Y. 


Proof. We shall use the notation from the proof of proposition 46.7. The equa- 
tions of a connection on TY — Y are 


dg" = Mjda’? + Nidy?, dn? = PPdx' + Qidy’. 
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One evaluates easily the action formulae £' = a‘\é? and 
Mj = ai, MPG; + aj, Npay — ajaay,6™ 
Ni = ai Noad., 
The homotheties in i(G1) give 
Ni = RNS (E%, kn’, ky, Yar KYhin)- 


Hence Nj = 0. For M}, the homotheties in i(G},) imply the independence of Mj 
of 7”, y?, ytj- The equivariance of M. § with respect to the subgroup K means 


My (E, Yeq) + ane” = MG (Eg + Veg) 


Since the expressions Mj on both sides are independent of a‘, the differentiation 


with respect to a‘, yields some relations among €' only. 


46.9. Prolongation of connections to VY — Y. We pay special attention 
to this problem because of its relation to Finslerian geometry. We are going to 
study the first order natural operators transforming connections on Y — M into 
connections on VY — Y, ie. the natural operators Jt ~ J+(V — Id) where Id 
means the identity functor. In this case it will be instructive to start from the 
computational aspect of the problem. 

Using the notation from 46.7, the equations of a connection on VY — Y are 


(1) a = AP (a! ga" det + Bee a” a" dy! 


The induced coordinates on the standard fiber 7 = Jj(V(R™'" = R™) = 
R™*”) are 7”, A?, BP and the action of G2, ,, on Z has the form 


mn 
AP — gPy 
(2) n? = abn 
AP — pP xFnG 1 pP ATVI _— pPRIAZT A S27I _ AP X87 ,A2d 
(3) A; = 4,,4;7° + ag Aja; — af Bra,a;a; — at.agn’ a;a; 


(4) By = aR Ba, + apaqn’ - 


Our problem is to find all G2, ,-maps S; x R"” — Z over the identity on R”. 
Consider first the component B?(n", y?, ca yz.) of such a map. The homotheties 
in i(G1) yield 


BE(n" Yi Yjur Yeu) = Be (kn” ky}, Yjus kYev) 


so that B? depends on yf, only. Then the homotheties in i(G},,) give BP(yf,) = 
Bi (ky), which implies B? = const. By the invariant tensor theorem, B? = kd?’ 
The invariance under the subgroup K reads 


kOP + a?” = ko? 


This cannot be satisfied for any k. Thus, there is no first order operator J! ~+ 
J'(V — Id) natural on the category FMmn- 
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46.10. However, the obstruction is a/,. and the condition af,. = 0 characterizes 
the affine bundles (with vector bundles as a special case). Let us restrict ourselves 
to the affine bundles and continue in the previous consideration. By 46.9.(3), 
the action of i(G}, x Gi) on AP(n?, y?, Yjt Yeu) is tensorial. Using homotheties 
in i(G7,), we find that A? is linear in y?, yP,, but the coefficients are smooth 
functions in 7”. Using homotheties in i(G!), we deduce that the coefficients by 
y} are constant and the coefficients by y?, are linear in 7”. By the generalized 
invariant tensor theorem, we obtain 


(1) AP = ay? + bydn? + cyin? a, b, CER. 


The equivariance of (1) on the subgroup K implies a = —k, b= 0, c= 1. Thus 
we have proved 


Proposition. All first order operators J! ~+ J+(V — Id) which are natural on 
the local isomorphisms of affine bundles form the following one-parameter family 


dn? = yl ntda' + k(dy” — yPda"), KER. 


Remarks 


Section 42 is based on [Kolaz, 88a]. The order estimate in 42.4 follows an idea 
by [Zajtz, 88b] and the proof of lemma 42.7 was communicated by the second 
author. The results of section 43 were deduced by [Doupovec, 90]. Section 44 
is based on [Kolai, Slovak, 90]. The construction of the connection F(T, A) 
from 45.4 was first presented in [Kolai, 82b]. Proposition 46.7 was proved by 
[Doupovec, Kolai, 88]. The relation of proposition 46.10 to Finslerian geometry 
was pointed out by B. Kis. 
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CHAPTER XI. 
GENERAL THEORY 
OF LIE DERIVATIVES 


It has been clarified recently that one can define the generalized Lie derivative 
Leet of any smooth map f: M — N with respect to a pair of vector fields 
€ on M and 7 on N. Given a section s of a vector bundle E — M anda 
projectable vector field 7 on EF over a vector field € on M, the second component 
£8: M — E of the generalized Lie derivative Lee n)s is called the Lie derivative 
of s with respect to 7. We first show how this approach generalizes the classical 
cases of Lie differentiation. We also present a simple, but useful comparison 
of the generalized Lie derivative with the absolute derivative with respect to a 
general connection. Then we prove that every linear natural operator commutes 
with Lie differentiation. We deduce a similar condition in the non linear case 
as well. An operator satisfying the latter condition is said to be infinitesimally 
natural. We prove that every infinitesimally natural operator is natural on the 
category of oriented m-dimensional manifolds and orientation preserving local 
diffeomorphisms. 

A significant advantage of our general theory is that it enables us to study 
the Lie derivatives of the morphisms of fibered manifolds (our feeling is that the 
morphisms of fibered manifolds are going to play an important role in differential 
geometry). To give a deeper example we discuss the Euler operator in the higher 
order variational calculus on an arbitrary fibered manifold. In the last section 
we extend the classical formula for the Lie derivative with respect to the bracket 
of two vector fields to the generalized Lie derivatives. 


47. The general geometric approach 


47.1. Let M, N be two manifolds and f: M — N be a map. We recall that 
a vector field along f is a map y: M — TN satisfying py oy = f, where 
pn: TN — N is the bundle projection. 

Consider further a vector field € on M and a vector field 7 on N. 


Definition. The generalized Lie derivative Lomi of f: M — N with respect 
to € and 7 is the vector field along f defined by 


(1) Leemf: Tfo€—no f. 


By the very definition, L én) is the zero vector field along f if and only if the 
vector fields 7 and € are f-related. 
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47.2. Definition 47.1 is closely related with the kinematic approach to Lie dif- 
ferentiation. Using the flows F ig and FI} of vector fields € and 7, we construct 
a curve 


(1) tr (FI", of o FE)(z) 


for every x € M. Differentiating it with respect to t for t = 0 we obtain the 
following 


Lemma. Len) f (2) is the tangent vector to the curve (1) at t = 0, ie. 
Leemf ©) = Silo PUL of 0 Flf)(2). 


47.3. In the greater part of differential geometry one meets definition 47.1 in 
certain more specific situations. Consider first an arbitrary fibered manifold 
p: Y — M, a section s: M — Y and a projectable vector field 7 on Y over a 
vector field € on M. Then it holds Tpo (T's 0€ —nos) =0m, where 0 means 
the zero vector field on M. Hence Lens is a section of the vertical tangent 
bundle of Y. We shall write 


LrEn)8 =: Ly M—-VY 


and say that Ls is the generalized Lie derivative of s with respect to n. If we 
have a vector bundle F — M, then its vertical tangent bundle VF coincides 
with the fibered product E x yy E, see 6.11. Then the generalized Lie derivative 
£8 has the form 


Lys = (8, £8) 
where £75 is a section of E. 


47.4. Definition. Given a vector bundle EF — M and a projectable vector field 
7 on E, the second component £,s: M — FE of the generalized Lie derivative 
£,8 is called the Lie derivative of s with respect to the field 7. 


If we intend to contrast the Lie derivative £,s with the generalized Lie deriv- 
ative laae we shall say that £,s is the restricted Lie derivative. Using the fact 
that the second component of Lys is the derivative of FI’, 08 0 FIs for t = 0 in 
the classical sense, we can express the restricted Lie derivative in the form 


(1) (£ys)(a) = lim ¢(FIL, os o Flj —s)(2). 

47.5. It is useful to compare the general Lie differentiation with the covariant 
differentiation with respect to a general connection T: Y — J'Y on an arbitrary 
fibered manifold p: Y — M. For every &) € T,M, let T'(y)(&) be its lift to the 
horizontal subspace of Tat p(y) = x. For a vector field € on M, we obtain in this 
way its [-lift [€, which is a projectable vector field on Y over €. The connection 
map wp: TY — VY means the projection in the direction of the horizontal 
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subspaces of [. The generalized covariant differential V's of a section s of Y is 
defined as the composition of wr with T's. This gives a linear map T, M — Voc.) Y 
for every x € M, so that V's can be viewed as a section M — VY @T*M, which 
was introduced in another way in 17.8. The generalized covariant derivative Vis 
of s with respect to a vector field € on M is then defined by the evaluation 


Ves = (€,V's): M > VY. 


Proposition. It holds 7 : 
Vis = Lre Ss. 


Proof. Clearly, the value of wp at a vector 79 € TyY can be expressed as 


wr(no) = no —P(y)(Tp(no)). Hence Lres(x) = Ts(€(x)) — TE(s(x)) coincides 
with wp(T's(€())). 
In the case of a vector bundle E — M, we have VE = EO E and Ves = 


(s, Ves). The second component VE: M — E is called the covariant derivative 
of s with respect to €, see 11.12. In such a situation the above proposition implies 


(1) Vis _ Lres. 


47.6. Consider further a natural bundle F: Mf, — FM. For every vector 
field € on M, its flow prolongation F€ is a projectable vector field on F°M over 
€. If F is a natural vector bundle, we have VFM =FM@FM. 


Definition. Given a natural bundle F’,, a vector field € on a manifold M anda 
section s of F\M, the generalized Lie derivative 


Lyres =: Le: M4 VFM 


is called the generalized Lie derivative of s with respect to €. In the case of a 
natural vector bundle F’, 


Lyes =: L¢8s: M > FM 
is called the Lie derivative of s with respect to &. 


47.7. Animportant feature of our general approach to Lie differentiation is that 
it enables us to study the Lie derivatives of the morphisms of fibered manifolds. 
In general, consider two fibered manifolds p: Y — M and q: Z — M over the 
same base, a base preserving morphism f: Y — Z and a projectable vector field 
nor ¢ on Y or Z over the same vector field € on M. Then Tqo(T fon—Cof) = 0m, 
so that the values of the generalized Lie derivative Lies f lie in the vertical 
tangent bundle of Z. 


Definition. If Z is a vector bundle, then the second component 
Lino t: YZ 


of Leaeyf: Y — VZ is called the Lie derivative of f with respect to 7 and ¢. 
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47.8. Having two natural bundles FM, GM and a base-preserving morphism 
f: FM — GM, we can define the Lie derivative of f with respect to a vector 
field € on M. In the case of an arbitrary G, we write 


(1) Li reget = Lif: FM —VGM. 
If G is a natural vector bundle, we set 
(2) LFe,ge) f =: Lef: FM—GM. 


47.9. Linear vector fields on vector bundles. Consider a vector bundle 
p:E—M. By 6.11, Tp: TE — TM is a vector bundle as well. A projectable 
vector field 7 on E over € on M is called a linear vector field, ifn: E+ TE isa 
linear morphism of F — M into TE — TM over the base map £: M -— TM. 


Proposition. 7 is a linear vector field on E if and only if its flow is formed by 
local linear isomorphisms of E. 


Proof. Let x*, y? be some fiber coordinates on FE such that y? are linear coor- 
dinates in each fiber. By definition, the coordinate expression of a linear vector 
field 7 is 


(1) E(w) 325 + mP (w)y" 325. 


Hence the differential equations of the flow of 7 are 


Their solution represents the linear local isomorphisms of EF by virtue of the 
linearity in y?. On the other hand, if the flow of 7 is linear and we differentiate 
it with respect to ¢, then 7 must be of the form (1). 


47.10. Let 4 be another linear vector field on another vector bundle E — M 
over the same vector field € on the base manifold M. Using flows, we define a 
vector field 7 ® 7 on the tensor product E @ E by 


N@A= Flo (Fld) @ (Fl). 
Proposition. 1 ® 7 is the unique linear vector field on E ® E over € satisfying 
(1) Lyen(s ® 8) = (Lys) © 3+ 8 @ (£98) 


for all sections s of E and § of E. 


Proof. If 47.9.(1) is the coordinate expression of 7 and y? = s?(a) is the coordi- 
nate expression of s, then the coordinate expression of L£,)s is 


(2) OE (a) — nP(a)s"(2). 
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Further, let 
i (2) = bo 
O(a) aoe + 15 (2)2" aca 
be the coordinate expression of 7 in some linear fiber coordinates x’, z* on 
E. If w?® are the induced coordinates on the fibers of E ® E and z' = y'(z,t), 
y? = ph(a,t)y! or 2" = Ge (z, t)z° is the flow of 7 or 4, respectively, then Fl @FI? 
is 


mt 


y= y'(a, t), wrt = yP (a, t) pe (a, tw. 
By differentiating at t = 0, we obtain 


1 @ ip = E(w) ge + (nb (w)OE + OPE (0) )w™ sore. 


Thus, if z* = 5*(a) is the coordinate expression of 5, we have 


Lreq(s ® 3) = (955% + 5? 95) i — nP 315% — Tis? s?. 


This corresponds to the right hand side of (1). 


47.11. On the dual vector bundle E* — M of E, we define the vector field n* 
dual to a linear vector field n on E by 


n” = Silo FIZ)". 


Having a vector field ¢ on M and a function f: M — R, we can take the zero 
vector field 0g on R and construct the generalized Lie derivative 


Licogy f =Tfo¢: M>TR=RxR. 


Its second component is the usual Lie derivative Le f = Cf, i.e. the derivative of 
f in the direction ¢. 


Proposition. 1* is the unique linear vector field on E* over € satisfying 
Le (8,0) = (Lq8,0) + (8, Lyr0) 


for all sections s of E and o of E*. 


Proof. Let vp be the coordinates on E* dual to y?. By definition, the coordinate 
expression of 7* is 


j (2) (2) 
O(@) ga — Mp(@)a aa 
Then we prove the above proposition by a direct evaluation quite similar to the 
proof of proposition 47.10. 


47.12. A vector field 7 on a manifold M is a section of the tangent bundle TM, 
so that we have defined its Lie derivative Len with respect to another vector 
field € on M as the second component of Tj o€ — T&o7n. In 3.13 it is deduced 
that Len = [€,n]. Then 47.10 and 47.11 imply, that for the classical tensor fields 
the geometrical approach to the Lie differentiation coincides with the algebraic 
one. 
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47.13. In the end of this section we remark that the operations with linear vec- 
tor fields discussed here can be used to define, in a short way, the corresponding 
operation with linear connections on vector bundles. We recall that a linear 
connection I on a vector bundle E — M is a section T: E — J'E which is 
a linear morphism from vector bundle E — M into vector bundle J'E — M. 
Using local trivializations of EF’ we find easily that this condition is equivalent to 
the fact that the P-lift [€ of every vector field € on M is a linear vector field on 
E. By 47.9, the coordinate expression of a linear connection [ on F is 


dy? = T?,(x)y*da". 


Let I be another linear connection on a vector bundle E — M over the same 
base with the equations 7 
dz* =1%.(x)z° dz". 
Using 47.10 and 47.11, we obtain immediately the following two assertions. 


47.14. Proposition. There is a unique linear connection T ®T on E ® E 
satisfying - 7 

(T @L)(E€) = (PE) @ LE) 
for every vector field € on M. 


47.15. Proposition. There is a unique linear connection [* on E* satisfying 
I*(€) = ((€)* for every vector field € on M. 


Obviously, the equations of Pr @T are 
dw? = (Ti, (x) op + PT $ (x) )wP dat 
and the coordinate expression of I* is 


dvp = aT auger’. 


48. Commuting with natural operators 


48.1. The Lie derivative commutes with the exterior differential, i.e. d(£Lxw) = 
Lx (dw) for every exterior form w and every vector field X, see 7.9.(5). Our 
geometrical analysis of the concept of the Lie derivative leads to a general result, 
which clarifies that the specific property of the exterior differential used in the 
above formula is its linearity. 


Proposition. Let F and G be two natural vector bundles and A: F ~ G bea 
natural linear operator. Then 


(1) Am(L£xs) = Lx(Ams) 


for every section s of FM and every vector field X on M. 


In the special case of a linear natural transformation this is lemma 6.17. 


382 Chapter XI. General theory of Lie derivatives 


Proof. The explicit meaning of (1) is Ay;(Lex8) = Lgx(Ams). By the Peetre 
theorem, Ay, is locally a differential operator, so that Ayy commutes with limits. 
Hence 


| 
Au (Lexs) = lim = [Am (F(FIX,) os 0 Fl*) — Ams] 


= lim - [crr, oAms ° ri —Ays| = Lgx(Ams) 


t0 t 


by linearity and naturality. 


48.2. A reasonable result of this type can be deduced even in the non linear case. 
Let F and G be arbitrary natural bundles on Mf,,, D: C°(FM) -— C*(GM) 
be a local regular operator and s: M — FM be a section. The generalized 
Lie derivative Lys is a section of VFM, so that we cannot apply D to L£xs. 
However, we can consider the so called vertical prolongation VD: C®(VF'M) => 
C™”(VGM) of the operator D. This can be defined as follows. 

In general, let N — M and N’ > M be arbitrary fibered manifolds over the 
same base and let D: C°(N) — C™(N’) be a local regular operator. Every 


local section g of VN — M is of the form Zl, 54, 5¢ € C™(N) and we set 


(1) VDq=VD(8|, st) = S|, (Ds) € C*(VN’). 


We have to verify that this is a correct definition. By the nonlinear Peetre 
theorem the operator D is induced by a map D : JN — N’. Moreover each 
infinite jet has a neighborhood in the inverse limit topology on J°°N on which D 
depends only on r-jets for some finite r. Thus, there is neighborhood U of x in M 
and a locally defined smooth map D" : J"N — N’ such that Ds:(y) = D"(j; s+) 
for y € U and for t sufficiently small. So we get 


(VD)q(x) = 2|, (D"itse)) =TD"( S|, inst) = (LD" ox) (irq) 


where « is the canonical exchange map, and thus the definition does not depend 
on the choice of the family s,. 


48.3. A local regular operator D: C®(FM) — C™(GM) is called infinitesi- 
mally natural if it holds 


Lx(Ds) = VD(Lxs) 
for all X € X(M), s € C™(FM). 


Proposition. If A: F ~ G is a natural operator, then all operators Ay are 
infinitesimally natural. 


Proof. By lemma 47.2, 48.2.(1) and naturality we have 

VA lees) = V Au (2 |, (FCF) 080 Fie) 
= £|, Am(F(FIX,) 00 Fi‘) = |, (G(FIX,) 0 Ans o FI) 
= LgoxAms. 


48. Commuting with natural operators 383 


48.4. Let Mf;, be the category of oriented m-dimensional manifolds and ori- 
entation preserving local diffeomorphisms. 


Theorem. Let F and G be two bundle functors on Mf, , M be an oriented m- 
dimensional manifold and let Ay: C°(FM) — C*(GM) be an infinitesimally 
natural operator. Then Aj, is the value of a unique natural operator A: F ~ G 
on M. 


We shall prove this theorem in several steps. 


48.5. Let us fix an infinitesimally natural operator D: C®(FIR™) — C™(GR”) 
and let us write S and Q for the standard fibers FoR™ and GoR™. Since each 
local operator is locally of finite order by the nonlinear Peetre theorem, there is 
the induced map D: T'S — @. Moreover, at each jg°s € T°°S the application 
of the Peetre theorem (with kK = {0}) yields a smallest possible order r = x(j§°s) 
such that for every section q with j}q = j§s we have Ds(0) = Dq(0), see 23.1. 
Let. us define V, C T&S as the subset of all jets with x(7§°s) <r. Let V, be the 
interior of V, in the inverse limit topology and put U, := 12°(V;,) C TS. 

The Peetre theorem implies T7°°S = U,V, and so the sets V,. form an open 
filtration of T°°S. On each V,, the map D factors to a map D,: U, > Q. 


m 


-—Q 
At 
1D, ~De-~.P3 
\ sy Se. 
Ui U2 Us 


L_ 7g 


Since there are the induced actions of the jet groups G+" on TS (here k is 
the order of F’), we have the fundamental field mapping ¢(): g’t* — X(T S) 
and we write C@ for the fundamental field mapping on Q. There is an analogy 
to 34.3. 


Lemma. For all X € gi }*, jis € TS it holds 


x (98) = #(95(L-x8)). 
Proof. Write A for the action of the jet group on T7,S. We have 


© (8s) = 2|,AlexptX) (35s) = 2], 55(F (FIX) 0 s 0 FY) 
= K(33( 3, (F(EIX) 0 8 0 FIX,))) = #(95(£_x8))- 
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48.6. Lemma. For all r € N and X € g’** we have TD" o cy? = ¢ oD” on 
U,. 
Proof. Recall that (VD)q(0) = (TD" o «)(jhq) for all jgq € « 1(TU,). Using 
the above lemma and the infinitesimal naturality of D we compute 
(ID, 0 CY) (35s) = TD, (#96 (L_-x8))) = VD(L_xs)(0) = 
= £_x(Ds)(0) = CY (Ds(0)) = C¥(Dr(358)). 


48.7. Lemma. The map D: T@S = Q is Gt -equivariant. 


Proof. Given a = j§°f € Gt and y = j§°s € T°S we have to show D(a.y) = 
a.D(y). Each a is a composition of a jet of a linear map f and of a jet from 
the kernel Bf? of the jet projection 7?°. If f is linear, then there are linear 
maps g;, i = 1,2,...,1, lying in the image of the exponential map of G!, such 
that f = g,0...0gq. Since T°°S = U,V, there must be an r € N such that y 
and all elements (j§°gp o...° 99°91) -y are in V, for all p < 1. Thus, D(a.y) = 
D,(j5** f.568) a 95°" FD (953) =a.D(y), for D, preserves all the fundamental 
fields. 

Since the whole kernel BY lies in the image of the exponential map for each 
r < oo, an analogous consideration for 79° f € Bf? completes the proof of the 
lemma. 


48.8. Lemma. The natural operator A on Mf which is determined by the 


m 
G°°*-equivariant map D coincides on R™ with the operator D. 


Proof. There is the associated map A: J°FR™ — GR” to the operator Agm. 
Let us write Ap for its restriction (J°F)gR™ — G)R™ and similarly for the 
map DP corresponding to the original operator D. Now let t, : R™ — R™ be 
the translation by z. Then the map A (and thus the operator A) is uniquely 
determined by Apo since by naturality of A we have (t_,)* o Apm o (t,)* = Agm. 
But t, is the flow at time 1 of the constant vector field X. For every vector field 
X and section s we have 


Lx ((FIf)*s) = Lx (F(FIX,) os 0 FIX) = 2(F(FIX,) 0 50 FIX) 
= T(F(FI2,)) o£xs80 Fle = (Fi*)*(Lxs) 


and so using infinitesimal naturality, for every complete vector field X we com- 
pute 


2 ((FIX,)* (D(FIS)*s)) = 
= —(FI*,)"Lx (D(FIX)*s) + (FIX,)* ((VD)(FIX)*L£x8)) = 
= (FI*,)* (-Lx(D(FIS)*s) + (VD) (Lx ((FIf)*s))) = 0. 


Thus (t_,)* o Do (t,)* = D and since Ag = Do this completes the proof. 


Lemmas 48.7 and 48.8 imply the assertion of theorem 48.4. Indeed, if M@ = R”™ 
we get the result immediately and it follows for general M by locality of the 
operators in question. 
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48.9. As we have seen, if fF is a natural vector bundle, then VF is naturally 
equivalent to F © F and the second component of our general Lie derivative is 
just the usual Lie derivative. Thus, the condition of the infinitesimal naturality 
becomes the usual form DoLy = Ly oD if D: C*(£M) — C™(GM) is linear. 

More generally, if F isasum F = E, @---@ Ey, of k natural vector bundles, 
G is a natural vector bundle and D is k-linear, then we have 


pr2 0 VD(L£x(s1,-.. ,8%)) = 2], D(F(EM,) 0 (s1,... , 8x) o FIX) 


DS DiGi Liesy const): 


i=1 
Hence for the k-linear operators we have 


Corollary. Every natural k-linear operator A: FE, ®--:® Ex ~ F satisfies 


(1) Lx Am(s1, seas , 5k) = ae Am(S1, eas Lx Si, sas , 5k) 


for all 5s, € C° BE M,...,s, € CWE, M, X €C~TM. 


Formula (1) covers, among others, the cases of the Frélicher-Nijenhuis bracket 
and the Schouten bracket discussed in 30.10 and 8.5. 


48.10. The converse implication follows immediately for vector bundle functors 
on Mf. But we can prove more. 

Let F\,...,£, be r-th order natural vector bundles corresponding to actions 
A; of the jet group Gi, on standard fibers 5;, and assume that with the re- 
stricted actions \;|G1, the spaces $; are invariant subspaces in spaces of the 
form @;(@")R™” ®@ @¥R™*). In particular this applies to all natural vector bun- 
dles which are constructed from the tangent bundle. Given any natural vector 


bundle F’ we have 
Theorem. Every local regular k-linear operator 
Au: C®(E,M) ® ++ © C°(ExM) > C°(FM) 
over an m-dimensional manifold M which satisfies 48.9.1 is a value of a unique 
natural operator A on M fin. 
The theorem follows from the theorem 48.4 and the next lemma 


Lemma. Every k-linear natural operator A : E, ®-:-@ Ex, ~ F on Mfi 
extends to a unique natural operator on M fm. 


Let us remark, the proper sense of this lemma is that every operator in ques- 
tion obeys the necessary commutativity properties with respect to all local diffeo- 
morhpisms between oriented m-manifolds and hence determines a unique natural 
operator over the whole M fin. 


Proof. By the multilinear Peetre theorem A is of some finite order ¢. Thus A is 
determined by the associated k-linear (G7*")+-equivariant map A: TS, x...x 
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TSS, > Q. Recall that the jet group G7+° is the semidirect product of GL(m) 
and the kernel Bf*‘, while (G?*“)+ is the semidirect product of the connected 
component GL+(m) of the unit and the same kernel a. Thus, in particular 
the map A: TS) x... x T/S, > Q is k-linear and GL*(m)-equivariant. By 
the descriptions of (G7**)+ and G7 above we only have to show that any such 
map is GL(m) equivariant, too. Using the standard polarization technique we 
can express the map A by means of a GL*(m) invariant tensor. But looking 
at the proof of the Invariant tensor theorem one concludes that the spaces of 
GL*(m) invariant and of GL(m) invariant tensors coincide, so the map A is 
GL(m) equivariant. 


48.11. Lie derivatives of sector forms. At the end of this section we present 
an original application of proposition 48.1. This is related with the differentiation 
of a certain kind of r-th order forms on a manifold WM. The simplest case is 
the ‘ordinary’ differential of a classical 1-form on M. Such a 1-form w can be 
considered as a map w : TM — R linear on each fiber. Beside its exterior 
differential dw : A?7T.M — R, E. Cartan and some other classical geometers used 
another kind of differentiating w in certain concrete geometric problems. This 
was called the ordinary differential of w to be contrasted from the exterior one. 
We can define it by constructing the tangent map Tw: TTM —+- TR=RxR, 
which is of the form Tw = (w,dw). The second component dw: TTM — R is 
said to be the (ordinary) differential of w . In an arbitrary order r we consider 
the r-th iterated tangent bundle T7M = T(---T(£M)---) (x times) of M. 
The elements of T”’M are called the r-sectors on M. Analogously to the case 
r = 2, in which we have two well-known vector bundle structures pry and 
Tpm on TTM over TM, on T’M there are r vector bundle structures prr-1qy, 
Tppr-2yq,--.,0-+:Tpu (r —1 times) over T™-!M. 


Definition. A sector r-form on M is a map 0: T’M — R linear with respect 
to all r vector bundle structures on T’M over T’-1M. 

A sector r-form on M at a point x is the restriction of a sector r-form an 
M to the fiber (T"M),. Denote by TM — M the fiber bundle of all sector 
r-forms at the individual points on M, so that a sector r-form on M is a section 
of T7M. Obviously, 77M — M has a vector bundle structure induced by the 
linear combinations of R-valued maps. If f : M — N is a local diffeomorphism 
and A: (T’M), — R is an element of (T7M),, we define (Ty f)(A) = Ao 
(I" f~") sa): (IN) f(z) + R, where f~' is constructed locally. Since T’f is a 
linear morphism for all r vector bundle structures, (77 f)(A) is an element of 
(TL N) p(x). Hence TY is a natural bundle. In particular, for every vector field X 
on M and every sector r-form 0 on M we have defined the Lie derivative 


Lxyo =Lrrxo:M >TlM. 


For every sector r-form 0: T” — R we can construct its tangent map To: TT’ M 
— TR =RxR, which is of the form (0,67). Since the tangent functor preserves 
vector bundle structures, 


6o:T' 1M SR 


49. Lie derivatives of morphisms of fibered manifolds 387 


is linear with respect to all r +1 vector bundle structures on T”+!M over TM, 
so that this is a sector (r+ 1)-form on M. 


48.12. Definition. The operator 5 : C°T?M — C©T'T+!M will be called the 
differential of sector forms. 

By definition, 6 is a natural operator. Obviously, 6 is a linear operator as 
well. Applying proposition 48.1, we obtain 


48.13. Corollary. 56 commutes with the Lie differentiation, i.e. 
d(Lxo) = Lx (dc) 


for every sector r-form o and every vector field X. 


49. Lie derivatives of morphisms of fibered manifolds 


We are going to show a deeper application of the geometrical approach to 
Lie differentiation in the higher order variational calculus in fibered manifolds. 
For the sake of simplicity we restrict ourselves to the geometrical aspects of the 
problem. 


49.1. By an r-th order Lagrangian on a fibered manifold p: Y — M we mean 
a base-preserving morphism 


A: JTY > A T*M, m =dim M. 


For every section s: M — Y, we obtain the induced m-form 0 js on M. 
We underline that from the geometrical point of view the Lagrangian is not a 
function on J'Y, since m-forms (and not functions) are the proper geometric 
objects for integration on X. If x’, y? are local fiber coordinates on Y, the in- 
duced coordinates on J’Y are zx’, y? for all multi indices |a| <r. The coordinate 
expression of A is 

L(x’, y?)dx’ A--- A dx™ 


but such a decomposition of A into a function on J”Y and a volume element on 
M has no geometric meaning. 

If 7 is a projectable vector field on Y over € on M, we can construct, similarly 
to 47.8.(2), the Lie derivative £,. of A with respect to 7 


LyA = Lgrn,AmT*t)r: JY? = A™T*M 


which coincides with the classical variation of A with respect to 7. 


49.2. The geometrical form of the Euler equations for the extremals of \ is 
the so-called Euler morphism E(A): J27Y > V*Y ® A™T*M. Its geometric 
definition is based on a suitable decomposition of £,A. Here it is useful to 
introduce an appropriate geometric operation. 
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Definition. Given a base-preserving morphism y: J7Y — A*T*M, its formal 
exterior differential Dy: J9*1Y — A*+!7* M is defined by 

De(Git's) = dv 0 j4s)(z) 
for every local section s of Y, where d means the exterior differential at r © M 


of the local exterior k-form yo j%7s on M. 
If f: JTY — R is a function, we have a coordinate decomposition 
Df = (Dif)da" 
where D;f = 554+ alice eae JT+1Y — R is the so called formal (or total) 
derivative of f, provided a+7 means the multi index arising from a by increasing 
its i-th component by 1. If the coordinate expression of ¢ is a;,,..;, da"! A: + -Adz"*, 
then 
Do = Dyai,...i,dx" \ dz \-+- A da". 

To determine the Euler morphism, it suffices to discuss the variation £,, with 
respect to the vertical vector fields. If 7?(2, y) 35 is the coordinate expression 
of such a vector field, then the coordinate expression of 7'7 is 

6) 
So (Dan? ar 
lal<r ue 
where D, means the iterated formal derivative with respect to the multi index 


a. In the following assertion we do not indicate explicitly the pullback of £L, 
to J?"Y. 


49.3. Proposition. For every r-th order Lagrangian \: J"Y — A™T*M, 
there exists a morphism K(A): J?"-1Y = V*J"—-1Y @ A™-!T*M and a unique 
morphism E(A): J27Y + V*Y @A™T*M satisfying 
(1) Lyd = D ((J™'n, K(A))) + (0, E(A)) 
for every vertical vector field n on Y. 
Proof. Write w = dx! A+++ Adx™, wi=i aw, K(A)= ised kotdyP @ wi, 
325 < 
E(A) = Epdy? ®w. Since L,A = TAo Jn, the coordinate expression of £,,A is 
OL 
(2) ye Bp Pon: 
Jalsr 7% 


Comparing the coefficients of the individual expressions Dq17? in (1), we find the 
following relations 


Eds _ KY--dr) 
[h-4a = D, KB 30 + KGi-da) 


Li = D;Kii + Ki 
Ly = D;Ki + E, 
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where L}!4¢ = oe and Kjiv4* = re provided a is the multi index 
corresponding to j,...jq, |a| = q. Evaluating E, by a backward procedure, we 


find 


(4) Bp = S (-1)"'Dase 


lal<r 


for any K’s, so that the Euler morphism is uniquely determined. The quantities 
kj'?*", which are not symmetric in the last two superscripts, are not uniquely 
determined by virtue of the symmetrizations in (3). Nevertheless, the global 
existence of a (A) can be deduced by a recurrent construction of some sections 
of certain affine bundles. This procedure is straightforward, but rather technical. 
The reader is referred to [Kolai, 84b] 


We remark that one can prove easily by proposition 49.3 that a section s of 
Y is an extremal of if and only if E(\) 0 j?"s = 0. 


49.4. The construction of the Euler morphism can be viewed as an operator 
transforming every base-preserving morphism A: J"Y — A™T*M into a base- 
preserving morphism E(\): J?°Y + V*Y @A™T*M. Analogously to £,,, the 
Lie derivative of F(A) with respect to a projectable vector field 7 on Y over € 
on M is defined by 


L,E(A) = LU z2rn,ven@amT~e) EA). 


An important question is whether the Euler operator commutes with Lie 
differentiation. From the uniqueness assertion in proposition 49.3 it follows that 
£ is a natural operator and from 49.3.(4) we see that F is a linear operator. 


49.5. We first deduce a general result of such a type. Consider two natural 
bundles over m-manifolds F' and H, a natural surjective submersion gq: H — F 
and two natural vector bundles over m-manifolds G and K. 


Proposition. Every linear natural operator A: (F,G) ~ (H, K) satisfies 
Le(Af) = A(Lef) 
for every base-preserving morphism f: FM — GM and every vector field € on 
M. 
Proof. By 47.8.(2) and an analogy of 47.4.(1), we have 
Lef = lim } (cmt,) o fo F(FIS) -f) 


Since A commutes with limits by 19.9, we obtain by linearity and naturality 


ALe(f) = lim  (K(PIS,) 0 Af 0 H(PIf) — Af) = £e(Af) 
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49.6. Our original problem on the Euler morphism can be discussed in the same 
way as in the proof of proposition 49.5, but the functors in question are defined 
on the local isomorphisms of fibered manifolds. Hence the answer to our problem 
is affirmative. 


Proposition. It holds 
L,E(A) = E(L,A) 


for every r-th order Lagrangian » and every projectable vector field n on Y. 


49.7. A projectable vector field 7 on Y is said to be a generalized infinitesimal 
automorphism of an r-th order Lagrangian X, if £,E(A) = 0. By proposition 
49.6 we obtain immediately the following interesting assertion. 


Corollary. Higher order Noether-Bessel-Hagen theorem. A projectable 
vector field n is a generalized infinitesimal automorphism of an r-th order La- 
grangian 2 if and only if E(£L,A) = 0. 


49.8. An infinitesimal automorphism of \ means a projectable vector field 7 
satisfying £, = 0. In particular, corollary 49.7 and 49.3.(4) imply that every 
infinitesimal automorphism is a generalized infinitesimal automorphism. 


50. The general bracket formula 


50.1. The generalized Lie derivative of a section s of an arbitrary fibered man- 
ifold Y — M with respect to a projectable vector field 7 on Y over € on M is 
a section Logs: M — VY. If % is another projectable vector field on Y over € 
on M, a general problem is whether there exists a reasonable formula for the 
generalized Lie derivative Linas of s with respect to the bracket [7,7]. Since 
£,8 is not a section of Y, we cannot construct the generalized Lie derivative of 
LS with respect to 7. However, in the case of a vector bundle E — M we have 
defined L7jLy,s: M — EL. 


Proposition. If7 and 7 are two linear vector fields on a vector bundle E > M, 
then 


(1) Lin al8 = Ln£ans — Laks 


for every section s of E. 


At this moment, the reader can prove this by direct evaluation using 47.10.(2). 
But we shall give a conceptual proof resulting from more general considerations 
in 50.5. By direct evaluation, the reader can also verify that the above proposi- 
tion does not hold for arbitrary projectable vector fields 7 and 7 on FE. However, 
if FM is a natural vector bundle, then Fé is a linear vector field on F'M for 
every vector field € on M, so that we have 
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Corollary. If FM is a natural vector bundle, then 
Lig gs = LeLes — LeLes 


for every section s of FM and every vector fields €, € on M. 
This result covers the classical cases of Lie differentiation. 


50.2. We are going to discuss the most general situation. Let M, N be two 
manifolds, f: M — N be a map, &, € be two vector fields on M and n, 7 be two 
vector fields on N. Our problem is to find a reasonable expression for 


2 Lee dint: M > TN. 


Since Lush f is a map of M into TN, we cannot construct its Lie derivative 
with respect to the pair (€,7), since 7 is a vector field on N and not on TN. 
However, if we replace 7 by its flow prolongation 77, we have defined 


(2) LerayLemf: M > TTN. 
On the other hand, we can construct 
(3) LermL qf: M > TIN. 


Now we need an operation transforming certain special pairs of the elements 
of the second tangent bundle TTQ of any manifold Q into the elements of TQ. 
Consider A,B € TT.Q satisfying 


(4) TrQ(A) = TrQ(B) and T1Q(A) = TrQ(B). 


Since the canonical involution «: TTQ — TTQ exchanges both projections, we 
have mrq(A) = mre(kB), TrQ(A) = TraQ(kB). Hence A and «B are in the 
same fiber of TTQ with respect to projection mrg and their difference A — KB 
satisfies T7Q(A —«B) = 0. This implies that A—«B is a tangent vector to the 
fiber T,Q of TQ and such a vector can be identified with an element of T_Q, 
which will be denoted by A+ B. 


50.3. Definition. A+ B € TQ is called the strong difference of A, B € TTQ 
satisfying 50.2.(4). 

In the case Q = R™” we have TTR” = R” x R™ x R™ x R™. If A = 
(a, a,b,c) € TTR”, then B satisfying 50.2.(4) is of the form B = (x,b,a,d) and 
one finds easily 


(1) A+B=(z,c-d) 


From the geometrical definition of the strong difference it follows directly 
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Lemma. If A, B € TTQ satisfy 50.2.(4) and f: Q@ — P is any map, then 
TT f(A), TT f(B) € TTP satisfy the condition of the same type and it holds 


TT f(A) +TTf(B) =Tf(A+B) ETP. 


50.4. We are going to deduce the bracket formula for generalized Lie derivatives. 
First we recall that lemma 6.13 reads 


(1) [6.¢] = Tool + TC oC 


for every two vector fields on the same manifold. 

The maps 50.2.(2) and 50.2.(3) satisfy the condition for the existence of 
the strong difference. Indeed, we have mry 0 Lee zn Leny)f = L(én)f since 
any generalized Lie derivative of Lie») f is a vector field along Lie,,)f. On 
the other hand, Try 0 (Lerm Len f) = Tan (Z|, TM») o Lem f o FB) = 
Sly Els of oF) = LE aye. 

Proposition. It holds 


(2) Lue a.inayt =LetmL emt + LErmLiems 


Proof. We first recall that the flow prolongation of 77 satisfies Tn = ko Tn. By 
47.1.(1) we obtain Let Lent =T(Tfo€E-nof)o€E-—Tho(Tfo€—nof) = 
TT foT€o€—-TnolTfo€—KolnoTfo€+KoTHono f as well as a similar 
expression for Le,rn) Len) f. Using (1) we deduce that the right hand side of 


(2) is equal to Tf o(TEo€ + TEo€) —(Tnon+Thon)f =Tfolé,é]—[n,Alof. 
50.5. In the special case of a section s: M — Y ofa fibered manifold Y — M 
and of two projectable vector fields 7 and 7 on Y, 50.4.(2) is specialized to 


(1) Linas = Lynlas + Lyalns 


where V7 or V7 is the restriction of 77 or T7 to the vertical tangent bundle 
VY CTY. Furthermore, if we have a vector bundle & — M and a linear vector 
field on E, then V7 is of the form V7 = 7 @ n, since the tangent map of a linear 
map coincides with the original map itself. Thus, if we separate the restricted Lie 
derivatives in (1) in the case 7 and 7 are linear, we find Ly, qs = Ly»Ly8—LyLns- 
This proves proposition 50.1. 


Remarks 


The general concept of Lie derivative of a map f: M — N with respect to 
a pair of vector fields on M and N was introduced by [Trautman, 72]. The 
operations with linear vector fields from the second half of section 47 were de- 
scribed in [Janyska, Koldi, 82]. In the theory of multilinear natural operators, 
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the commutativity with the Lie differentiation is also used as the starting point, 
see [Kirillov, 77, 80]. Proposition 48.4 was proved by [Cap, Slovak, 92]. Accord- 
ing to [JanySka, Modugno, 92], there is a link between the infinitesimally natural 
operators and certain systems in the sense of [Modugno, 87a]. The concept of a 
sector r-form was introduced in [White, 82]. 

The Lie derivatives of morphisms of fibered manifolds were studied in [Kolai, 
82a] in connection with the higher order variational calculus in fibered manifolds. 
We remark that a further analysis of formula 49.3.(3) leads to an interesting fact 
that a Lagrangian of order at least three with at least two independent variables 
does not determine a unique Poincaré-Cartan form, but a family of such forms 
only, see e.g. [Kolai, 84b], (Saunders, 89]. The general bracket formula from 
section 50 was deduced in [Kolaf, 82c]. 
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CHAPTER XII. 
GAUGE NATURAL BUNDLES 
AND OPERATORS 


In chapters IV and V we have explained that the natural bundles coincide 
with the associated fiber bundles to higher order frame bundles on manifolds. 
However, in both differential geometry and mathematical physics one can meet 
fiber bundles associated to an ‘abstract’ principal bundle with an arbitrary struc- 
ture group G. If we modify the idea of bundle functor to such a situation, we 
obtain the concept of gauge natural bundle. This is a functor on principal fiber 
bundles with structure group G and their local isomorphisms with values in fiber 
bundles, but with fibration over the original base manifold. The most important 
examples of gauge natural bundles and of natural operators between them are 
related with principal connections. In this chapter we first develop a description 
of all gauge natural bundles analogous to that in chapter V. In particular, we 
prove that the regularity condition is a consequence of functoriality and locality 
and that any gauge natural bundle is of finite order. We also present sharp 
estimates of the order depending on the dimensions of the standard fibers. So 
the r-th order gauge natural bundles coincide with the fiber bundles associated 
to r-th principal prolongations of principal G-bundles (see 15.3), which are in 
bijection with the actions of the group W/,G on manifolds. 

Then we discuss a few concrete problems on finding gauge natural opera- 
tors. The geometrical results of section 52 are based on a generalization of the 
Utiyama theorem on gauge natural Lagrangians. First we determine all gauge 
natural operators of the curvature type. In contradistinction to the essential 
uniqueness of the curvature operator on general connections, this result depends 
on the structure group in a simple way. Then we study the differential forms 
of Chern-Weil type with values in an arbitrary associated vector bundle. We 
find it interesting that the full list of all gauge natural operators leads to a new 
geometric result in this case. Next we determine all first order gauge natural 
operators transforming principal connections to the tangent bundle. In the last 
section we find all gauge natural operators transforming a linear connection on 
a vector bundle and a classical linear connection on the base manifold into a 
classical linear connection on the total space. 


51. Gauge natural bundles 


We are going to generalize the description of all natural bundles F’: M fm — 
FM derived in sections 14 and 22 to the gauge natural case. Since the concepts 
and considerations are very similar to some previous ones, we shall proceed in a 
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rather brief style. 


51.1. Let B: FM — Mf be the base functor. Fix a Lie group G and recall 
the category PB,,(G), whose objects are principal G-bundles over m-manifolds 
and whose morphisms are the morphisms of principal G-bundles f: P + P with 
the base map Bf: BP — BP lying in Mfm. 


Definition. A gauge natural bundle over m-dimensional manifolds is a functor 
F: PBy,(G) = FM such that 

(a) every PB (G)-object 7: P — BP is transformed into a fibered manifold 
qp: FP — BP over BP, 

(b) every PB, (G)-morphism f: P — P is transformed into a fibered mor- 
phism Ff: FP — FP over Bf, 

(c) for every open subset U C BP, the inclusion i: t~1(U) — P is trans- 
formed into the inclusion Fi: gp'(U) > FP. 

If we intend to point out the structure group G, we say that F’ is a G-natural 
bundle. 


51.2. If two PB,(G)-morphisms f, g: P — P satisfy jyf = jyg at a point 
y € P, of the fiber of P over x € BP, then the fact that the right translations 
of principal bundles are diffeomorphisms implies 77 f = jg for every z € P,. In 
this case we write jf = jig. 


Definition. A gauge natural bundle F is said to be of order r, if j, f = jlg 
implies F'f|F,P = F'g|F,P. 


51.3. Definition. A G-natural bundle F is said to be regular if every smoothly 
parameterized family of PG,,,(G)-morphisms is transformed into a smoothly pa- 
rameterized family of fibered maps. 


51.4. Remark. By definition, a G-natural bundle F': PB,,(G) — FM satisfies 
BoF = B and the projections gp: FP — BP form a natural transformation 
q: FB. 

In general, we can consider a category C over fibered manifolds, i.e. C is 
endowed with a faithful functor m: C — FM. If C admits localization of objects 
and morphisms with respect to the preimages of open subsets on the bases with 
analogous properties to 18.2, we can define the gauge natural bundles on C as 
functors F': C + FM satisfying BoF = Bom and the locality condition 51.1.(c). 
Let us mention the categories of vector bundles as examples. The different way 
of localization is the source of a crucial difference between the bundle functors 
on categories over manifolds and the (general) gauge natural bundles. For any 
two fibered maps f, g: Y — Y we write j” f = jg, x € BY, if Jyf = jyg tor 
all y € Y,. Then we say that f and g have the same fiber r-jet at x. The space 
of fiber r-jets between C-objects Y and Y is denoted by J"(Y,Y). For a general 
category C over fibered manifolds the finiteness of the order of gauge natural 
bundles is expressed with the help of the fiber jets. The description of finite 
order bundle functors as explained in section 18 could be generalized now, but 
there appear difficulties connected with the (generally) infinite dimension of the 
corresponding jet groups. Since we will need only the gauge natural bundles 
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on PB,,(G) in the sequel, we will restrict ourselves to this category. Then the 
description will be quite analogous to that of classical natural bundles. Some 
basic steps towards the description in the general case were done in [Slovak, 86] 
where the infinite dimensional constructions are performed with the help of the 
smooth spaces in the sense of [Frélicher, 81]. 


51.5. Examples. 
(1) The choice G = {e} reproduces the natural bundles on M fi, 

(2) The functors Q": PB,,(G) — FM of r-th order principal connections 
mentioned in 17.4 are examples of r-th order regular gauge natural bundles. 

(3) The gauge natural bundles W": PB,,(G) > PB,.(W,G) of r-th principal 
prolongation defined in 15.3 play the same role as the frame bundles P™: M fn, 
FM did in the description of natural bundles. 

(4) For every manifold S with a smooth left action ¢ of W7,G, the construction 
of associated bundles to the principal bundles W” P yields a regular gauge natural 
bundle L: PB,,(G) — FM. We shall see that all gauge natural bundles are of 
this type. 


be 


51.6. Proposition. Every r-th order regular gauge natural bundle is a fiber 
bundle associated to W". 


Proof. Analogously to the case of natural bundles, an r-th order regular gauge 
natural bundle F’ is determined by the system of smooth associated maps 


Fp p: J"(P,P) xgp FP > FP 


and the restriction of Frm,gam xq to the fiber jets at 0 € R” yields an action 
of W7,G = J5(R” x G,R” x G)o on the fiber S = Fo(R” x G). The same 
considerations as in 14.6 complete now the proof. O 


51.7. Theorem. Let F: PB,,(G) — Mf be a functor endowed with a natu- 
ral transformation q: F — B such that the locality condition 51.1.(c) holds. 
Then S := (qgmxq)~1(0) is a manifold of dimension s > 0 and for every 
P € ObPB,,(G), the mapping gp: FP — BP is a locally trivial fiber bun- 
dle with standard fiber S, ie. F: PBn(G) — FM. The functor F is a regular 
gauge natural bundle of a finite order r < 25+ 1. If moreover m > 1, then 


pallet 


1 < - 
(1) rSmax{—~—— 


All these estimates are sharp. 


Briefly, every gauge natural bundle on P6,,(G) with s-dimensional fibers is 
one of the functors defined in example 51.5.(4) with r bounded by the estimates 
from the theorem depending on m and s but not on G. The proof is based on 
the considerations from chapter V and it will require several steps. 


51.8. Let us point out that the restriction of any gauge natural bundle F' to 
trivial principal bundles / x G and to morphisms of the form f x id: Mx G— 
N x G can be viewed as a natural bundle Mf, — FM. Hence the action 7 of 
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the abelian group of fiber translations t, : R™ x G — R™ x G, (y,a) & (a+y, 4), 
Le. Tz = Ft,, is a smooth action by 20.3. This implies immediately the assertion 
on fiber bundle structure in 51.7, cf. 20.3. Further, analogously to 20.5.(1) we 
find that the regularity of F' follows if we verify the smoothness of the induced 
action of the morphisms keeping the fiber over 0 € R™ on the standard fiber 
S = Fo(R™ x G). 


51.9. Lemma. Let U CS be a relatively compact open set and write 


Qu =U Feu) cs 


where the union goes through all p € PB,»(G)(R™ x G,R™ x G) with go(0) = 
(0). Then there is r € N such that for all z € Qy and all PB,,(G)-morphisms 
yp, wp: R™ x G> R™ x G, vo(0) = Yo (0) = 0, the condition jhy = jo implies 
Fo(z) = F(z). 

Proof. Every morphism y: R™ x G — R"™ x G is identified with the couple yo € 
C™(R™,R™), @ € C~(R™,G). So F induces an operator F: C°(R™, R™ x 
G) — C™(F(R™ x G), F(R™ x G)) which is gam yg-local and the map gamygG 
is locally non-constant. Consider the constant map é: R™ — G, x + e, and the 
map idpm x é: R™ — R™ x G corresponding to idymyg. By corollary 19.8, there 
is r € N such that j} f = j§ (idem x €) implies F f(z) =< for all z EU. Hence if 
joe =Shide»xg, then Fy(z) = z for all z € U and the easy rest of the proof is 
quite analogous to 20.4. 


51.10. Proposition. Every gauge natural bundle is regular. 


Proof. The whole proof of 20.5 goes through for gauge natural bundles if we 
choose local coordinates near to the unit in G and replace the elements jj° fn € 
G®& by the couples (Jf? fn. 36° Pn) € GX x TOG and idam by idpm x é. Let us 
remark that also 7, gets the new meaning of F'(t,). 


51.11. Since every natural bundle F: Mf — FM can be viewed as the gauge 
natural bundle F = F o B: PB,,(G) + FM, the estimates from theorem 51.7 
must be sharp if they are correct, see 22.1. Further, the considerations from 22.1 
applied to our situation show that we complete the proof of 51.7 if we deduce 
that every smooth action of W7,G on a smooth manifold S factorizes to an action 
of WEG, k <r, with k satisfying the estimates from 51.7. 

So let us consider a continuous action p: W/,G — Diff(.S) and write H for its 
kernel. Hence H is a closed normal Lie subgroup and the kernel Ho C GY’, of 
the restriction p9 = p|G?, always contains the normal Lie subgroup By C GT", 
with k = 2dimS +1 ifm = 1 and k = max{2™5,%™5S 41} ifm > 1. Let us 


denote Kf the kernel of the jet projection W1.G > WEG. 


Lemma. For every Lie group G and allr,k € N, r > k > 1, the normal closed 
Lie subgroup in W},G generated by Bj, = {e} equals to Kj. 


Proof. The Lie group W/,G can be viewed as the space of fiber jets Jj(R™” x 
G,R™ x G)o and so its Lie algebra tg coincides with the space of fiber jets at 
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0 € R™ of (projectable) right invariant vector fields with projections vanishing 
at the origin. If we repeat the consideration from the proof of 13.2 with jets 
replaced by fiber jets, we get the formula for Lie bracket in w",g, [jpX,joY] = 
—jo|X, Y]. Since every polynomial vector field in twt,g decomposes into a sum 
of X, € gi, and a vertical vector field X2 from the Lie algebra TY g of TG, we 
get immediately the action of g’, on Tg, [7)>X1 +0,0+ j5X2] = —jpLx, Xo. 

Now let us fix a base e; of g and elements Y; € Tg, Y; = jhate;. Taking any 
functions f; on R™ with 74 f, = 0, the r-jets of the fields X; = f;0/0z! lie in the 
kernel 6; C gy, and we get 


S-5-Xi.50¥i] = —io fier € Tha 


Hence [67,, 7” g] contains the whole Lie algebra of the kernel Kf, and so the latter 
algebra must coincide with the ideal in twig generated by 6% = {0}. Since the 
kernel AKT is connected this completes the proof. 


51.12. Corollary. Let G bea Lie group and S be a manifold with a continuous 
left action of W7,G, dimS = s > 0. Then the action factorizes to an action of 
WEG withk <2s+1. Ifm>1, then k < max{—*,, = +1}. These estimates 
are sharp. 


The corollary concludes the proof of theorem 51.7. 


51.13. Given two G-natural bundles F', EF: PB,,(G) — FM, every natural 
transformation T: F — E is formed be a system of base preserving FM- 
morphisms, cf. 14.11 and 51.8. In the same way as in 14.12 one deduces 


Proposition. Natural transformations F — E between two r-th order G- 
natural bundles over m-dimensional manifolds are in a canonical bijection with 
the W/ G-equivariant maps Fy — Eo between the standard fibers Fy = Fo(R™ x 
G), Eo = Eo(R™ x G). 


51.14. Definition. Let F and E be two G-natural bundles over m-dimensional 
manifolds. A gauge natural operator D: F ~» E is a system of regular operators 
Dp: C®FP > C®EP for all PB,,(G)-objects 7: P — BP such that 

(a) Dp(F f oso Bf7') =F foDpso Bf~! for every s € C° FP and every 
PBm(G)-isomorphism f: P — P, 

(b) D,-1(y)(s|U) = (Dps)|U for every s € CFP and every open subset 
U Cc BP. 


51.15. For every k € N and every gauge natural bundle F' of order r its com- 
position J* o F with the k-th jet prolongation defines a gauge natural bundle 
functor of order k +7, cf. 14.16. In the same way as in 14.17 one deduces 


Proposition. The k-th order gauge natural operators F ~» E are in a canonical 
bijection with the natural transformations J'F > E. 


In particular, this proposition implies that the k-th order G-natural operators 
F ~ E are in a canonical bijection with the W,*, G-equivariant maps der — Eo, 
where s is the maximum of the orders of J*F and E and JkF = Jk F(R™ x G). 
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51.16. Consider the G-natural connection bundle Q and an arbitrary G-natural 
bundle E. 


Proposition. Every gauge natural operator A: Q ~ E has finite order. 


Proof. By 51.8, every G-natural bundle F' determines a classical natural bundle 
NF by NF(M) = F(MxG), NF(f) = F(f xidg). Given a G-natural operator 
D: F ~» E, we denote by ND its restriction to NF, i.e. NDyy = Duxa. Clearly, 
ND is a classical natural operator NF — NE. 

Since our operator A is determined locally, we may restrict ourselves to the 
product bundle M x G. Then we have a classical natural operator NA. In this 
situation the standard fiber g ®@ R’™* of Q coincides with the direct product of 
dimG copies of R™*. Hence we can apply proposition 23.5. 


52. The Utiyama theorem 


52.1. The connection bundle. First we write the equations of a connection 
T on R™ x G in a suitable form. Let ep, be a basis of g and let w? be the 
corresponding (left) Maurer-Cartan forms given by )7,, w?(Xq)ep = T(Ag-1)(X). 
Let 

(1) (w?)e = 1? (x) da" 

be the equations of ['(z,e), « € R™, e = the unit of G. Since I is right-invariant, 
its equations on the whole space R™ x G are 

(2) w? =T?(r)da'. 

The connection bundle QP = J'P/G is a first order gauge natural bundle 
with standard fiber g@ R™*. Having a P6G,,,(G)-isomorphism ® of R™ x G into 
itself 
(3) f=f(x), y=9(r)-y, f(0)=0 
with y: R™ — G, its 1-jet j® € WLG is characterized by 
(4) a=9(0)€G, (a?) =jo(a-*- y(z))eg@R™, (a5) = Sof ¢ Gh. 
Let A?(a) be the coordinate expression of the adjoint representation of G. In 
15.6 we deduced the following equations of the action of WG on g @ R”™* 

(5) TP? = AP(a)(04 + a4)a. 

The first jet prolongation J'QP of the connection bundle is a second order 
gauge natural bundle, so that its standard fiber S; = JéQ(R™ x G), with the 
coordinates T?, I'v, = OF?/dx), is a W,;,G-space. The second order partial 
derivatives a}; of the map a~ - p(x) together with a‘, = 05, f*(0) are the addi- 
tional coordinates on W2,G. Using 15.5, we deduce from (5) that the action of 
W2G on Sj has the form (5) and 


(6) TE, = AP(a)PZ atal, + AP(a)aZ abal+ 
+ D? (aT Zar ay at + EP (a)apar ara + AP(a) (Ty, + aj ar, 


where the D’s and E’s are some functions on G, which we shall not need. 
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52.2. The curvature. To deduce the coordinate expression of the curvature 
tensor, we shall use the structure equations of [. By 52.1.(1), the components 
y” of the connection form of I are 


(1) y? = w? —T?(x)dz". 
The structure equations of [I reads 
(2) dy? = Ppt Ag" + Rida’ A dx? 


where cf,, are the structure constants of G and Ri; is the curvature tensor. Since 


w? are the Maurer-Cartan forms of G, we have dw? = ch.w% Aw". Hence the 
exterior differentiation of (1) yields 


(3) dy” = ch. (pt + 4da") A (y" + Pda?) + Tt, (x)dz* A da’. 
Comparing (2) with (3), we obtain 
(4) Rie = Mis Se ele 


52.3. Generalization of the Utiyama theorem. The curvature of a connec- 
tion I on P can be considered as a section Cpl’: BP — LP @ A?T* BP, where 
LP = Pig, Adj is the so-called adjoint bundle of P, see 17.6. Using the language 
of the theory of gauge natural bundles, D. J. Eck reformulated a classical result 
by Utiyama in the following form: All first order gauge natural Lagrangians on 
the connection bundle are of the form AoC, where A is a zero order gauge 
natural Lagrangian on the curvature bundle and C is the curvature operator, 
[Eck, 81]. By 49.1, a first order Lagrangian on a connection bundle QP is a 
morphism J'QP — A™T*BP, so that the Utiyama theorem deals with first 
order gauge natural operators Q ~ A™T*B. We are going to generalize this 
result. Since the proof will be based on the orbit reduction, we shall directly 
discuss the standard fibers in question. 

Denote by y: S$; — g @ A?R™* the formal curvature map 52.2.(4). One 
sees easily that y is a surjective submersion. The semi-direct decomposition 
W2G=G?, x T?G together with the target jet projection T2,G — G defines a 
group homomorphism p: W2,G > G2, x G. Let Z be a G?, x G-space, which can 
be considered as a W?,G-space by means of p. The standard fiber g @ A?R™* of 
the curvature bundle is a G1, x G-space, which can be interpreted as G2, x G- 
space by means of the jet homomorphism 77: G2, > G1.,. 

Proposition. For every W2.G-map f: S; — Z there exists a unique G?, x G- 
map g: 9 ® A?R"™* — Z satisfying f =goy. 
Proof. On the kernel K of p: W2.G — G?, x G we have the coordinates a? 
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a}, = a4, introduced in 52.1. Let us replace the coordinates [?; on $1 by 
Pp _ pp apr Pp _ pp 
(1) RR =TR +201, si =T?.,, 


while I’? remain unchanged. Hence the coordinate form of y is ([?, Rf, S7;) 
(Ri,). From 52.1.(5) and 52.1.(6) we can evaluate a? and ay; in such a way that 
Te = 0 and SP. = 0. This implies that each fiber of 7 is a K-orbit. Then we 


apply 28.1. 
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52.4. To interpret the proposition 52.3 in terms of operators, it is useful to 
introduce a more subtle notion of principal prolongation W*" P of order (s,7), 
s >r, of a principal fiber bundle P(M,G). Formally we can construct the fiber 
product over 


(1) W*"P=P*°M xy JP 
and the semi-direct product of Lie groups 
(2) We"G=G),xT.G 


with respect to the right action (A,B) + Bo78(A) of G§, on TG. The right 


aL 


action of W,*7"G on W**" P is given by a formula analogous to 15.4 
(u,v)(A, B) = (uo A,v.(Bo18(A7' ou*))), 


ué€ P*M,v € J'P, A € G*, B € TG. In the case r = 0 we have a 
direct product of Lie groups W3:°G = GS, x G and the usual fibered product 
W*°P = P®M xy P of principal fiber bundles. 

To clarify the geometric substance of the previous construction, we have to use 
the concept of (r,s, q)-jet of a fibered manifold morphism introduced in 12.19. 
Then W*"P can be defined as the space of all (r,1r,s)-jets at (0,e) of the local 
principal bundle isomorphisms R™ x G — P and the group W;*''G is the fiber 
of W*"(R™ x G) over 0 € R™ endowed with the jet composition. The proof is 
left to the reader as an easy exercise. Furthermore, in the same way as in 51.2 
we deduce that if two PB,,(G)-morphisms f,g: P — P satisfy vB ale ee alae | 
at a point y € P,, x € BP, then this equality holds at every point of the fiber 
P,,. In this case we write jr"? f = jr" g. 

Now we can say that natural bundle F is of order (s,r), s > r, if jp"? f = 
jr"*g implies F'f|F,P = Fg|F,P. Using the proposition 51.10 we deduce quite 
similarly to 51.6 that every gauge natural bundle of order (s,r) is a fiber bundle 
associated to W*". 

Then the proposition 52.3 is equivalent to the following assertion. 


General Utiyama theorem. Let F' be a gauge natural bundle of order (2,0). 
Then for every first order gauge natural operator A: Q ~ F there exists a 
unique natural transformation A: L ® A?T*B — F satisfying A = AoC, where 
C: Q~» L@ A?T*B is the curvature operator. 


In all concrete problems in this chapter the result will be applied to gauge 
natural bundles of order (1,0). By definition, every such a bundle has the order 
(2,0) as well. 


52.5. Curvature-like operators. The curvature operator C: Q ~ L@A?T*B 
is a gauge natural operator because of the geometric definition of the curva- 
ture. We are going to determine all gauge natural operators Q ~> L @ @?7*B. 
(We shall see that the values of all of them lie in L @ A?T*B. But this is an 
interesting geometric result that the antisymmetry of such operators is a con- 
sequence of their gauge naturality.) Let Z C L(g,g) be the subspace of all 
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linear maps commuting with the adjoint action of G. Since every z € Z is an 
equivariant linear map between the standard fibers, it induces a vector bundle 
morphism Zp: LP — LP. Hence we can construct a modified curvature operator 
C(z)p : (Zp ® A?T*idgp) o Cp. 


Proposition. All gauge natural operators Q ~ L ® @?T*B are the modified 
curvature operators C'(z) for all z € Z. 


Proof. By 51.16, every gauge natural operator A on the connection bundle has 
finite order. The r-th order gauge natural operators correspond to the W,+!G- 
equivariant maps J}Q > g @@?R™*. Let I? be the induced coordinates on 
J3Q, where a is a multi index of range m with ja] <r. On g @ @?R™* we have 
the canonical coordinates Ri and the action 


1 ~k~l 
(1) Ri = Al (a) Rj; 4;- 
Hence the coordinate components of the map associated to A are some func- 


tions f?.(I{,)- If we consider the canonical inclusion of G7, into W;,*"G, then 


analogously to 14.20 the transformation laws of all quantities [?, are tensorial. 
The equivariance with respect to the homotheties in G1, gives a homogeneity 
condition 
(2) ef, =f FT). veceR. 
By the homogeneous function theorem, ff, is independent of 7, with |a| > 2. 
Hence A is a first order operator and we can apply the general Utiyama theorem. 

The associated map 
(3) g:9 Q A?R™ —g @ @2R™* 
of the induced natural transformation L @ A?T*B — L ®@ ®?T*B is of the form 
gi;(Ri,)- Using the homotheties in Gj, we find that g is linear. If we fix one 
coordinate in g on the right-hand side of the arrow (3), we obtain a linear Gt,- 
map x"A?R™* > @?R™*. By 24.8.(5), this map is a linear combination of the 
individual inclusions A?R™* — @?R™*, ie. 

p q 

(4) Gj = Ri. 
Using the equivariance with respect to the canonical inclusion of G into W2,G, 
we find that the linear map (z}): g — g commutes with the adjoint action. 


52.6. Remark. In the case that the structure group is the general linear group 
GL(n) of an arbitrary dimension n, the invariant tensor theorem implies directly 
that the Ad-invariant linear maps gl(n) — gl(n) are generated by the identity 
and the map X +> (traceX )id. Then the proposition 52.5 gives a two-parameter 
family of all GL(n)-natural operators Q ~ L @ @?T*B, which the first author 
deduced by direct evaluation in [Kolaz, 87b]. In general it is remarkable that 
the study of the case of the special structure group GL(n), to which we can 
apply the generalized invariant tensor theorem, plays a useful heuristic role in 
the theory of gauge natural operators. 

Further we remark that all gauge natural operators Q @ Q ~~» L ® @?T*B 
transforming pairs of connections on an arbitrary principal fiber bundle P into 
sections of LP ® @?T* BP are determined in [Kurek, 95]. 
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52.7. Generalized Chern-Weil forms. We recall that for every vector bun- 
dle F — M, a section of EF @ A"T*M is called an E-valued r-form, see 7.11. 
For E = M x R we obtain the usual exterior forms on M. Consider a linear 
action p of a Lie group G on a vector space V and denote by V the G-natural 
bundle over m-manifolds determined by this action of G = WG. We are going 
to construct some gauge natural operators transforming every connection T ona 
principal bundle P(M,G) into a V(P)-valued exterior form. In the special case 
of the identity action of G on R, i.e. p(g) = idg for all g € G, we obtain the 
classical Chern-Weil forms of ', [Kobayashi,Nomizu, 69]. 

Let h: S"g — V be a linear G-map. We have S"(g @ A?R™*) = S"g@ 
S”™A?R™*, so that we can define h: g @ A?7R™ — V @ A?7R™ by 


(1) h(A) = (h@ Alt)(A@---@A), AEg@A?R™, 


where Alt: S’A?R™* — A?"R™* is the tensor alternation. Since g @ A?R™* 
or V @ A?"R™* is the standard fiber of the curvature bundle or of V(P) ® 
A?"T*M, respectively, h induces a bundle morphism hp: L(P) @ A?T*M — 
V(P) @ A?"T*M. For every connection T: M — QP, we first construct its 
curvature C'pI and then a V(P)-valued 2r-form 


(2) het) =ha(Cer). 


Such forms will be called generalized Chern- Weil forms. 

Let I(g,V) denote the space of all polynomial G-maps of g into V. Every 
H € I(g,V) is determined by a finite sequence of linear G-maps h™: S"'g > V, 
i=1,...,n. Then 7 7 

Ap(V) = hE) +--+ AE) 


is a section of V(P) @ AT*M for every connection I on P. By definition, H is 
a gauge natural operator Q ~~ V @ AT*B. 


52.8. Theorem. All G-natural operators Q ~» V ® AT*B are of the form H 
for all H € I(g,V). 


Proof. Consider some linear coordinates y? on g and z® on V and the induced 
coordinates y?, on g@ A?R™* and z%_;, on V@A‘R™. 


By 51.16 every G-natural operator A: Q ~~ V @ A‘T*B has a finite order k. 
Hence its associated map f: JkQ > V @ A®R™* is of the form 


Boa = Fh 4 (Pa 0S lal <b 


Paisehs neers ae 


The homotheties in G1, give a homogeneity condition 


ko f2 P 


Toot ( i) 


= f8_a,(k TTR). 


This implies that f is a polynomial map in T?,. Fix a, pi, jail, ..., pr, |a,| with 
|a1| > 2 and consider the subpolynomial of the a-th component of f which is 
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formed by the linear combinations of P'?",, ...T?",,. It represents a GL(m)-map 
R™ @ SlmIR™ x... x R™ @ SlolR™ — APR™. Analogously to 24.8 we 
deduce that this is the zero map because of the symmetric component $!1!R™*. 
Hence A is a first order operator. 

Applying the general Utiyama theorem, we obtain f = goy, where g isa 


Gi, x G-map g @ A?R™ — V @ ASR™*. The coordinate form of g is 


a 


Zin cig = Gis .nrin (yP;). 


Using the homotheties in G1, we find that s = 2r and g is a polynomial of degree 
rin yj;. Its total polarization is a linear map S"(g @ A?R™) = V @ A?’ R™., 
If we fix one coordinate in V and any r-tuple of coordinates in g, we obtain 
an underlying problem of finding all linear G1,-maps @”A?R™* — A?"7R™*. By 
24.8.(5) each this map is a constant multiple of Viivis ae aes j; Hence g is of 
the form 
p Dr 
Coy Pr Yivia a eee es 

The equivariance with respect to the canonical inclusion of G into W2,G implies 
that (co, .»p,): S"g — V is a G-map. 


52.9. Consider the special case of the identity action of G on R. Then every 
linear G-map S"g — R is identified with a G-invariant element of S"g* and 
the (MM x R)-valued forms are the classical differential forms on M. Hence 
52.7.(2) gives the classical Chern-Weil forms of a connection. In this case the 
theorem 52.8 reads that all gauge natural differential forms on connections are 
the classical Chern-Weil forms. All of them are of even degree. The exterior 
differential of a Chern-Weil form is a gauge natural form of odd degree. By the 
theorem 52.8 it must be a zero form. This gives an interesting application of 
gauge naturality for proving the following classical result. 


Corollary. All classical Chern-Weil forms are closed. 


52.10. In general, if one has a vector bundle E — M, an E-valued r-form 
w: ATT M — E and a linear connection A on £, one introduces the covariant 
exterior derivative daw: A"t!'TM — E, see 11.14. Consider the situation from 
52.7. For every H € I(g,V) and every connection [ on P we have constructed 
a V(P)-valued form Hp(I), which is of even degree. According to 11.11, I 
induces a linear connection Ty on V(P). Then dp, Hp(L) is a gauge natural 
V(P)-valued form of odd degree. By the theorem 52.8 it is a zero form. Thus, 
we have proved the following interesting geometric result. 


Proposition. For every H € I(g,V) and every connection T on P, it holds 
dp, Hp(L) = 0. 

52.11. Remark. We remark that another generalization of Chern-Weil forms 
is studied in [Lecomte, 85]. 


52.12. Gauge natural approach to the Bianchi identity. It is remarkable 
that the Bianchi identity for a principal connection [: BP — QP can be deduced 
in a similar way. Using the notation from 52.5, we first prove an auxiliary result. 
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Lemma. The only gauge natural operator Q ~» L@A°T*B is the zero operator. 


Proof. By 51.16, every such operator A has finite order. Let 
gel Te) O< |a| <r 
be its associated map. The homotheties in G1, yield a homogeneity condition 


(1) CO fhe(U ia) = Fijale tT), © R \ {0}. 


Hence f is polynomial in T?, P?, and I?,, of degrees do, di and dp satisfying 


a? aj 
3 = do + 2d, + 3dz. 


This implies f is linear in Desk: But [? ‘jk Tepresent a linear GL(m)-map R™ ® 
S?R™ — A'R™* for each p = 1,...,n. By 24.8 the only possibility is the 
zero map. Hence A is a first order operator. By the general Utiyama theorem, 
f factorizes through a map g: g @ A?R™ — g@ A?R”™. The equivariance 
of g with respect to the homotheties in G1, yields a homogeneity condition 
gly) = g(c?y), y€ g@ A?R™. Since there is no integer satisfying 3 = 2d, g is 
the zero map. 

The curvature of I is a section Cpr’: BP — LP ® A?T*BP. According to 


the general theory, I’ induces a linear connection I on the adjoint bundle LP. 
Hence we can construct the covariant exterior differential 


(2) V;Cpl: BP — LP @ A°T* BP. 


By the geometric character of this construction, (2) determines a gauge natural 
operator. Then our lemma implies 


(3) Ve0n(T) =0, 


By 11.15, this is the Bianchi identity for IP. 


53. Base extending gauge natural operators 


53.1. Analogously to 18.17, we now formulate the concept of gauge natural 
operators in more general situation. Let F', E and H be three G-natural bundles 
over m-manifolds. 


Definition. A gauge natural operator D: F ~ (E,H) is a system of regular 
operators Dp: C° FP — Cp(EP, HP) for every PB,,(G)-object P satisfying 
Dp(Ff oso Bf!) = Hf o Dp(s) co Ef7 for every s € C~FP and every 
PBm(G)-isomorphism f: P — P, as well as a localization condition analogous 
to 51.14.(b). 
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53.2. Quite similarly to 18.19, one deduces 


Proposition. k-th order gauge natural operators F ~ (EH) are in a canonical 
bijection with the natural transformations J’F @ EF > H. 


If we have a natural transformation q: H — EF such that every gp: HP — EP 
is a surjective submersion and we require every Dp(s) to be a section of gp, we 
write D: F ~ (H — E). Then we find in the same way as in 51.15 that the 
G-natural operators F' ~ (H — E) are in bijection with the W;%,-equivariant 
maps f: JkF x Eo — Ho, satisfying qo o f = pre, where qo: Ho — Ep is the 
restriction of ggmyxqg and s is the maximum of the orders in question. 


53.3. Gauge natural operators Q ~ (QT — TB). In 46.3 we deduced that 
every connection [ on principal bundle P — M with structure group G induces 
a connection TT on the principal bundle TP — TM with structure group TG. 
Hence T is a (first-order) G-natural operator Q ~ (QT — TB). Now we are 
going to determine all first-order G-natural operators Q ~ (QT — TB). Since 
the difference of two connections on TP — TBP isa section of L(TP)@T*TBP, 
it suffices to determine all first-order G-natural operators Q ~ (LT @T*TB — 
TB). The fiber of the total projection L(T(R™ x G)) @ T*TR™ — TR™ — R™ 
over 0 € R™ is the product of R™ with tg @ TJTR™, 0 € TR™ = R?”™. By 53.2 
our operators are in bijection with the W?,G-equivariant maps J} Q(R™ x G) x 
R” — R™ x tg ®@ T67R”™ over the identity of R™. 

We know from 10.17 that TG coincides with the semidirect product G ™ g 
with the following multiplication 


(1) (91, X1)(92, X2) = (9192, Ad(gz*)(X1) + X2) 


where Ad means the adjoint action of G. This identifies the Lie algebra tg of TG 
with g x g and a direct calculation yields the following formula for the adjoint 
action Adrg of TG 


(2) Adra(g, X)(Y,V) = (Ad(g)(Y), Ad(g)([X, Y] + V)). 


Hence the subspace 0 x g C tg is Adrg-invariant, so that it defines a subbundle 
K(@P) C L(@P). The injection V + (0,V) induces a map Ip: LP — K(TP). 

Every modified curvature C'(z)p(I) of a connection I on P, see 52.5, can be 
interpreted as a linear morphism A?TBP — LP. Then we can define a linear 
map p(C(z)p(L)): TT BP — L(TP) by 


(3) u(C(z)p(T))(A) = Ie(C(z)p(P)(mAAmmA)), AE TTBP 


where 71: TT BP — TBP is the bundle projection and 72: TT BP — TBP is 
the tangent map of the bundle projection TBP — BP. This determines one 
series u(C(z)), z € Z, of G-natural operators Q ~ (LT @T*TB — TB). 
Moreover, if we consider a modified curvature C(z) p(T) as a map C(z): P® 
A?TBP = g, we can construct its vertical prolongation with respect to the first 
factor 
ViC(z)p(T): VP @ A°T BP — Tg = tg. 
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Then we add the vertical projection v: TP — VP of the connection I and we 
use the projections 7,and 72 from (3). This yields a map 


(4) 7T(C(z)p([)): TP @BTTBP — tg 

T(C(z)p(L))(U, A) =NiC(z)p(T)VU,mAA mA), UeETP, AETTBP. 
The latter map can be interpreted as a section of L(['P) ®T*T BP, which gives 
another series T(C(z)), z € Z, of G-natural operators Q ~ (LT @T"“TB — TB). 
Proposition. All first-order gauge natural operators Q ~» (QT — TB) form 
the following 2dimZ-parameter family 
(5) T + u(C(z)) +7(C(2)), z,Z€Z. 

The proof will occupy the rest of this section. 

53.4. Let [ be a connection on R™ x G with equations 
(1) wr = 1 de. 


Let (e?) be the second component of the Maurer-Cartan form of TG (the first 
one is (w?)) and let X* be the induced coordinates on ToR™. Applying the 
description of the Maurer-Cartan form of TG from 37.16 to (1), we find the 
equation of TT is of the form (1) and 

or? 


(2) eP = — 4 XI dg' + TPdXx’. 
Ox) 


53.5. Remark first that every 4| u(t) € ToR™ defines a map 
(1) TnG TG, fy Fly) (eo2)(). 


Consider an isomorphism % = f(x), ¥ = y(x)-y of R™ x G and an element of 
V(T(R™ x G) > TR”). Clearly, such an element can be generated by a map 
(x(t), y(t, u)): R? + R™ x G, t, wE R. This map is transformed into 


(2) z= f(a), = veld) -ylt,w)- 
Differentiating with respect to t, we find 
dy dp(x(0)) dy(0,w) 
3 = 7 
(3) dt al dt ° dt ) 
where pp: G xX G = G is the group composition. This implies that the next 
differentiation with respect to wu yields the adjoint action of TG with respect to 
(1). Thus, if (Y?,V”) are the coordinates in tg given by our basis in g, then 


we deduce by the latter observation that the action of W,G on R™ x tg is 
= aX J and 


(4) Y? = AP(a)Y¥%, VP = AP(a)(cta XIY* + V4). 


On the other hand, the action of W2.G on ToTR™ goes through the projection 
into G?, and has the standard form 


(5) dz' =aidai, dX'=a',Xidx* + ahdX). 
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53.6. Our problem is to find all W?2,G-equivariant maps f: R™ x JQ — R™ x 
tg @ TFTR™ over idgm. On JiQ, we replace Ty, by Ri, and S?, as in 52.3. The 
coordinates on tg ® Tj 7R™ are given by 


(1) Y” = BPda' + CPdx* 
(2) V? = DPda' + EPdx"*. 
Hence all components of f are smooth functions of X = (X*), T = ([?), R= 


(Ri,), S = ($7). Using 53.5.(4)-(5), we deduce from (1) the transformation 
laws , 


(3) CP = AG(a)Cia; 
(4) BP = A?(a)BIa} — AP(a)Ciakai, x’. 


Let us start with the component C?(X,T,R,S) of f. Using af; and a}, we 
deduce that C’s are independent of [ and S$. Then we have the situation of the 
following lemma. 


Lemma. All Adg x GL(m,R)-equivariant maps R™ x g ® A?R™* > g @ R™ 
have the form pe REX with (uh) € Z. 
Proof. First we determine all GL(m,R)-maps h: R™ x x” @? R™ — x"R™, 
h= (hP(0%,,, X')). If we consider the contraction (h,v) of h with v = (v') € R™, 
we can apply the tensor evaluation theorem to each component of (h,v). This 
yields 


hPut = pP (bE, X*X4, biu XI, bi, Xv), bijuv’). 
Differentiating with respect to v’ and setting v’ = 0, we obtain 
(5) PE = Ph (Dy X*X' OE XI + Ph (bj XE X' OFX! 
with arbitrary smooth functions pe ue of n variables. If bf, = Rf; are antisym- 
metric, we have Ry, XtXI =0 and Ri, x? = =Ry x, so that 
P_ ays 
(6) Ay = wy RX’, ug ER. 


equivariance with respect to G then yields A?(a)u% = ph AZ(a), ie. (uP) € 


Thus our lemma implies CP = pw? RY.X!, (u®) € Z. For the components BP 
of f, the use of a? and a, gives that B’s are independent of T and S. Then the 


equivariance with respect to Qin yields 


(7) C? =0. 


L 


Using our lemma again, we obtain 


(8) BP aph X, (72) € Z. 
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53.7. From 53.6.(2) we deduce the transformation laws 


(1) EF = Al (a) E 4a; + AP (a)c4 a’, XI CF 


Ss Ge Raed De pp j k 
(2) D} = Af(a) Dye + Af(a)chga X! BY — Bpay,X". 


By 53.6.(7), the first equation implies E? = pPRIX, (ui) € Z, in the same way 
as in 53.6. Using a? ; in the second equation, we find that the D’s are independent 
of S. Then the use of ai ; implies 


(3) EP =0. 


L 


The equivariance of D’s with a = e, ai = 6% now reads 


DEAT! +a), R) = F(A, 1R) +a XP 4 REX? 


Differentiating with respect to af and setting af = 0, we find that the D’s are 
of the form 
D? = rl 5X Ys 3.x" + FR(X!, RiX"). 


The ‘absolute terms’ F'? can be determined by lemma 53.6. This yields 


(4) DP eh TI EK eR, (eee, 


One verifies easily that (3), (4) together with 53.6.(7)-(8) and 53.4.(1)-(2) is 
the coordinate form of proposition 53.3. 


54. Induced linear connections on the total space 
of vector and principal bundles 


54.1. Gauge natural operators Q 6 QTB ~ QT. Given a vector bundle 
a: E — BE of fiber dimension n, we denote by GL(R", EF) — BE the bundle 
of all linear frames in the individual fibers of E, see 10.11. This is a principal 
bundle with structure group GL(n), n = the fiber dimension of FE. Clearly E 
is identified with the fiber bundle associated to GL(R", E) with standard fiber 
R”. The construction of associated bundles establishes a natural equivalence 
between the category PB,,(GL(n)) and the category VB in = VBA FMmn- 

A linear connection D on a vector bundle F is usually defined as a linear 
morphism D: E — J'E splitting the target jet projection J'E — E, see sec- 
tion 17. One finds easily that there is a canonical bijection between the linear 
connections on £ and the principal connections on GL(R", £), see 11.11. That 
is why we can say that Q(GL(R"”, E)) =: QE is the bundle of linear connections 
on E. In the special case FE = TBE this gives a well-known fact from the theory 
of classical linear connections on a manifold. 
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An interesting geometrical problem is how a linear connection D on a vector 
bundle & and a classical linear connection A on the base manifold BE can 
induce a classical linear connection on the total space E. More precisely, we 
are looking for operators which are natural on the category VB,,,,. Taking into 
account the natural equivalence between VB,,,, and PB,,(GL(n)), we see that 
this is a problem on base-extending GL(n)-natural operators. But we find it 
more instructive to apply the direct approach in this section. Thus, our problem 
is to find all operators Q 6 QTB ~ QT which are natural on VB,, n. 


54.2. First we describe a concrete construction of such an operator. Let us 
denote the covariant differentiation with respect to a connection by the symbol 
of the connection itself. Thus, if X is a vector field on BE and s is a section 
of E, then Dyxs is a section of E. Further, let X? denote the horizontal lift 
of vector field X with respect to D. Moreover, using the translations in the 
individual fibers of EF’, we derive from every section s: BE — FE a vertical vector 
field sY on E called the vertical lift of s. 


Proposition. For every linear connection D on a vector bundle E and every 
classical linear connection A on BE there exists a unique classical linear connec- 
tion . = [(D, A) on the total space E with the following properties 


TyoY? = (AxY), Typos” = (Dxs)", 


1 
(1) Tvx? =0, T,vo"’ =0, 


for all vector fields X, Y on BE and all section s, o of E. 


Proof. We use direct evaluation, because we shall need the coordinate expres- 


sions in the sequel. Let x’, y? be some local linear coordinates on E and 
X* =dzxz', Y? = dy? be the induced coordinates on TE. If 


(2) dy? = Dij(x)y*da" 


are the equations of D and €"(x) aa or s(x) is the coordinate form of X or s, 


respectively, then Dx s is expressed by 


Os? osiede 


The coordinate expression of X is 


a a P get 0 
(4) g xt AD es ay 
and s” is given by 
(5) ways. 
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Let 

(6) dX* = M,XIda* 

be the coordinate expression of A and let 

aX? = (15, X39 +14, Y?)da® + (Ti, X9 + Th?) dy, 


(7) i i . 
dy? = (Tyj,X* +1 GY 9)da? + (TyX* +TG-Y¥ dy 


be the coordinate expression of [. Evaluating (1), we obtain 
: 0 
a _ Qa Pp __ P P PHr P Ak 
jk — **jk> li; = (om, = eae be + Dz.A) y!, 
a Pp _ PP _ pp 
Mm =0,=9, Ti, =f =P 


qu? 


(8) | 
ré,=0, Te.=0. 


This proves the existence and the uniqueness of I’. 


54.3. Since the difference of two classical linear connections on F is a tensor 
field of TE ® T*E ® T*E, we shall heavily use the gauge natural difference 
tensors in characterizing all gauge natural operators Q 6 QTB ~» QT. 

The projection Tz: TE — TBE defines the dual inclusion E@T* BE @ T*E. 
The contracted curvature «(D) of D is a tensor field of T*BE ®T* BE. On the 
other hand, the Liouville vector field L of E is a section of TE. Hence L ® K(D) 
is one of the difference tensors we need. 

Let A be the horizontal form of D in the sense of 31.5, so that A is a tensor 
of TE ®T*E. The contracted torsion tensor S' of A is a section of T*BE and 
we construct two kinds of tensor product A@ S$ and $@ A. 

According to 28.13, all natural operators transforming A into a section of 
T*BE @T*BE form an 8-parameter family, which we denote by G(A). Hence 
L ® G(A) is an 8-parameter family of gauge natural difference tensors. Finally, 
let N(A) be the 3-parameter family defined in 45.10. 


Proposition. All gauge natural operators Q 6 QTB ~ QT form the following 
15-parameter family 


(1 — ki)E(D, N(A)) + hE (D, N(M) + kL ® w(D)+ 


i : . 
k3A @S+kiS @A+L@G(A) 


where bar denotes the conjugate connection. 


We remark that the list (1) is essentially simplified if we assume A to be 
without torsion. Then § vanishes, N (A) is reduced to A and the 8-parameter 
family G(A) is reduced to a two-parameter family generated by the two different 
contractions R; and Ry» of the curvature tensor of A. This yields the following 


Corollary. All gauge natural operators transforming a linear connection D on 
FE and a linear symmetric connection A on TBE into a linear connection on TE 
form the following 4-parameter family 


(2) (1 = ky )T(D, A) + ky T(D, A) =F L ® (kok(D) ae k3 Ry Se k4Rg). 
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54.4. To prove proposition 54.3, first we take into account that, analogously to 
51.16 and 23.7, every gauge natural operator A: Q @ QTB ~» QT has a finite 
order. Let S" = JOQ(R™ x R" — R™) be the fiber over 0 € R™ of the r-th 
jet prolongation of the connection bundle of the vector bundle R™ x R” > R™, 
let Z” = J§TR"™ be the fiber over 0 € R” of the r-th jet prolongation of the 
connection bundle of TIR™ and V be the fiber over 0 € R™” of the connection 
bundle of T(R™ x R”) with respect to the total projection QT(R™ x R") — 
(R™ x R") > R™. Then all S", 2", R” and V are Wft'(GL(n)) =: Witi- 
spaces. In fact, We acts on Z" by means of the base homomorphisms into 
GT+! on R” by means of the canonical projection into GL(n) and on V by means 
of the jet homomorphism into Wie The r-th order gauge natural operators 
A: Q6QTB ~ QT are in bijection with Wri -equivariant maps (denoted by 
the same symbol) A: S” x Z” x R" — V satisfying go A = pr3, where g: V — R” 
is the canonical projection. 
Formula 54.2.(2) induces on S” the jet coordinates 

(1) Da = a 


quia 


), OS|al<r 


where a is a multi index of range m. On Z", 54.2.(6) induces analogously the 
coordinates 


(2) Ag=(Myg) O56) Sr 
On V, we consider the coordinates y = (y?) and 
(3) eee A, B, C=1,...,m+n 


given by 54.2.(7). Hence the coordinate expression of any smooth map f: S" x 
Z' x R” > V satisfying qo f = prs is y? = y? and 


(4) Vgc = fac(Da,Ag,y): 

The coordinate form of a linear isomorphism of vector bundle R™ x R” — R™ 
is 
(5) a= fi(x), gy? = fP(a)yt. 


The induced coordinates on W7+! are 


at, = Oaf'(0), ag =Oef?(0), O<lal<r+1,0<|A|<rtl. 


The above-mentioned homomorphism W7"! — G'*+ consists in suppressing the 
coordinates a? . 

The standard action of G?, on Z° is given by 25.2.(3). The action of W}, , 
on $° is a special case of 52.1.(5) for the group G = GL(n). This yields 


(6) D?, = aT 7, 02a! + of a0al. 
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The canonical action of GL(n) on R” is 
(7) x = aby’. 


Using standard evaluation, we deduce from 54.2.(7) that the action of W;, , on 
V is (7) and 


(8) a, + ails, = Dimon + Pan ya, + ia aa a + rary" atu" 

(9) ail); = Ti ,agay + Poe 

(10) ail sy a Ty,,a%a2 + T,aty°ay, 

(11) ail og = [i0,0, 

(12) any! + a? aT, + ally, = Thar ay + Ty any" ayt 
Petar sy” + Te atyrarjy® 

(13) al yl, + an; ai ar oi = Tv arar a Pe ,anary® 

(14) apy" ig + a5; + aT, = TE afay +TP.apy'as 

(15) af Th, + aFT%,. = Taz a, 


54.5. Let H C Wit) be the subgroup determined by the (r + 1)-th jets of the 
products of linear isomorphisms on both R™ and R”, which is canonically isomor- 
phic to GL(m) x GL(n). The standard prolongation procedure and 54.5.(8)—(15) 
imply that the actions of H on Ds Mt pe and Tq are tensorial. 
Consider the equivariance of Lie with respect to the fiber homotheties. This 
yields 
=F Aare bu): 


Pq 


Multiplying by k? and letting k — 0, we obtain 

(1) = ha = 

The equivariance of fin with respect to the fiber homotheties gives 
a ie _ f(a Ag, ky). 


This implies in the same way 


(2) P= 
For f}, and f?, we find quite similarly 
(3) ri,=0, T®,=0. 


For f?, the fiber homotheties give 


vi = dqi(Da, Ag, ky). 


qi qi 
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Letting k — 0 we find ie are independent of y?. Then the base homotheties 
yield 
hfe, = (LD. hYIPAS), 


By the homogeneous function theorem, ie are linear in Ds As ; and independent 
of Da, Ag with |a| > 0, |3| > 0. By the generalized invariant tensor theorem, 


we obtain 


qe tye 
Let K C Wit; be the subgroup characterized by ai = 55, a¥ = 62. By 25.2.(3), 
54.4.(6) and 54.4.(13), the equivariance of (4) on K reads 


a= + bd? ar, 4 conay + dd? ai 


qu q Oy qd G5. 


This implies a = 1, b= 0, c+ d=0, ie. 

(5) TP, = DP, +c6?(A,- AY), a ER. 
For ff, we deduce in the same way 

(6) TP? = DP, + c26?(A,- AY), @ ER. 


The fiber homotheties yield that fis is independent of y?. Then the base 
homotheties imply that f. tk is linear in Di » Ak, and independent of D? Ai kB 


qia? 
with |a| > 0, |G] > 0. By the generalized aon tensor theorem, we obtain 


Sin = aN5, + DA,; + ci My, + dN.) 


7) ; ; ' 
( edi My + fORAG + 96) DP), + hd;,D?, 


By 25.2.(3), 54.4.(6) and 54.4.(8), the equivariance of (7) on K reads 


ai, =(a+ b)aiy +(c+ d)5\ahp +(e+ f)ojat; + got iO + hd,ap 5: 


This implies a+b=1,c+d=e+f=g=h=0,i-e. 


(8) ik = (1 - t o3Nig + 6405(Atx — Afr) + ¢56%(ALy — Aju)- 


54.6. The study of ; 1S quite analogous to 54.5, but it leads to more extended 
evaluations. That is ie we do not perform all of them in detail here. The fiber 
homotheties yield 

kf? = f2 (Das Ap, ky): 


By the homogeneous function theorem, fi; is linear in y”, i.e. 


= Fijq(Da, Aa)y" 


aq 
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The base homotheties then imply 


= FP. 


2 
k* FP. te 


iia GED Ag), 


By the homogeneous function theorem, Fy. , 8 linear in Diy, Maw bilinear in 
DD, Mu and independent of D?,.,, Mig with |a| > 1, |@| > 1. Using the gen- 
in the form of a 40-parameter 


eralized invariant tensor theorem, we obtain ee 
family. The equivariance of fi; with respect to K then yields 


(1) T= (= ca) Dh + e@Dhy + er68 (Dey — Dry) 
cgD?, Dt, + (ce — 1) DP, Di, + (1 — ¢3) DE, AG; + cgDP AE + 
(ca — c1).DB,(Ai; — Ajx) + (cs — c2)D2, (Als — Aig) + 


O49 Gij (a)) y! 


where Gi;(A) is the coordinate form of GA). 
One verifies directly that (1) and 54.5.(1)-(3), (5), (6), (8) is the coordinate 
expression of 54.3.(1). 


54.7. The case of principal bundles. An analogous problem is to study the 
gauge natural operators transforming a connection D on a principal G-bundle 
ma: P — BP and a classical linear connection A on the base manifold BP into a 
classical linear connection on the total space P. First we present a geometrical 
construction of such an operator. 

Let vA be the vertical component of a vector A € T,P and bA be its projection 
to the base manifold. Consider a vector field X on BP such that j}X = A(bA), 
xz = 7(y). Construct the lift X? of X and the fundamental vector field y(vA) 
determined by vA. An easy calculation shows that the rule 


(1) Arm Sy (X? + p(vA)) 


determines a classical linear connection Np(D, A): TP — J'(TP — P) on P. 


54.8. We are going to determine all gauge natural operators of the above type. 
The result of 54.3 suggests us that the case A is without torsion is much simpler 
than the general case. That is why we restrict ourselves to a symmetric A. Since 
the difference of two classical linear connections on P is a tensor field of type 
TP ®T*P@T*P, we characterize all gauge natural operators in question as 
a sum of the operator N from 54.7 and of the gauge natural difference tensor 
fields. We construct geometrically the following 3 systems of difference tensor 
fields. 

I. The connection form of D is a linear map w: TP — g. Take any bilinear 
map fi: g X g — g and compose w @w with f,;. This defines an n3-parameter 
system of difference tensor fields TP ® TP — VP, n= dimG. 
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Il. The curvature form Dw of w is a bilinear map TP 6 TP — g. Take any 
linear map f2: g > g and compose Dw with fo. This yields an n?-parameter 
system of difference tensor fields. 

Ill. By 28.7, all natural operators transforming a linear symmetric connection 
A on BP into a tensor field of T* BP @T* BP form a 2-parameter family linearly 
generated by both different contractions R; and Rz of the curvature tensor of A. 
The tangent map of the bundle projection P — BP defines the dual injection 
P@®T*BP — T*P. Taking any fundamental vector field Y determined by a 
vector Y € g, we obtain a 2n-parameter system of difference tensor fields linearly 
generated by Y @ Ri and Y ® Ro. 


54.9. Proposition. All gauge natural operators transforming a connection on 
P and a classical linear symmetric connection of the base manifold BP into 
a classical linear connection on P form the (n? + n? + 2n)-parameter family 
generated by operator N and by the above families I, II, and III of the difference 
tensor fields. 


The proof consists in straightforward application of our techniques, but it is 
too long to be performed here. We refer the reader to [Koldi, 92]. 


Remarks 


Our approach to gauge natural bundles and operators generalizes directly the 
theory of natural bundles. So we also prove the regularity originally assumed 
in [Eck, 81]. Let us mention that, analogously to chapter XI, we can define 
the Lie derivative of sections of gauge natural bundles with respect to the right 
invariant vector fields on the corresponding principal fiber bundles and then 
the infinitesimally gauge natural operators. The relation between the gauge 
naturality and infinitesimal gauge naturality is similar to the case of natural 
bundles if the gauge group is connected; more information can be found in [Cap, 
Slovak, 92]. 

The first application of our methods for finding gauge natural operators was 
presented in [Koldi, 87b]. The considerations in that paper are restricted to 
the case the structure group is the general linear group GL(n) in an arbitrary 
dimension (independent of the dimension of the base manifold), for in such a 
case one can apply directly the results from chapter VI. [Koldz, 87b] has also 
determined all GLZ(n)-natural operators transforming a principal connection on 
a principal bundle P and a classical linear connection on the base manifold into 
a principal connection on W!P. The curvature-like operators were found in the 
special case G = GL(n) in [Kolai, 87b] and the general problem was solved in 
[Koldy, to appear a]. The greater part of the results from section 52 was deduced 
in [Kolar, 93a]. Proposition 53.3 was proved for the special case G = GL(n) in 
[Kolai, 91], the general result is first presented in this book. Section 54 is based 
on [Gancarzewicz, Kolar, 91]. 
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List of symbols A429 
List of symbols 


1; the multi index with j-th component one and all others zero, 13.2 

a: J"(M,N)— M _ the source mapping of jets, 12.2 

B: J"(M,N)—N _ the target mapping of jets, 12.2 

B: FM— Mf _ the base functor, 2.20 

C°°E, also C°(E — M) _ the space of smooth sections of a fiber bundle 

C™(M,N) the space of smooth maps of M into N 

C(M,N)_ the space of germs at x € M, 1.4 

conjg: G—G_ the conjugation in a Lie group G by a€ G, 4.24 

d usually the exterior derivative, 7.8 

the algebra of dual numbers, 37.1 

” =J§(R",R)_ the algebra of r-jets of functions, 40.5 

(E,p, M,S), also simply E — usually a fiber bundle with total space E, base M, 
and standard fiber S, 9.1 

F usually the flow operator of a natural bundle F’, 6.19, 42.1 

ae also FI(t,X) the flow of a vector field X, 3.7 

FM the category of fibered manifolds and fiber respecting mappings, 2.20 

FM, the category of fibered manifolds with m-dimensional bases and fiber 
respecting mappings with local diffeomorphisms as base maps, 12.16 

FMmn the category of fibered manifolds with m-dimensional bases and n- 
dimensional fibers and locally invertible fiber respecting mappings, 


Li 

FM* the category of star bundles, 41.1 

G usually a general Lie group with multiplication 4: G x G — G, left 
translation A, and right translation p 

g the Lie algebra of a Lie group G 

Gr, the jet group (differential group) of order 7 in dimension m, 12.6 

G" the jet group of order r of the category FM», 18.8 


GL(n) the general linear group in dimension n with real coefficients, 4.30 
GL(R",F) _ the linear frame bundle of a vector bundle FE, 10.11 

Ik short for the k x k-identity matrix Idps 

invJ'(M,N)_ the bundle of invertible r-jets of M into N, 12.3 

J°E the bundle of r-jets of local sections of a fiber bundle FE — M, 12.16 
J’(M,N) the bundle of r-jets of smooth functions from M to N, 12.2 

j' f(a), also jf the r-jet of a mapping f at x, 12.2 

ky the functor of (n,r)-contact elements, 12.15 

L the Lie derivative, 6.15, 47.4 

:GxS—S usually a left action of a Lie group 

L(V,W) the space of all linear maps of vector space V into a vector space W 
LP = P\{g,Ad] the adjoint bundle of principal bundle P(M,G), 17.6 


L the r-th order skeleton of the category Mf, 12.6 
M usually a (base) manifold 
Mf the category of manifolds and smooth mappings, 1.2 


Mim the category of m-dimensional manifolds and local diffeomorphisms, 
6.14 
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N natural numbers 

Q*(M) the space of k-forms on a manifold M, 7.4 

Q*(M,E) the space of E-valued k-forms, 7.11 

P(M,G), also (P,p,M,G) a principal fiber bundle with structure group G, 
10.6 

PS, 4, also P[S] _ the associated bundle to a principal bundle P(/, G) for the 
action £: Gx S — S, 10.7 

PB the category of principal fiber bundles, 10.6 

PBm the category of principal bundles over m-dimensional manifolds and of 
PB-morphisms covering local diffeomorphisms, 17.4 

PB(G) the category of principal G-bundles, 10.6 
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QP the connection bundle of a principal bundle P, 17.4 

Q,P'M _ the bundle of torsion free linear connections, 25.3 
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a principal bundle 
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17 
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W;,G _ the (m,r)-principal prolongation of a Lie group G, 15.2 
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Y —M _ usually a fibered manifold 
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